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✞✁❵❙✁❲✟✞❬❲✁

❡�✁◗ ♦❬✞ ❢✆✞� ✟ ❭�✟❲❙ ✁✝❘✁✝ ✞✄✄☎❣ ✞�✁❳

❭❙☎✆✞ ✆◗✞✄ ✞❢✄ ❙✆✁♦✁❭ ✟◗✝ ✞�✁ ◗✁❢☎❳

❘✁◗✁❲✟✞✁✝ ❭❬❲❩✟♦✁❭ ✟❲✁ ❙☎✟✆◗ ✟◗✝

❭❵✄✄✞�

❚�✁❳ �✟❱✁ ✟ ✝✁❩✆◗✆✞✁ ✟◗✝ ♦�✟❲✟♦✞✁❲✆❭✞✆♦

�✁✟✞ ✄❩ ❩❬❭✆✄◗

❪◗✆❭✄✞❲✄❙✆♦ ✆◗ ◗✟✞❬❲✁

❚❲❬✁ ❭✄☎✆✝❭

❤✄◗❘ ❲✟◗❘✁ ✄❲✝✁❲

❥❲❲✁❘❬☎✟❲ ❭�✟❙✁

❦❲✟✝❬✟☎☎❳ ❭✄❩✞✁◗ ✄❱✁❲ ✟ ❲✟◗❘✁ ✄❩

✞✁❵❙✁❲✟✞❬❲✁

❡�✁◗ ♦❬✞ ❢✆✞� ✟ ❭�✟❲❙ ✁✝❘✁✝ ✞✄✄☎❣ ✞�✁❳

♦❬✞ ✆◗✞✄ ✞❢✄ ❙✆✁♦✁❭ ❢✆✞� ✆❲❲✁❘❬☎✟❲

❭❬❲❩✟♦✁❭

❚�✁❳ ✝✄ ◗✄✞ �✟❱✁ ✝✁❩✆◗✆✞✁ �✁✟✞ ✄❩ ❩❬❭✆✄◗

❥❭✄✞❲✄❙✆♦ ✆◗ ◗✟✞❬❲✁

♥❭✁❬✝✄ ❭✄☎✆✝❭ ✄❲ ❭❬❙✁❲ ♦✄✄☎✁✝ ☎✆q❬✆✝❭

❴◗☎❳ ❭�✄❲✞ ❲✟◗❘✁ ✄❲✝✁❲r

✉✈✇①②✈③④ ⑤✈④⑥③⑦⑧⑧⑨⑩② ⑥✇⑧⑨❶⑥ ❷❸✇✈①❹✇❺⑥ ⑥✇⑧⑨❶⑥

❻

❼

❽

❾

❿➀➁➂ ➃➂➄➅ ➆➇➈➉➊➋➌➊➍➎ ➈➇ ➏➌➎➉➋➐➑➉ ➈➉ ➒➓➔

➋➊ ➒➈→→➔➌➔➇➋ ➐➌➌➐➇➣➔↔➔➇➋ ➊→

➍➐➌➋➈➏➑➔➉ ➐➑➊➇➣ ➒➈→→➔➌➔➇➋

➒➈➌➔➏➋➈➊➇➉↕



✹❈�✁✂✄☎✆✝✞

❆✟✠✡☛☞✠✌✍ ✍✠✎✏✑✍ ✒✡✓ ✌✍✓✔✌✎ ✟✒✕✓✡✏✒✎✍✖ ✗✎✒✍✍✘ ✡✌✙✙✓✡ ✒✚✑ ☛✎✒✍✕✏✛✍

✔✏✚✑ ✟✒✚❢ ✒☛☛✎✏✛✒✕✏✠✚✍ ✏✚ ✠✌✡ ✑✒✏✎❢ ✎✏✜✓✍✖ ❆✟✠✡☛☞✠✌✍ ✍✏✎✏✛✠✚ ✏✍ ✠✚✓ ✠✔ ✕☞✓

✙✓✍✕ ☛☞✠✕✠✜✠✎✕✒✏✛✟✒✕✓✡✏✒✎✒✜✒✏✎✒✙✎✓ ✔✠✡ ✛✠✚✜✓✡✍✏✠✚✠✔ ✍✌✚✎✏❜☞✕ ✏✚✕✠ ✓✎✓✛✕✡✏✛✏✕❢✖

■✚ ✢✓✛✕✏✠✚ ✣✖✤✘ ✥✓ ☞✒✜✓ ✎✓✒✡✚✕ ✒✙✠✌✕ ✒✟✠✡☛☞✠✌✍ ✍✌✙✍✕✒✚✛✓✍ ✒✚✑ ✕☞✒✕

✕☞✓❢ ☞✒✜✓ ✠✚✎❢ ✍☞✠✡✕ ✡✒✚❜✓ ✠✡✑✓✡✖ ✳✠✥✓✜✓✡✘ ✟✠✍✕ ✠✔ ✕☞✓ ✍✠✎✏✑ ✍✌✙✍✕✒✚✛✓✍

✒✡✓ ✛✡❢✍✕✒✎✎✏✚✓ ✏✚ ✚✒✕✌✡✓✖ ❛✠✡ ✓✦✒✟☛✎✓✘ ✒✎✎ ✕☞✓✟✓✕✒✎✎✏✛ ✓✎✓✟✓✚✕✍ ✎✏✧✓ ✏✡✠✚✘

✛✠☛☛✓✡ ✒✚✑ ✍✏✎✜✓✡❝ ✚✠✚ ★ ✟✓✕✒✎✎✏✛ ✓✎✓✟✓✚✕✍ ✎✏✧✓ ✍✌✎☛☞✌✡✘ ☛☞✠✍☛☞✠✡✌✍ ✒✚✑

✏✠✑✏✚✓ ✒✚✑ ✛✠✟☛✠✌✚✑✍ ✎✏✧✓ ✍✠✑✏✌✟ ✛☞✎✠✡✏✑✓✘ ✐✏✚✛ ✍✌✎☛☞✏✑✓ ✒✚✑

✚✒☛☞✕☞✒✎✓✚✓ ✔✠✡✟ ✛✡❢✍✕✒✎✎✏✚✓ ✍✠✎✏✑✍✖

✩✡❢✍✕✒✎✎✏✚✓ ✍✠✎✏✑✍ ✛✒✚ ✙✓ ✛✎✒✍✍✏✔✏✓✑ ✠✚ ✕☞✓ ✙✒✍✏✍ ✠✔ ✚✒✕✌✡✓ ✠✔

✏✚✕✓✡✟✠✎✓✛✌✎✒✡ ✔✠✡✛✓✍ ✠☛✓✡✒✕✏✚❜ ✏✚ ✕☞✓✟ ✏✚✕✠ ✔✠✌✡ ✛✒✕✓❜✠✡✏✓✍ ✜✏✐✖✘

✟✠✎✓✛✌✎✒✡✘ ✏✠✚✏✛✘ ✟✓✕✒✎✎✏✛ ✒✚✑ ✛✠✜✒✎✓✚✕ ✍✠✎✏✑✍✖ ✱✓✕ ✌✍ ✚✠✥ ✎✓✒✡✚ ✒✙✠✌✕

✕☞✓✍✓ ✛✒✕✓❜✠✡✏✓✍✖

▼✠✎✓✛✌✎✓✍ ✒✡✓ ✕☞✓ ✛✠✚✍✕✏✕✌✓✚✕ ☛✒✡✕✏✛✎✓✍ ✠✔ ✟✠✎✓✛✌✎✒✡ ✍✠✎✏✑✍✖ ✪☞✓✍✓ ✒✡✓

✔✌✡✕☞✓✡ ✍✌✙ ✑✏✜✏✑✓✑ ✏✚✕✠ ✕☞✓ ✔✠✎✎✠✥✏✚❜ ✛✒✕✓❜✠✡✏✓✍✫

✭✏✬ ◆✮✯ ♣✮✰✲✴ ✵✮✰✶✷✸✰✲✴ ✺✮✰✻✼✽✫ ✪☞✓❢ ✛✠✟☛✡✏✍✓ ✠✔ ✓✏✕☞✓✡ ✒✕✠✟✍✘ ✔✠✡

✓✦✒✟☛✎✓✘ ✒✡❜✠✚ ✒✚✑ ☞✓✎✏✌✟ ✠✡ ✕☞✓ ✟✠✎✓✛✌✎✓✍ ✔✠✡✟✓✑ ✙❢ ✚✠✚ ☛✠✎✒✡

✛✠✜✒✎✓✚✕ ✙✠✚✑✍ ✔✠✡ ✓✦✒✟☛✎✓ ✳✾✘ ✩✎✾ ✒✚✑ ■✾✖ ■✚ ✕☞✓✍✓ ✍✠✎✏✑✍✘ ✕☞✓ ✒✕✠✟✍

✠✡ ✟✠✎✓✛✌✎✓✍ ✒✡✓ ☞✓✎✑ ✙❢ ✥✓✒✧ ✑✏✍☛✓✡✍✏✠✚ ✔✠✡✛✓✍ ✠✡ ✱✠✚✑✠✚ ✔✠✡✛✓✍

✒✙✠✌✕ ✥☞✏✛☞ ❢✠✌ ☞✒✜✓ ✎✓✒✡✚✕ ✏✚ ✩✎✒✍✍ ✿■✖ ✪☞✓✍✓ ✍✠✎✏✑✍ ✒✡✓ ✍✠✔✕ ✒✚✑

✚✠✚♥✛✠✚✑✌✛✕✠✡✍ ✠✔ ✓✎✓✛✕✡✏✛✏✕❢✖ ✪☞✓❢ ☞✒✜✓ ✎✠✥ ✟✓✎✕✏✚❜ ☛✠✏✚✕✍ ✒✚✑ ✒✡✓

✌✍✌✒✎✎❢ ✏✚ ✎✏✉✌✏✑ ✠✡ ❜✒✍✓✠✌✍ ✍✕✒✕✓ ✒✕ ✡✠✠✟ ✕✓✟☛✓✡✒✕✌✡✓ ✒✚✑ ☛✡✓✍✍✌✡✓✖

✭✏✏✬ P✮✰✲✴ ✵✮✰✶✷✸✰✲✴ ✺✮✰✻✼✽✫ ✪☞✓ ✟✠✎✓✛✌✎✓✍ ✠✔ ✍✌✙✍✕✒✚✛✓✍ ✎✏✧✓ ✳✩✎✘ ✢❚✾❀

✶❡✷❁ ✒✡✓ ✔✠✡✟✓✑ ✙❢ ☛✠✎✒✡ ✛✠✜✒✎✓✚✕ ✙✠✚✑✍✖ ✪☞✓ ✟✠✎✓✛✌✎✓✍ ✏✚ ✍✌✛☞

✍✠✎✏✑✍ ✒✡✓ ☞✓✎✑ ✕✠❜✓✕☞✓✡ ✙❢ ✡✓✎✒✕✏✜✓✎❢ ✍✕✡✠✚❜✓✡ ✑✏☛✠✎✓♥✑✏☛✠✎✓

✏✚✕✓✡✒✛✕✏✠✚✍✖ ✪☞✓✍✓ ✍✠✎✏✑✍ ✒✡✓ ✍✠✔✕ ✒✚✑ ✚✠✚♥✛✠✚✑✌✛✕✠✡✍ ✠✔ ✓✎✓✛✕✡✏✛✏✕❢✖

✪☞✓✏✡ ✟✓✎✕✏✚❜ ☛✠✏✚✕✍ ✒✡✓ ☞✏❜☞✓✡ ✕☞✒✚ ✕☞✠✍✓ ✠✔ ✚✠✚ ☛✠✎✒✡ ✟✠✎✓✛✌✎✒✡

✍✠✎✏✑✍ ❢✓✕ ✟✠✍✕ ✠✔ ✕☞✓✍✓ ✒✡✓ ❜✒✍✓✍ ✠✡ ✎✏✉✌✏✑✍ ✌✚✑✓✡ ✡✠✠✟

✕✓✟☛✓✡✒✕✌✡✓ ✒✚✑ ☛✡✓✍✍✌✡✓✖ ✢✠✎✏✑ ✢❚✾ ✒✚✑ ✍✠✎✏✑ ❂✳❃ ✒✡✓ ✍✠✟✓

✓✦✒✟☛✎✓✍ ✠✔ ✍✌✛☞ ✍✠✎✏✑✍✖

✭✏✏✏✬ ❍❄✼✴✮❅✶✯ ❇✮✯✼✶✼ ✵✮✰✶✷✸✰✲✴ ✺✮✰✻✼✽✫ ✪☞✓ ✟✠✎✓✛✌✎✓✍ ✠✔ ✍✌✛☞ ✍✠✎✏✑✍

✛✠✚✕✒✏✚ ☛✠✎✒✡ ✛✠✜✒✎✓✚✕ ✙✠✚✑✍ ✙✓✕✥✓✓✚ ✳ ✒✚✑ ❛✘ ❚ ✠✡ ❂ ✒✕✠✟✍✖

✢✕✡✠✚❜ ☞❢✑✡✠❜✓✚ ✙✠✚✑✏✚❜ ✙✏✚✑✍ ✟✠✎✓✛✌✎✓✍ ✠✔ ✍✌✛☞ ✍✠✎✏✑✍ ✎✏✧✓ ✳✾❚

✭✏✛✓✬✖ ✪☞✓❢ ✒✡✓ ✚✠✚♥✛✠✚✑✌✛✕✠✡✍ ✠✔ ✓✎✓✛✕✡✏✛✏✕❢✖ ✗✓✚✓✡✒✎✎❢ ✕☞✓❢ ✒✡✓

✜✠✎✒✕✏✎✓ ✎✏✉✌✏✑✍ ✠✡ ✍✠✔✕ ✍✠✎✏✑✍ ✌✚✑✓✡ ✡✠✠✟ ✕✓✟☛✓✡✒✕✌✡✓ ✒✚✑ ☛✡✓✍✍✌✡✓✖

1.3 Classification

of Crystalline

Solids

❉❊❋❊❉ ●❏❑▲❖◗❑❘❙

❯❏❑❱❲❳

Intext Questions

❉❊❉ ❨☞❢ ✒✡✓ ✍✠✎✏✑✍ ✡✏❜✏✑❩

❉❊❬ ❨☞❢ ✑✠ ✍✠✎✏✑✍ ☞✒✜✓ ✒ ✑✓✔✏✚✏✕✓ ✜✠✎✌✟✓❩

❉❊❋ ✩✎✒✍✍✏✔❢ ✕☞✓ ✔✠✎✎✠✥✏✚❜ ✒✍ ✒✟✠✡☛☞✠✌✍ ✠✡ ✛✡❢✍✕✒✎✎✏✚✓ ✍✠✎✏✑✍✫ ❭✠✎❢✌✡✓✕☞✒✚✓✘

✚✒☛☞✕☞✒✎✓✚✓✘ ✙✓✚✐✠✏✛ ✒✛✏✑✘ ✕✓✔✎✠✚✘ ☛✠✕✒✍✍✏✌✟ ✚✏✕✡✒✕✓✘ ✛✓✎✎✠☛☞✒✚✓✘ ☛✠✎❢✜✏✚❢✎

✛☞✎✠✡✏✑✓✘ ✔✏✙✡✓ ❜✎✒✍✍✘ ✛✠☛☛✓✡✖

❉❊❪ ❨☞❢ ✏✍ ❜✎✒✍✍ ✛✠✚✍✏✑✓✡✓✑ ✒ ✍✌☛✓✡ ✛✠✠✎✓✑ ✎✏✉✌✏✑❩

❉❊❫ ❴✓✔✡✒✛✕✏✜✓ ✏✚✑✓✦ ✠✔ ✒ ✍✠✎✏✑ ✏✍ ✠✙✍✓✡✜✓✑✕✠ ☞✒✜✓ ✕☞✓✍✒✟✓✜✒✎✌✓✒✎✠✚❜✒✎✎ ✑✏✡✓✛✕✏✠✚✍✖

✩✠✟✟✓✚✕ ✠✚ ✕☞✓ ✚✒✕✌✡✓ ✠✔ ✕☞✏✍ ✍✠✎✏✑✖ ❨✠✌✎✑ ✏✕ ✍☞✠✥ ✛✎✓✒✜✒❜✓ ☛✡✠☛✓✡✕❢❩



✺ ❚�✁ ✂✄☎✆✝ ✂✞✟✞✁

✶✠✡✠✡ ▼☛☞✌✍✍✎✏

❙✑✍✎✒✓

✶✠✡✠✔ ❈✑✕✌✍☛✖☞ ✑✗

◆☛☞✘✑✗✙

❙✑✍✎✒✓

✶✠✡✠✚ ■✑✖✎✏ ❙✑✍✎✒✓ ✛✜✢✣ ✤✥✦ ✧★✦ ✩✜✢✣✧✪✧✫✦✢✧ ✬✤✥✧✪✩✭✦✣ ✜✮ ✪✜✢✪✩ ✣✜✭✪✯✣✰ ✱✫✩★ ✣✜✭✪✯✣ ✤✥✦ ✮✜✥✲✦✯

❜✳ ✧★✦ ✧★✥✦✦ ✯✪✲✦✢✣✪✜✢✤✭ ✤✥✥✤✢✴✦✲✦✢✧✣ ✜✮ ✩✤✧✪✜✢✣ ✤✢✯ ✤✢✪✜✢✣ ❜✜✫✢✯

❜✳ ✣✧✥✜✢✴ ✩✜✫✭✜✲❜✪✩ ✵✦✭✦✩✧✥✜✣✧✤✧✪✩✷ ✮✜✥✩✦✣✰ ✸★✦✣✦ ✣✜✭✪✯✣ ✤✥✦ ★✤✥✯ ✤✢✯

❜✥✪✧✧✭✦ ✪✢ ✢✤✧✫✥✦✰ ✸★✦✳ ★✤✹✦ ★✪✴★ ✲✦✭✧✪✢✴ ✤✢✯ ❜✜✪✭✪✢✴ ✬✜✪✢✧✣✰ ✱✪✢✩✦ ✧★✦

✪✜✢✣ ✤✥✦ ✢✜✧ ✮✥✦✦ ✧✜ ✲✜✹✦ ✤❜✜✫✧✐ ✧★✦✳ ✤✥✦ ✦✭✦✩✧✥✪✩✤✭ ✪✢✣✫✭✤✧✜✥✣ ✪✢ ✧★✦

✣✜✭✪✯ ✣✧✤✧✦✰ s✜✻✦✹✦✥✐ ✪✢ ✧★✦ ✲✜✭✧✦✢ ✣✧✤✧✦ ✜✥ ✻★✦✢ ✯✪✣✣✜✭✹✦✯ ✪✢ ✻✤✧✦✥✐

✧★✦ ✪✜✢✣ ❜✦✩✜✲✦ ✮✥✦✦ ✧✜ ✲✜✹✦ ✤❜✜✫✧ ✤✢✯ ✧★✦✳ ✩✜✢✯✫✩✧ ✦✭✦✩✧✥✪✩✪✧✳✰

✼✦✧✤✭✣ ✤✥✦ ✜✥✯✦✥✭✳ ✩✜✭✭✦✩✧✪✜✢ ✜✮ ✬✜✣✪✧✪✹✦ ✪✜✢✣ ✣✫✥✥✜✫✢✯✦✯ ❜✳ ✤✢✯ ★✦✭✯

✧✜✴✦✧★✦✥ ❜✳ ✤ ✣✦✤ ✜✮ ✮✥✦✦ ✦✭✦✩✧✥✜✢✣✰ ✸★✦✣✦ ✦✭✦✩✧✥✜✢✣ ✤✥✦ ✲✜❜✪✭✦ ✤✢✯ ✤✥✦

✦✹✦✢✭✳ ✣✬✥✦✤✯ ✜✫✧ ✧★✥✜✫✴★✜✫✧ ✧★✦ ✩✥✳✣✧✤✭✰ ❡✤✩★ ✲✦✧✤✭ ✤✧✜✲ ✩✜✢✧✥✪❜✫✧✦✣

✜✢✦ ✜✥ ✲✜✥✦ ✦✭✦✩✧✥✜✢✣ ✧✜✻✤✥✯✣ ✧★✪✣ ✣✦✤ ✜✮ ✲✜❜✪✭✦ ✦✭✦✩✧✥✜✢✣✰ ✸★✦✣✦ ✮✥✦✦

✤✢✯ ✲✜❜✪✭✦ ✦✭✦✩✧✥✜✢✣ ✤✥✦ ✥✦✣✬✜✢✣✪❜✭✦ ✮✜✥ ★✪✴★ ✦✭✦✩✧✥✪✩✤✭ ✤✢✯ ✧★✦✥✲✤✭

✩✜✢✯✫✩✧✪✹✪✧✳ ✜✮ ✲✦✧✤✭✣✰ ❝★✦✢ ✤✢ ✦✭✦✩✧✥✪✩ ✮✪✦✭✯ ✪✣ ✤✬✬✭✪✦✯✐ ✧★✦✣✦ ✦✭✦✩✧✥✜✢✣

✮✭✜✻ ✧★✥✜✫✴★ ✧★✦ ✢✦✧✻✜✥❢ ✜✮ ✬✜✣✪✧✪✹✦ ✪✜✢✣✰ ✱✪✲✪✭✤✥✭✳✐ ✻★✦✢ ★✦✤✧ ✪✣

✣✫✬✬✭✪✦✯ ✧✜ ✜✢✦ ✬✜✥✧✪✜✢ ✜✮ ✤ ✲✦✧✤✭✐ ✧★✦ ✧★✦✥✲✤✭ ✦✢✦✥✴✳ ✪✣ ✫✢✪✮✜✥✲✭✳

✣✬✥✦✤✯ ✧★✥✜✫✴★✜✫✧ ❜✳ ✮✥✦✦ ✦✭✦✩✧✥✜✢✣✰ ✽✢✜✧★✦✥ ✪✲✬✜✥✧✤✢✧ ✩★✤✥✤✩✧✦✥✪✣✧✪✩

✜✮ ✲✦✧✤✭✣ ✪✣ ✧★✦✪✥ ✭✫✣✧✥✦ ✤✢✯ ✩✜✭✜✫✥ ✪✢ ✩✦✥✧✤✪✢ ✩✤✣✦✣✰ ✸★✪✣ ✪✣ ✤✭✣✜ ✯✫✦

✧✜ ✧★✦ ✬✥✦✣✦✢✩✦ ✜✮ ✮✥✦✦ ✦✭✦✩✧✥✜✢✣ ✪✢ ✧★✦✲✰ ✼✦✧✤✭✣ ✤✥✦ ★✪✴★✭✳ ✲✤✭✭✦✤❜✭✦

✤✢✯ ✯✫✩✧✪✭✦✰

✽ ✻✪✯✦ ✹✤✥✪✦✧✳ ✜✮ ✩✥✳✣✧✤✭✭✪✢✦ ✣✜✭✪✯✣ ✜✮ ✢✜✢❆✲✦✧✤✭✣ ✥✦✣✫✭✧ ✮✥✜✲ ✧★✦

✮✜✥✲✤✧✪✜✢ ✜✮ ✩✜✹✤✭✦✢✧ ❜✜✢✯✣ ❜✦✧✻✦✦✢ ✤✯✾✤✩✦✢✧ ✤✧✜✲✣ ✧★✥✜✫✴★✜✫✧ ✧★✦

✩✥✳✣✧✤✭✰ ✸★✦✳ ✤✥✦ ✤✭✣✜ ✩✤✭✭✦✯ ❣✎✌✖☞ ✿✑✍☛✏❀✍☛✓✰ ❁✜✹✤✭✦✢✧ ❜✜✢✯✣ ✤✥✦

✣✧✥✜✢✴ ✤✢✯ ✯✪✥✦✩✧✪✜✢✤✭ ✪✢ ✢✤✧✫✥✦✐ ✧★✦✥✦✮✜✥✦ ✤✧✜✲✣ ✤✥✦ ★✦✭✯ ✹✦✥✳ ✣✧✥✜✢✴✭✳

✤✧ ✧★✦✪✥ ✬✜✣✪✧✪✜✢✣✰ ✱✫✩★ ✣✜✭✪✯✣ ✤✥✦ ✹✦✥✳ ★✤✥✯ ✤✢✯ ❜✥✪✧✧✭✦✰ ✸★✦✳ ★✤✹✦

✦❂✧✥✦✲✦✭✳ ★✪✴★ ✲✦✭✧✪✢✴ ✬✜✪✢✧✣ ✤✢✯ ✲✤✳ ✦✹✦✢ ✯✦✩✜✲✬✜✣✦ ❜✦✮✜✥✦ ✲✦✭✧✪✢✴✰

✸★✦✳ ✤✥✦ ✪✢✣✫✭✤✧✜✥✣ ✤✢✯ ✯✜ ✢✜✧ ✩✜✢✯✫✩✧ ✦✭✦✩✧✥✪✩✪✧✳✰ ❃✪✤✲✜✢✯ ✵❄✪✴✰ ❅✰❇✷

✤✢✯ ✣✪✭✪✩✜✢ ✩✤✥❜✪✯✦ ✤✥✦

✧✳✬✪✩✤✭ ✦❂✤✲✬✭✦✣ ✜✮ ✣✫✩★

✣✜✭✪✯✣✰ ❉✥✤✬★✪✧✦ ✪✣ ✣✜✮✧ ✤✢✯

✤ ✩✜✢✯✫✩✧✜✥ ✜✮ ✦✭✦✩✧✥✪✩✪✧✳✰ ✛✧✣

✦❂✩✦✬✧✪✜✢✤✭ ✬✥✜✬✦✥✧✪✦✣ ✤✥✦

✯✫✦ ✧✜ ✪✧✣ ✧✳✬✪✩✤✭ ✣✧✥✫✩✧✫✥✦

✵❄✪✴✰ ❅✰❊✷✰ ❁✤✥❜✜✢ ✤✧✜✲✣ ✤✥✦

✤✥✥✤✢✴✦✯ ✪✢ ✯✪✮✮✦✥✦✢✧ ✭✤✳✦✥✣

✤✢✯ ✦✤✩★ ✤✧✜✲ ✪✣ ✩✜✹✤✭✦✢✧✭✳

❜✜✢✯✦✯ ✧✜ ✧★✥✦✦ ✜✮ ✪✧✣

✢✦✪✴★❜✜✫✥✪✢✴ ✤✧✜✲✣ ✪✢ ✧★✦

✣✤✲✦ ✭✤✳✦✥✰ ✸★✦ ✮✜✫✥✧★

✹✤✭✦✢✩✦ ✦✭✦✩✧✥✜✢ ✜✮ ✦✤✩★

✤✧✜✲ ✪✣ ✬✥✦✣✦✢✧ ❜✦✧✻✦✦✢

✯✪✮✮✦✥✦✢✧ ✭✤✳✦✥✣ ✤✢✯ ✪✣ ✮✥✦✦

✧✜ ✲✜✹✦ ✤❜✜✫✧✰ ✸★✦✣✦ ✮✥✦✦

✦✭✦✩✧✥✜✢✣ ✲✤❢✦ ✴✥✤✬★✪✧✦

✤ ✴✜✜✯ ✩✜✢✯✫✩✧✜✥ ✜✮

✦✭✦✩✧✥✪✩✪✧✳✰ ❃✪✮✮✦✥✦✢✧ ✭✤✳✦✥✣

✩✤✢ ✣✭✪✯✦ ✜✢✦ ✜✹✦✥ ✧★✦ ✜✧★✦✥✰

✸★✪✣ ✲✤❢✦✣ ✴✥✤✬★✪✧✦ ✤ ✣✜✮✧

✣✜✭✪✯ ✤✢✯ ✤ ✴✜✜✯ ✣✜✭✪✯

✭✫❜✥✪✩✤✢✧✰

❋●❍❏ ❑❏▲❖ P◗❘❯❱◗❯❘❲ ❳❨ ❩❘❬❭❪❫◗❲❋●❍❏ ❑❏❴❖ ❵❲◗❛❳❘❞ ❤◗❘❯❱◗❯❘❲

❳❨ ♦❫❬❥❳❦♦



✻❈�✁✂✄☎✆✝✞

❚✟✠ ✡☛☞☞✠✌✠✍✎ ✏✌✑✏✠✌✎☛✠✒ ✑☞ ✎✟✠ ☞✑✓✌ ✎✔✏✠✒ ✑☞ ✒✑✕☛✡✒ ✖✌✠ ✕☛✒✎✠✡ ☛✍

❚✖✗✕✠ ✘✙✚✙

Intext Questions

✶✛✜ ✢✕✖✒✒☛☞✔ ✎✟✠ ☞✑✕✕✑✣☛✍✤ ✒✑✕☛✡✒ ☛✍ ✡☛☞☞✠✌✠✍✎ ✥✖✎✠✤✑✌☛✠✒ ✗✖✒✠✡ ✑✍ ✎✟✠ ✍✖✎✓✌✠ ✑☞

☛✍✎✠✌✐✑✕✠✥✓✕✖✌ ☞✑✌✥✠✒ ✑✏✠✌✖✎☛✍✤ ☛✍ ✎✟✠✐✦

P✑✎✖✒✒☛✓✐ ✒✓✕✏✟✖✎✠✧ ✎☛✍✧ ✗✠✍★✠✍✠✧ ✓✌✠✖✧ ✖✐✐✑✍☛✖✧ ✣✖✎✠✌✧ ★☛✍✥ ✒✓✕✏✟☛✡✠✧

✤✌✖✏✟☛✎✠✧ ✌✓✗☛✡☛✓✐✧ ✖✌✤✑✍✧ ✒☛✕☛✥✑✍ ✥✖✌✗☛✡✠✙

✶✛✩ ❙✑✕☛✡ ✪ ☛✒ ✖ ✫✠✌✔ ✟✖✌✡ ✠✕✠✥✎✌☛✥✖✕ ☛✍✒✓✕✖✎✑✌ ☛✍ ✒✑✕☛✡ ✖✒ ✣✠✕✕ ✖✒ ☛✍ ✐✑✕✎✠✍ ✒✎✖✎✠

✖✍✡ ✐✠✕✎✒ ✖✎ ✠❛✎✌✠✐✠✕✔ ✟☛✤✟ ✎✠✐✏✠✌✖✎✓✌✠✙ ✬✟✖✎ ✎✔✏✠ ✑☞ ✒✑✕☛✡ ☛✒ ☛✎✭

✶✛✮ ■✑✍☛✥ ✒✑✕☛✡✒ ✥✑✍✡✓✥✎ ✠✕✠✥✎✌☛✥☛✎✔ ☛✍ ✐✑✕✎✠✍ ✒✎✖✎✠ ✗✓✎ ✍✑✎ ☛✍ ✒✑✕☛✡ ✒✎✖✎✠✙ ✯❛✏✕✖☛✍✙

✶✛✰ ✬✟✖✎ ✎✔✏✠ ✑☞ ✒✑✕☛✡✒ ✖✌✠ ✠✕✠✥✎✌☛✥✖✕ ✥✑✍✡✓✥✎✑✌✒✧ ✐✖✕✕✠✖✗✕✠ ✖✍✡ ✡✓✥✎☛✕✠✭

✱✲✳✴✵ ✶✛✷✸ ✹✺✼✼✵✽✵✾✿ ✱❀❁✵❂ ❃✼ ❄❃✴✺❅❂

❆❇❉❊ ❋● ❍❋❏❑▲ ▼❋◆❖◗❑◗❘❊◆◗ ❯❋◆▲❑◆❱❲ ❳❨❩❬❉❏❊❖ ❭❪❇❖❑❫❩❏ ❳❏❊❫◗❴❑❫❩❏ ❵❊❏◗❑◆❱

❭❩❴◗❑❫❏❊❖ ❜◗◗❴❩❫◗❑❝❊ ❞❩◗❘❴❊ ▼❋◆▲❘❫❡ ❭❋❑◆◗

❢❋❴❫❊❖ ◗❑❝❑◗❇

❣❤❥ ❦❧♠✁♥♦♠♣✝ ☎❧♠✄q☎

❣✄❥ r❧s t❧♠♣✝ ❦❧♠✁♥♦♠✁☎ ✉✄☎t✁✝☎✄❧s ❧✝ ✈✝✇ ❈❈♠①✇ ②❧③✆ ④s☎♦♠♣✆❧✝ ⑤✁✝✞ ♠❧⑥

⑦❧sq❧s ③❧✝♥✁☎ ⑧⑨✇ ④⑨✇ ❈⑩⑨

❣✄✄❥ ❶❧♠♣✝ ✉✄t❧♠✁❷q✄t❧♠✁ ⑧❈♠✇ ②⑩⑨ ②❧③✆ ④s☎♦♠♣✆❧✝ ⑦❧⑥

✄s✆✁✝♣♥✆✄❧s☎

❣✄✄✄❥ ⑧✞q✝❧❸✁s ⑧✞q✝❧❸✁s ⑧⑨⑩ ❣✄♥✁❥ ⑧♣✝q ④s☎♦♠♣✆❧✝ ⑦❧⑥

❹❧sq✁q ❹❧sq✄s❸

❣❺❥ ④❧s✄♥ ☎❧♠✄q☎ ④❧s☎ ❈❧♦♠❧✂❹✄♥ ❧✝ r♣❈♠✇ ❦❸⑩✇ ⑧♣✝q ❹♦✆ ④s☎♦♠♣✆❧✝☎ ⑧✄❸�

✁♠✁♥✆✝❧☎✆♣✆✄♥ ❻s②✇ ❈♣❼⑨ ❹✝✄✆✆♠✁ ✄s ☎❧♠✄q

☎✆♣✆✁ ❹♦✆

♥❧sq♦♥✆❧✝☎

✄s ✂❧♠✆✁s

☎✆♣✆✁ ♣sq

✄s ♣❽♦✁❧♦☎

☎❧♠♦✆✄❧s☎

❣❾❥ ❦✁✆♣♠♠✄♥ ☎❧♠✄q☎ ❶❧☎✄✆✄❿✁ ❦✁✆♣♠♠✄♥ ❼✁✇ ❈♦✇ ✈❸✇ ⑧♣✝q ❹♦✆ ❈❧sq♦♥✆❧✝☎ ❼♣✄✝♠✞

✄❧s☎ ✄s ♣ ❹❧sq✄s❸ ❦❸ ✂♣♠♠✁♣❹♠✁ ✄s ☎❧♠✄q �✄❸�

☎✁♣ ❧③ ♣sq ☎✆♣✆✁ ♣☎

q✁♠❧♥♣♠✄☎✁q q♦♥✆✄♠✁ ⑥✁♠♠ ♣☎ ✄s

✁♠✁♥✆✝❧s☎ ✂❧♠✆✁s

☎✆♣✆✁

❣➀❥ ❈❧❿♣♠✁s✆ ❧✝ ✈✆❧✂☎ ❈❧❿♣♠✁s✆ ②✄⑩⑨ ⑧♣✝q ④s☎♦♠♣✆❧✝☎ ⑤✁✝✞

s✁✆⑥❧✝➁ ☎❧♠✄q☎ ❹❧sq✄s❸ ❣❽♦♣✝✆➂❥✇ �✄❸�

②✄❈✇ ❈

❣q✄♣✂❧sq❥✇

✈♠r✇

❈➃➄➅➆➇➈➉➊➋➌ ②❧③✆ ❈❧sq♦♥✆❧✝

❣✁➍♥✁t✆✄❧s❥



✼ ❚�✁ ✂✄☎✆✝ ✂✞✟✞✁

✠✡☛☞✌✍✎ ✏✡✌✑✌✏✒☛✑✍✓✒✍✏ ✔✕ ✏✑✖✓✒✌✗✗✍✎☛

✓✔✗✍s✓ ✍✓ ✌ ✑☛✘✙✗✌✑ ✌✎s ✑☛✚☛✌✒✍✎✘

✚✌✒✒☛✑✎ ✔✕ ✏✔✎✓✒✍✒✙☛✎✒ ✚✌✑✒✍✏✗☛✓♣ ✛✕

✒✡☛ ✒✡✑☛☛ s✍☞☛✎✓✍✔✎✌✗ ✌✑✑✌✎✘☛☞☛✎✒

✔✕ ✏✔✎✓✒✍✒✙☛✎✒ ✚✌✑✒✍✏✗☛✓ ✍✎ ✌ ✏✑✖✓✒✌✗

✍✓ ✑☛✚✑☛✓☛✎✒☛s s✍✌✘✑✌☞☞✌✒✍✏✌✗✗✖✐ ✍✎

✇✡✍✏✡ ☛✌✏✡ ✚✌✑✒✍✏✗☛ ✍✓ s☛✚✍✏✒☛s ✌✓ ✌

✚✔✍✎✒✐ ✒✡☛ ✌✑✑✌✎✘☛☞☛✎✒ ✍✓ ✏✌✗✗☛s

❝✜✢✣✤✥✦ ✦✥✤✤✧❝★♣ ✠✡✙✓✐ ✌ ✑☛✘✙✗✌✑ ✒✡✑☛☛

s✍☞☛✎✓✍✔✎✌✗ ✌✑✑✌✎✘☛☞☛✎✒ ✔✕ ✚✔✍✎✒✓

✍✎ ✓✚✌✏☛ ✍✓ ✏✌✗✗☛s ✌ ✩✪✫✬✭✮✯ ✯✮✭✭❧✩✰♣

❆ ✚✔✑✒✍✔✎ ✔✕ ✌ ✏✑✖✓✒✌✗ ✗✌✒✒✍✏☛ ✍✓ ✓✡✔✇✎

✍✎ ✱✍✘♣ ✲♣✳♣

✠✡☛✑☛ ✌✑☛ ✔✎✗✖ ✲✴ ✚✔✓✓✍✵✗☛ ✒✡✑☛☛ s✍☞☛✎✓✍✔✎✌✗ ✗✌✒✒✍✏☛✓♣ ✠✡☛✓☛ ✌✑☛ ✏✌✗✗☛s

❇✪✮✶✮❧✬ ✷✮✭✭❧✩✰✬ ✸✌✕✒☛✑ ✒✡☛ ✱✑☛✎✏✡ ☞✌✒✡☛☞✌✒✍✏✍✌✎ ✇✡✔ ✕✍✑✓✒ s☛✓✏✑✍✵☛s

✒✡☛☞t♣ ✠✡☛ ✕✔✗✗✔✇✍✎✘ ✌✑☛ ✒✡☛ ✏✡✌✑✌✏✒☛✑✍✓✒✍✏✓ ✔✕ ✌ ✏✑✖✓✒✌✗ ✗✌✒✒✍✏☛✹

✸✌t ❊✌✏✡ ✚✔✍✎✒ ✍✎ ✌ ✗✌✒✒✍✏☛ ✍✓ ✏✌✗✗☛s ✗✌✒✒✍✏☛ ✚✔✍✎✒ ✔✑ ✗✌✒✒✍✏☛ ✓✍✒☛♣

✸✵t ❊✌✏✡ ✚✔✍✎✒ ✍✎ ✌ ✏✑✖✓✒✌✗ ✗✌✒✒✍✏☛ ✑☛✚✑☛✓☛✎✒✓ ✔✎☛✏✔✎✓✒✍✒✙☛✎✒ ✚✌✑✒✍✏✗☛✇✡✍✏✡

☞✌✖ ✵☛ ✌✎ ✌✒✔☞✐ ✌ ☞✔✗☛✏✙✗☛ ✸✘✑✔✙✚ ✔✕ ✌✒✔☞✓t ✔✑ ✌✎ ✍✔✎♣

✸✏t ▲✌✒✒✍✏☛ ✚✔✍✎✒✓ ✌✑☛ ✺✔✍✎☛s ✵✖ ✓✒✑✌✍✘✡✒ ✗✍✎☛✓ ✒✔ ✵✑✍✎✘ ✔✙✒ ✒✡☛ ✘☛✔☞☛✒✑✖ ✔✕

✒✡☛ ✗✌✒✒✍✏☛♣

❯✎✍✒ ✏☛✗✗ ✍✓ ✒✡☛ ✓☞✌✗✗☛✓✒ ✚✔✑✒✍✔✎ ✔✕ ✌ ✏✑✖✓✒✌✗ ✗✌✒✒✍✏☛

✇✡✍✏✡✐ ✇✡☛✎ ✑☛✚☛✌✒☛s ✍✎ s✍✕✕☛✑☛✎✒ s✍✑☛✏✒✍✔✎✓✐ ✘☛✎☛✑✌✒☛✓

✒✡☛ ☛✎✒✍✑☛ ✗✌✒✒✍✏☛♣

❆ ✙✎✍✒ ✏☛✗✗ ✍✓ ✏✡✌✑✌✏✒☛✑✍✓☛s ✵✖✹

✸✍t ✍✒✓ s✍☞☛✎✓✍✔✎✓ ✌✗✔✎✘ ✒✡☛ ✒✡✑☛☛ ☛s✘☛✓✐ ✥✐ ❜ ✌✎s ❝♣ ✠✡☛✓☛

☛s✘☛✓ ☞✌✖ ✔✑ ☞✌✖ ✎✔✒ ✵☛ ☞✙✒✙✌✗✗✖ ✚☛✑✚☛✎s✍✏✙✗✌✑♣

✸✍✍t ✌✎✘✗☛✓ ✵☛✒✇☛☛✎ ✒✡☛ ☛s✘☛✓✐ ✻ ✸✵☛✒✇☛☛✎ ❜ ✌✎s ❝t ✽ ✸✵☛✒✇☛☛✎

✥ ✌✎s ❝t ✌✎s ✾ ✸✵☛✒✇☛☛✎ ✥ ✌✎s ❜t♣ ✠✡✙✓✐ ✌ ✙✎✍✒ ✏☛✗✗ ✍✓

✏✡✌✑✌✏✒☛✑✍✓☛s ✵✖ ✓✍✿ ✚✌✑✌☞☛✒☛✑✓✐ ✥❛ ❜❛ ❝✐ ✻✐ ✽ ✌✎s ✾♣

✠✡☛✓☛ ✚✌✑✌☞☛✒☛✑✓ ✔✕ ✌ ✒✖✚✍✏✌✗ ✙✎✍✒ ✏☛✗✗ ✌✑☛ ✓✡✔✇✎ ✍✎

✱✍✘♣ ✲♣❀♣

❯✎✍✒ ✏☛✗✗✓ ✏✌✎ ✵☛ ✵✑✔✌s✗✖ s✍❁✍s☛s ✍✎✒✔ ✒✇✔ ✏✌✒☛✘✔✑✍☛✓✐ ✚✑✍☞✍✒✍❁☛ ✌✎s

✏☛✎✒✑☛s ✙✎✍✒ ✏☛✗✗✓♣

❂❃❄ P❅❈❉❈❋❈●❍ ■❏❈❋ ❑❍▼▼◆

❲✡☛✎ ✏✔✎✓✒✍✒✙☛✎✒ ✚✌✑✒✍✏✗☛✓ ✌✑☛ ✚✑☛✓☛✎✒ ✔✎✗✖ ✔✎ ✒✡☛ ✏✔✑✎☛✑ ✚✔✓✍✒✍✔✎✓ ✔✕

✌ ✙✎✍✒ ✏☛✗✗✐ ✍✒ ✍✓ ✏✌✗✗☛s ✌✓ ❖✪❧◗❧✭❧✶✰ ❘❙❧✭ ✩✰✯✯♣

❂❱❄ ❑❍❏❋❅❍❳ ■❏❈❋ ❑❍▼▼◆

❲✡☛✎ ✌ ✙✎✍✒ ✏☛✗✗ ✏✔✎✒✌✍✎✓ ✔✎☛ ✔✑ ☞✔✑☛ ✏✔✎✓✒✍✒✙☛✎✒ ✚✌✑✒✍✏✗☛✓ ✚✑☛✓☛✎✒ ✌✒

✚✔✓✍✒✍✔✎✓ ✔✒✡☛✑ ✒✡✌✎ ✏✔✑✎☛✑✓ ✍✎ ✌ss✍✒✍✔✎ ✒✔ ✒✡✔✓☛ ✌✒ ✏✔✑✎☛✑✓✐ ✍✒ ✍✓ ✏✌✗✗☛s

✌ ✩✰❙✭✪✰❨ ❘❙❧✭ ✩✰✯✯♣ ❩☛✎✒✑☛s ✙✎✍✒ ✏☛✗✗✓ ✌✑☛ ✔✕ ✒✡✑☛☛ ✒✖✚☛✓✹

✸✍t ❬❭❪✢❫❴★❵✤✜★❪ ❞❵✧✤ ❴★✦✦✣❡ ❢✙✏✡ ✌ ✙✎✍✒ ✏☛✗✗ ✏✔✎✒✌✍✎✓ ✔✎☛ ✏✔✎✓✒✍✒✙☛✎✒

✚✌✑✒✍✏✗☛ ✸✌✒✔☞✐ ☞✔✗☛✏✙✗☛ ✔✑ ✍✔✎t ✌✒ ✍✒✓ ✵✔s✖❣✏☛✎✒✑☛ ✵☛✓✍s☛✓ ✒✡☛ ✔✎☛✓

✒✡✌✒ ✌✑☛ ✌✒ ✍✒✓ ✏✔✑✎☛✑✓♣

✸✍✍t ❤✥❝★❫❴★❵✤✜★❪ ❞❵✧✤ ❴★✦✦✣❡ ❢✙✏✡ ✌ ✙✎✍✒ ✏☛✗✗ ✏✔✎✒✌✍✎✓ ✔✎☛ ✏✔✎✓✒✍✒✙☛✎✒

✚✌✑✒✍✏✗☛ ✚✑☛✓☛✎✒ ✌✒ ✒✡☛ ✏☛✎✒✑☛ ✔✕ ☛✌✏✡ ✕✌✏☛✐ ✵☛✓✍s☛✓ ✒✡☛ ✔✎☛✓ ✒✡✌✒

✌✑☛ ✌✒ ✍✒✓ ✏✔✑✎☛✑✓♣

1.4 Crystal

Lattices and

Unit Cells

❥❈❦♠ ♥♠♦q r ✉✈①②③✈④ ✈⑤ ⑥ ②⑦①⑧⑧

⑨③⑩⑧④❶③✈④⑥❷ ❸❹❺③❸ ❷⑥②②③❸⑧

⑥④⑨ ③②❶ ❹④③② ❸⑧❷❷❻

❥❈❦♠ ♥♠❼q ❽❷❷❹❶②①⑥②③✈④ ✈⑤

✉⑥①⑥⑩⑧②⑧①❶ ✈⑤ ⑥ ❹④③② ❸⑧❷❷

❾❿➀❿❾ ➁✪❧◗❧✭❧✶✰

✮❙❨ ➂✰❙✭✪✰❨

➃❙❧✭ ➂✰✯✯✬
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❇✯✮✞✰✙✁✭✆✝✁✮ ❚✄✳✷✜ ❈✫❙✳✹

✳✝✆�✯✝�✯✂✘✄✙ ✚✝✄✂✄✆✄✛✁✜ ✢ ✲ ❜ ✲ ❝ ✤ ✣ ✦ ✣ ✧ ✣ ★✩✪ ❘�✯✂✘✄✙ ☎✗✬s�✗✝✜

❇✯✮✞✰✙✁✭✆✝✁✮✜ ❑◆✳✸✜ ❇✫❙✳✹
❋✫✙✁✰✙✁✭✆✝✁✮✜

✴✭✮✰✙✁✭✆✝✁✮

❍✁✵✫✱✯✭✫✬ ✚✝✄✂✄✆✄✛✁ ✢ ✣ ❜ ✲ ❝ ✤ ✣ ✦ ✣ ★✩✪ ●✝✫s�✄✆✁✜ ❩✭✳✜❈✮❙✜

✧ ✣ ✶✺✩✪

❘�✯✂✘✯�✁✮✝✫✬ ✯✝ ✚✝✄✂✄✆✄✛✁ ✢ ✣ ❜ ✣ ❝ ✤ ✣ ✦ ✣ ✧ ✲ ★✩✪ ❈✫✬✙✄✆✁ ✻❈✫❈✳✸✼✜ ❍✱❙

❚✝✄✱✯✭✫✬ ✻✙✄✭✭✫✘✫✝✼

✾✿✿✿❀ ❁❂❃❄❅❉❂■❏❉❃ ▲❂▼■ ❅❉❖❖◗❯ ❱❳ ❨❬❭❪ ❫ ❬❳✿❴ ❭❵❞❞❢ ❣❳❵ ❭❣❳❨❴✿❴❬❵❳❴ ❤❫✐❴✿❭❞❵

✿❨ ❤✐❵❨❵❳❴ ❫❴ ❴❪❵ ❭❵❳❴✐❵ ❣❥ ❫❳❦ ❴❧❣ ❣❤❤❣❨✿❴❵ ❥❫❭❵❨ ♠❵❨✿♥❵❨ ❴❪❵ ❣❳❵❨

❤✐❵❨❵❳❴ ❫❴ ✿❴❨ ❭❣✐❳❵✐❨♣

❱❳ ❫❞❞❢ ❴❪❵✐❵ ❫✐❵ ❨❵♦❵❳ ❴❦❤❵❨ ❣❥ ❤✐✿q✿❴✿♦❵ ❬❳✿❴ ❭❵❞❞❨ ✾r✿t♣ ✉♣✇❀♣

② ② ②

③④⑤⑥⑦ ⑧⑨⑩❶❷❸❹❺❷❻ ❼❶⑩❽❹❶❽❹❾⑤⑥⑦

❿❹❺❹⑦❻⑥❺⑥⑦ ➀⑨➁❷❸❹❺❷❻ ➂❽❹❾⑤❹❽⑨➃❶❷❻ ⑧❶⑥⑦❻⑥❺⑥⑦

② ② ② ②

➄➅➆➇ ➈➇➉➊ ➋➌➍➌➎ ➏➐➑➒➑➓➑➍➌ ➔➎➑➓ ❝➌→→➣ ➑➎ ❝➐↔➣➓✢→➣

↕❪❵✿✐ ❭❪❫✐❫❭❴❵✐✿❨❴✿❭❨ ❫❞❣❳t ❧✿❴❪ ❴❪❵ ❭❵❳❴✐❵♥ ❬❳✿❴ ❭❵❞❞❨ ❴❪❵❦ ❭❫❳ ❥❣✐q

❪❫♦❵ ♠❵❵❳ ❞✿❨❴❵♥ ✿❳ ↕❫♠❞❵ ✉♣➙♣

➛➜➝➞➟ ➠➡➢➤ ➥➟➦➟➧ ➨➩➫➭➫➯➫➦➟ ➲➧➫➯ ➳➟➞➞➵ ➜➧➸ ➯➺➟➫➩ ➨➻➵➵➫➝➞➟

➼➜➩➫➜➯➫➻➧➵ ➜➵ ➳➟➧➯➩➟➸ ➲➧➫➯ ➳➟➞➞➵
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❛

❛
❛

P✠✡☛✡☞✡✌✍

✭✎✠ ✏✡☛✑✒✍✓

❇✎✔✕✖✗✍✘☞✠✍✔ ❋❛✗✍✖✗✍✘☞✠✍✔

✙✚✍ ☞✚✠✍✍ ✗❡✛✡✗ ✒❛☞☞✡✗✍✏✜ ❛✒✒ ✏✡✔✍✏ ✎✢ ✏❛☛✍

✒✍✘❧☞✚✣ ❛✘❧✒✍✏ ✛✍☞✤✍✍✘ ✢❛✗✍✏ ❛✒✒ ✥✦✧

P✠✡☛✡☞✡✌✍ ❇✎✔✕✖✗✍✘☞✠✍✔

✙✚✍ ☞✤✎ ☞✍☞✠❛❧✎✘❛✒✜ ✎✘✍ ✏✡✔✍ ✔✡✢✢✍✠✍✘☞ ✡✘ ✒✍✘❧☞✚ ☞✎ ☞✚✍ ✎☞✚✍✠✣

☞✤✎ ❛✘❧✒✍✏ ✛✍☞✤✍✍✘ ✢❛✗✍✏ ❛✒✒ ✥✦✧

★✩✪ ✫✬✮✯ ✬✯✰✩✬✯✩✬❤✱✲✳ ✴✵✰✰✲✳✪✶✷ ✮✸✪✹✮✵✴ ✶✲✺✪✶✻ ✵✸✼✴✪✶

✱✪✰❜✪✪✸ ✫✵✳✪✶ ✵✴✴ ✽✿❀

★✩✪ ✰❜✬ ❤✬✸✬✳✴✲✸✲✳ ✴✵✰✰✲✳✪✶✷ ✮✸✪✹✮✵✴ ✶✲✺✪✶✻

✰❜✬ ✫✵✳✪✶ ✩✵t✪ ✵✸✼✴✪✶ ✺✲✫✫✪✯✪✸✰ ✰✬ ✽✿❀

❁✯✲❤✲✰✲t✪ ❂✬✺❃❄✳✪✸✰✯✪✺ ❅✵✳✪❄✳✪✸✰✯✪✺❊✸✺❄✳✪✸✰✯✪✺

❁✯✲❤✲✰✲t✪ ❊✸✺❄✳✪✸✰✯✪✺

▼✬✯✪ ✰✩✵✸

✽✿❀

▲✪✶✶ ✰✩✵✸

✽✿❀

Unit Cells of 14 Types of Bravais Lattices
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☎�☛ ✆☎✟✟☛✗ ✜✢✣✤ ✥✦✧★✩✦★✧✣✥✎ ✳✖☛ ☎��☎✂☞☛✔☛✂✝ ♦✐

✍☎�✝✁✆✟☛✌ ✁✌ ☛☎✌✁☛� ✝♦ ✐♦✟✟♦✘ ✁✂ ♦✍☛✂ ✌✝�✞✆✝✞�☛✌✎

❋✁☞✎ ✑✎✒ ✚✡✄ ✗☛✍✁✆✝✌ ✌✍☎✆☛✪✐✁✟✟✁✂☞ �☛✍�☛✌☛✂✝☎✝✁♦✂ ♦✐ ✝✖☛

✞✂✁✝ ✆☛✟✟ ✘✁✝✖ ☎✆✝✞☎✟ ✍☎�✝✁✆✟☛ ✌✁t☛ ☎✂✗ ❋✁☞✎ ✑✎✒ ✚✆✄ ✌✖♦✘✌

✝✖☛ ☎✆✝✞☎✟ ✍♦�✝✁♦✂✌ ♦✐ ✗✁✐✐☛�☛✂✝ ☎✝♦✔✌ ✍�☛✌☛✂✝ ✁✂ ☎

✆✞✡✁✆ ✞✂✁✝ ✆☛✟✟✎

✏✂ ☎✟✟✓ ✌✁✂✆☛ ☛☎✆✖ ✆✞✡✁✆ ✞✂✁✝ ✆☛✟✟ ✖☎✌

✽ ☎✝♦✔✌ ♦✂ ✁✝✌ ✆♦�✂☛�✌✓ ✝✖☛ ✝♦✝☎✟ ✂✞✔✡☛� ♦✐

☎✝♦✔✌ ✁✂ ♦✂☛ ✞✂✁✝ ✆☛✟✟ ✁✌
✶

✫ ✶
✫

✬ ✭ ☎✝♦✔✎

✻✮
❛

❛ ❛
❛

❛
❜

❝

❈
❆

❇

❍✯✰❛✱✲✴❛✵ ✵❛✷✷✸❝✯➊
✲✴✯ ✹✸✺✯ ✺✸✼✼✯❢✯✴✷ ✸✴
✵✯✴✱✷❧ ✷✲ ✷❧✯ ✲✷❧✯❢
✷✾✲✿ ✷❧✯ ❀❛❢❁✯✺
❛✴✱✵✯✹ ✲✴ ✷✾✲ ✼❛❝✯✹
❛❢✯ ✻✮❡

❘❧✲❀❂✲❧✯✺❢❛✵ ✵❛✷✷✸❝✯➊
❛✵✵ ✹✸✺✯✹ ✲✼ ✯❃❄❛✵
✵✯✴✱✷❧✿ ❛✴✱✵✯✹ ✲✴ ✷✾✲
✼❛❝✯✹ ❛❢✯ ✵✯✹✹ ✷❧❛✴ ❅✮❡

❚❢✸❝✵✸✴✸❝ ✵❛✷✷✸❝✯➊
❄✴✯❃❄❛✵ ✹✸✺✯✹ ❛✿ ❂✿ ❝✿
❆✿ ❇✿ ❈ ❛❢✯ ❄✴✯❃❄❛✵
❛✴✱✵✯✹ ✾✸✷❧ ✴✲✴✯ ✯❃❄❛✵ ✷✲ ❅✮❡

✵✯✹✹ ✷❧❛✴ ❅✮❡

1.5 Number of

Atoms in a

Unit Cell

❉❊●❊❉ P■❏❑❏▲❏▼◆

❖◗❙❏❯ ❱❲❏▲

❖◆❳❳

❨❩❬ ❨❭❬ ❨❪❬

❫❴❵❞ ❣❞❤❥ ❦ ♠♥♣q♣r♣s✉ ✈✇①♣✈ ✇②♣r ✈✉③③ ④⑤⑥ ⑦♠✉②

⑧r♥✇✈r✇♥✉ ④①⑥ ⑧♠⑤✈✉⑨⑩♣③③♣②❶ ⑧r♥✇✈r✇♥✉

④✈⑥ ⑤✈r✇⑤③ ♠⑦♥r♣⑦②⑧ ⑦⑩ ⑤r⑦q⑧ ①✉③⑦②❶♣②❶

r⑦ ⑦②✉ ✇②♣r ✈✉③③❷

❫❴❵❞ ❣❞❸❥ ❹② ⑤ ⑧♣q♠③✉ ✈✇①♣✈ ✇②♣r ✈✉③③❺

✉⑤✈❻ ✈⑦♥②✉♥ ⑤r⑦q ♣⑧ ⑧❻⑤♥✉❼

①✉r❽✉✉② ❾ ✇②♣r ✈✉③③⑧❷
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❆ ✠✡☛☞✲❝✌✍✎✏✌☛ ❝✑✠✒❝ ✓❜✔✔✮ ✑✍✒✎ ❝✌✕✕ ✖✗✘ ✗✍ ✗✎✡✙ ✗✎ ✌✗❝✖ ✡✚ ✒✎✘ ❝✡✏✍✌✏✘

✗✍☛ ✗✕✘✡ ✡✍✌ ✗✎✡✙ ✗✎ ✒✎✘ ✠✡☛☞ ❝✌✍✎✏✌❛ ✛✒✜❛ ✢❛✢✣ ☛✌✤✒❝✎✘ ✓✗✮ ✡✤✌✍

✘✎✏✑❝✎✑✏✌ ✓✠✮ ✘✤✗❝✌ ✚✒✕✕✒✍✜ ✙✡☛✌✕ ✗✍☛ ✓❝✮ ✎✖✌ ✑✍✒✎ ❝✌✕✕ s✒✎✖ ✤✡✏✎✒✡✍✘ ✡✚

✗✎✡✙✘ ✗❝✎✑✗✕✕☞ ✠✌✕✡✍✜✒✍✜ ✎✡ ✒✎❛ ✥✎ ❝✗✍ ✠✌ ✘✌✌✍ ✎✖✗✎ ✎✖✌ ✗✎✡✙ ✗✎ ✎✖✌

❋✦✧★ ✩★✩✩✪ ✫✬ ✭✯✰✱ ✭✯ ✳✭✴✵

✴✵✬✯✷✵ ✰✳ ✸✬✹✯ ✴✵✺✺

✹✐ ✐✻✭✷✵✼ ✽✵✯✾✵✵✬

✿ ✸✬✹✯ ✴✵✺✺✐

❀❁❂ ❀❃❂ ❀❄❂

❋✦✧ ✩★✩❅✪ ✫ ✳✭✴✵❇✴✵✬✯✷✵✼ ✴✸✽✹✴ ✸✬✹✯ ✴✵✺✺ ❈✭❉ ✰❊✵✬ ✐✯✷✸✴✯✸✷✵ ❈✽❉ ✐❊✭✴✵

✳✹✺✺✹✬❢ ✐✯✷✸✴✯✸✷✵ ❈✴❉ ✭✴✯✸✭✺ ❊✰✷✯✹✰✬✐ ✰✳ ✭✯✰✱✐ ✽✵✺✰✬❢✹✬❢ ✯✰

✰✬✵ ✸✬✹✯ ✴✵✺✺♦

●❍■❍❏ ❑▲▼◆❖

P◗❘❙❯◗▼

P❱❲❳❨ ❩❘❳❙

P◗❬❬

●❍■❍❭ ❪❫❨◗❖

P◗❘❙❯◗▼

P❱❲❳❨ ❩❘❳❙

P◗❬❬

❋✦✧★ ✩★✩❴✪ ✫ ✽✰✼❵❇✴✵✬✯✷✵✼ ✴✸✽✹✴ ✸✬✹✯ ✴✵✺✺ ❈✭❉ ✰❊✵✬ ✐✯✷✸✴✯✸✷✵ ❈✽❉ ✐❊✭✴✵❇

✳✹✺✺✹✬❢ ✐✯✷✸✴✯✸✷✵ ❈✴❉ ✭✴✯✸✭✺ ❊✰✷✯✹✰✬✐ ✰✳ ✭✯✰✱✐ ✽✵✺✰✬❢✹✬❢ ✯✰

✰✬✵ ✸✬✹✯ ✴✵✺✺♦

❞❡❣ ❞❤❣ ❞❥❣

✠✡☛☞ ❝✌✍✎✏✌ s✖✡✕✕☞ ✠✌✕✡✍✜✘ ✎✡ ✎✖✌ ✑✍✒✎ ❝✌✕✕ ✒✍ s✖✒❝✖ ✒✎ ✒✘ ✤✏✌✘✌✍✎❛ ❦✖✑✘

✒✍ ✗ ✠✡☛☞✲❝✌✍✎✌✏✌☛ ❝✑✠✒❝ ✓✠❝❝✮ ✑✍✒✎ ❝✌✕✕❧

✓✒✮ ♠ ❝✡✏✍✌✏✘ ♥
♣

q
✤✌✏ ❝✡✏✍✌✏ ✗✎✡✙

♣
q

q
r t ✉ ✢ ✗✎✡✙

✓✒✒✮ ✢ ✠✡☛☞ ❝✌✍✎✏✌ ✗✎✡✙ ✉ ✢ ♥ ✢ ✉ ✢ ✗✎✡✙

✈ ❦✡✎✗✕ ✍✑✙✠✌✏ ✡✚ ✗✎✡✙✘ ✤✌✏ ✑✍✒✎ ❝✌✕✕ ✉ ✇ ✗✎✡✙✘

❆ ✚✗❝✌✲❝✌✍✎✏✌☛ ❝✑✠✒❝ ✓①✔✔✮ ✑✍✒✎ ❝✌✕✕ ❝✡✍✎✗✒✍✘ ✗✎✡✙✘ ✗✎ ✗✕✕ ✎✖✌ ❝✡✏✍✌✏✘ ✗✍☛

✗✎ ✎✖✌ ❝✌✍✎✏✌ ✡✚ ✗✕✕ ✎✖✌ ✚✗❝✌✘ ✡✚ ✎✖✌ ❝✑✠✌❛ ✥✎ ❝✗✍ ✠✌ ✘✌✌✍ ✒✍ ✛✒✜❛ ✢❛✢✢ ✎✖✗✎

✌✗❝✖ ✗✎✡✙ ✕✡❝✗✎✌☛ ✗✎ ✎✖✌ ✚✗❝✌✲❝✌✍✎✏✌ ✒✘ ✘✖✗✏✌☛ ✠✌✎s✌✌✍ ✎s✡ ✗☛②✗❝✌✍✎

✑✍✒✎ ❝✌✕✕✘ ✗✍☛ ✡✍✕☞
③

④
✡✚ ✌✗❝✖ ✗✎✡✙ ✠✌✕✡✍✜✘ ✎✡ ✗ ✑✍✒✎ ❝✌✕✕❛ ✛✒✜❛ ✢❛✢✇ ☛✌✤✒❝✎✘

✓✗✮ ✡✤✌✍ ✘✎✏✑❝✎✑✏✌ ✓✠✮ ✘✤✗❝✌✲✚✒✕✕✒✍✜ ✙✡☛✌✕ ✗✍☛ ✓❝✮ ✎✖✌ ✑✍✒✎ ❝✌✕✕ s✒✎✖

✤✡✏✎✒✡✍✘ ✡✚ ✗✎✡✙✘ ✗❝✎✑✗✕✕☞ ✠✌✕✡✍✜✒✍✜ ✎✡ ✒✎❛ ❦✖✑✘⑤ ✒✍ ✗ ✚✗❝✌✲❝✌✍✎✏✌☛ ❝✑✠✒❝

✓①✔✔✮ ✑✍✒✎ ❝✌✕✕❧

✓✒✮ ♠ ❝✡✏✍✌✏✘ ✗✎✡✙✘ ♥
③

⑥
✗✎✡✙ ✤✌✏ ✑✍✒✎ ❝✌✕✕

♣
q

q
r t ✉ ✢ ✗✎✡✙

✓✒✒✮ ⑦ ✚✗❝✌✲❝✌✍✎✏✌☛ ✗✎✡✙✘ ♥
♣

⑧
✗✎✡✙ ✤✌✏ ✑✍✒✎ ❝✌✕✕ ✉ ⑦ ♥

♣

⑧
✉ ⑨ ✗✎✡✙✘

✈ ❦✡✎✗✕ ✍✑✙✠✌✏ ✡✚ ✗✎✡✙✘ ✤✌✏ ✑✍✒✎ ❝✌✕✕ ✉ ⑩ ✗✎✡✙✘



✶�❈✁✂✄☎✆✝✞✟

■✠ ✡☛☞✌✍✡✎ ✏✑✒ ✓☛✠✡✏✌✏✔✒✠✏ ✕✖✗✏✌✓☞✒✡ ✖✗✒ ✓☞☛✡✒✘✕✖✓✙✒✍✎ ☞✒✖✚✌✠✛ ✏✑✒

♠✌✠✌♠✔♠ ✚✖✓✖✠✏ ✡✕✖✓✒✜ ✢✒✏ ✔✡ ✓☛✠✡✌✍✒✗ ✏✑✒ ✓☛✠✡✏✌✏✔✒✠✏ ✕✖✗✏✌✓☞✒✡ ✖✡

✌✍✒✠✏✌✓✖☞ ✑✖✗✍ ✡✕✑✒✗✒✡ ✖✠✍ ✐✔✌☞✍ ✔✕ ✏✑✒ ✏✑✗✒✒ ✍✌♠✒✠✡✌☛✠✖☞ ✡✏✗✔✓✏✔✗✒ ✌✠

✏✑✗✒✒ ✡✏✒✕✡✜

✭✣✤ ✥✦✧★✩ ✪✣✫✬✮✯✰ ✮✯ ✱✯✩ ✲✮✳✩✯★✮✧✯

❚✑✒✗✒ ✌✡ ☛✠☞✴ ☛✠✒ ✵✖✴ ☛✷ ✖✗✗✖✠✛✌✠✛ ✡✕✑✒✗✒✡ ✌✠ ✖ ☛✠✒ ✍✌♠✒✠✡✌☛✠✖☞ ✓☞☛✡✒

✕✖✓✙✒✍ ✡✏✗✔✓✏✔✗✒✎ ✏✑✖✏ ✌✡ ✏☛ ✖✗✗✖✠✛✒ ✏✑✒♠ ✌✠ ✖ ✗☛✵ ✖✠✍ ✏☛✔✓✑✌✠✛ ✒✖✓✑

☛✏✑✒✗ ♦✸✌✛✜ ✹✜✹✺✻✜

■✠ ✏✑✌✡ ✖✗✗✖✠✛✒♠✒✠✏✎ ✒✖✓✑ ✡✕✑✒✗✒ ✌✡ ✌✠ ✓☛✠✏✖✓✏

✵✌✏✑ ✏✵☛ ☛✷ ✌✏✡ ✠✒✌✛✑✐☛✔✗✡✜ ❚✑✒ ✠✔♠✐✒✗ ☛✷ ✠✒✖✗✒✡✏

✠✒✌✛✑✐☛✔✗✡ ☛✷ ✖ ✕✖✗✏✌✓☞✒ ✌✡ ✓✖☞☞✒✍ ✌✏✡ ❝✼✼✽✾✿❀❁❂✿✼❀

❀♥❃❄❅✽✜ ❚✑✔✡✎ ✌✠ ☛✠✒ ✍✌♠✒✠✡✌☛✠✖☞ ✓☞☛✡✒ ✕✖✓✙✒✍

✖✗✗✖✠✛✒♠✒✠✏✎ ✏✑✒ ✓☛☛✗✍✌✠✖✏✌☛✠ ✠✔♠✐✒✗ ✌✡ ❛✜

✭❜✤ ✥✦✧★✩ ✪✣✫✬✮✯✰ ✮✯ ❆✇✧ ✲✮✳✩✯★✮✧✯★

❚✵☛ ✍✌♠✒✠✡✌☛✠✖☞ ✓☞☛✡✒ ✕✖✓✙✒✍ ✡✏✗✔✓✏✔✗✒ ✓✖✠ ✐✒ ✛✒✠✒✗✖✏✒✍ ✐✴ ✡✏✖✓✙✌✠✛

♦✕☞✖✓✌✠✛✻ ✏✑✒ ✗☛✵✡ ☛✷ ✓☞☛✡✒ ✕✖✓✙✒✍ ✡✕✑✒✗✒✡✜ ❚✑✌✡ ✓✖✠ ✐✒ ✍☛✠✒ ✌✠ ✏✵☛

✍✌✷✷✒✗✒✠✏ ✵✖✴✡✜

♦✌✻ ❚✑✒ ✡✒✓☛✠✍ ✗☛✵ ♠✖✴ ✐✒ ✕☞✖✓✒✍ ✌✠ ✓☛✠✏✖✓✏ ✵✌✏✑ ✏✑✒ ✷✌✗✡✏ ☛✠✒ ✡✔✓✑

✏✑✖✏ ✏✑✒ ✡✕✑✒✗✒✡ ☛✷ ✏✑✒ ✡✒✓☛✠✍ ✗☛✵ ✖✗✒ ✒t✖✓✏☞✴ ✖✐☛✚✒ ✏✑☛✡✒ ☛✷ ✏✑✒

✷✌✗✡✏ ✗☛✵✜ ❚✑✒ ✡✕✑✒✗✒✡ ☛✷ ✏✑✒ ✏✵☛ ✗☛✵✡ ✖✗✒ ✖☞✌✛✠✒✍ ✑☛✗✌❢☛✠✏✖☞☞✴ ✖✡

✵✒☞☞ ✖✡ ✚✒✗✏✌✓✖☞☞✴✜ ■✷ ✵✒ ✓✖☞☞ ✏✑✒ ✷✌✗✡✏ ✗☛✵ ✖✡ ❇❉❊ ✏✴✕✒ ✗☛✵✎ ✏✑✒ ✡✒✓☛✠✍

✗☛✵ ✐✒✌✠✛ ✒t✖✓✏☞✴ ✏✑✒ ✡✖♠✒ ✖✡ ✏✑✒ ✷✌✗✡✏ ☛✠✒✎ ✌✡ ✖☞✡☛ ☛✷ ❇❉❊ ✏✴✕✒✜

❙✌♠✌☞✖✗☞✴✎ ✵✒ ♠✖✴ ✕☞✖✓✒ ♠☛✗✒ ✗☛✵✡ ✏☛ ☛✐✏✖✌✠ ❉❉❉ ✏✴✕✒ ☛✷

✖✗✗✖✠✛✒♠✒✠✏ ✖✡ ✡✑☛✵✠ ✌✠ ✸✌✛✜ ✹✜✹❋ ♦✖✻✜

1.6 Close Packed

Structures

●✮✰❍ ❏❍❏❑▲ ▼◆❖ P◗❘◆❯❱ ❲❳❨❩❱ ❬◆❲❭❪❫❴ ▼❵❖ ❞❱❡◆❴❨❫◆❳ ❲❳❨❩❱

❬◆❲❭❪❫❴ ❨♣ ❩❬❞❱❯❱❩ ❪❫ ❣❤❨ ❥❪❦❱❫❩❪❨❫❩

Intext Questions

❧q❧r s✌✚✒ ✏✑✒ ✡✌✛✠✌✷✌✓✖✠✓✒ ☛✷ ✖ ❇☞✖✏✏✌✓✒ ✕☛✌✠✏❊✜

❧q❧❧ ✉✖♠✒ ✏✑✒ ✕✖✗✖♠✒✏✒✗✡ ✏✑✖✏ ✓✑✖✗✖✓✏✒✗✌✡✒ ✖ ✔✠✌✏ ✓✒☞☞✜

❧q❧✈ ①✌✡✏✌✠✛✔✌✡✑ ✐✒✏✵✒✒✠

♦✌✻ ②✒t✖✛☛✠✖☞ ✖✠✍♠☛✠☛✓☞✌✠✌✓ ✔✠✌✏ ✓✒☞☞✡

♦✌✌✻ ✸✖✓✒✘✓✒✠✏✗✒✍ ✖✠✍ ✒✠✍✘✓✒✠✏✗✒✍ ✔✠✌✏ ✓✒☞☞✡✜

❧q❧③ ④t✕☞✖✌✠ ✑☛✵♠✔✓✑ ✕☛✗✏✌☛✠ ☛✷ ✖✠ ✖✏☛♠ ☞☛✓✖✏✒✍ ✖✏ ♦✌✻ ✓☛✗✠✒✗ ✖✠✍ ♦✌✌✻ ✐☛✍✴✘

✓✒✠✏✗✒ ☛✷ ✖ ✓✔✐✌✓ ✔✠✌✏ ✓✒☞☞ ✌✡ ✕✖✗✏ ☛✷ ✌✏✡ ✠✒✌✛✑✐☛✔✗✌✠✛ ✔✠✌✏ ✓✒☞☞✜

●✮✰❍ ❏❍❏⑤▲ ⑥❳❨❩❱ ❬◆❲❭❪❫❴ ❨♣ ❩❬❞❱❯❱❩ ❪❫

❨❫❱ ❥❪❦❱❫❩❪❨❫
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■✡ ☛☞✌✍ ✎✏✏✎✡✑✒✓✒✡☛✔ ✒✎✕☞ ✍✖☞✒✏✒ ✌✍ ✌✡ ✕✗✡☛✎✕☛ ✘✌☛☞ ✙✗✚✏ ✗✙ ✌☛✍

✡✒✌✑☞♥✗✚✏✍✛ ✜☞✚✍✔ ☛☞✒ ☛✘✗ ✢✌✓✒✡✍✌✗✡✎✣ ✕✗✗✏✢✌✡✎☛✌✗✡ ✡✚✓♥✒✏ ✌✍ ✤✛ ✥✣✍✗✔

✌✙ ☛☞✒ ✕✒✡☛✏✒✍ ✗✙ ☛☞✒✍✒ ✤ ✌✓✓✒✢✌✎☛✒ ✡✒✌✑☞♥✗✚✏✌✡✑ ✍✖☞✒✏✒✍ ✎✏✒ ✐✗✌✡✒✢✔ ✎
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✜♣✤✷✘ ✙✪✘ ✷✤✦✥ ✤✸ ✙✪✘ ✸✦✲✛✙ ✩✜✱✘✲ ❁✤✲ ✷✦✯✘ ✷✘✲✛✜❂ ✜ ✙✘✙✲✜✪✘✥✲✜✩ ✷✤✦✥ ✦✛

❋☛✌❃ ❄❃❄❅❆ ❇ ❉❊●❍■ ❏❑ ❊▼❏ ◆●❖◗❘❉ ❏❑ ❍◆❏❉◗ ❙●❍■◗❚ ❉❙❯◗❘◗❉ ●❱❚ ❲❏❳❚❉

❣◗❱◗❘●❊◗❚ ❳❱ ❊❯◗❨❩ ❬ ❭ ❬◗❊❘●❯◗❚❘●◆ ❲❏❳❚❪ ❫ ❭ ❫❍❊●❯◗❚❘●◆ ❲❏❳❚

✸✤✲✧✘✥✹ ✿✪✘✛✘ ✷✤✦✥✛ ✜✲✘ ✯✜✩✩✘✥ ❴❵❴❜❞❡❵❢❜❞❤ ✐❥❦❢❧ ♣✘✯✜✚✛✘ ✜ ♠♥♠♦qr♥s♦✉✈

✦✛ ✸✤✲✧✘✥ ✣✪✘★ ✙✪✘ ✯✘★✙✲✘✛ ✤✸ ✙✪✘✛✘ ✸✤✚✲ ✛✰✪✘✲✘✛ ✜✲✘ ✇✤✦★✘✥✹ ✿✪✘✱ ✪✜✷✘

♣✘✘★ ✧✜✲✢✘✥ ✜✛ ✳✿✵ ✦★ ❝✦✬✹ ✽✹✽✾✹ ①★✘ ✛✚✯✪ ✷✤✦✥ ✪✜✛ ♣✘✘★ ✛✪✤✣★

✛✘✰✜✲✜✙✘✩✱ ✦★ ❝✦✬✹ ✽✹✽②✹

❋☛✌ ❄❃❄③

❬◗❊❘●❯◗❚❘●◆ ●❱❚

❏❍❊●❯◗❚❘●◆ ❲❏❳❚❉

④●⑤ ❊❏❙ ❲❳◗▼

④⑥⑤ ◗⑦❙◆❏❚◗❚ ❉❳❚◗

❲❳◗▼ ●❱❚

④❍⑤ ❣◗❏❨◗❊❘❳❍●◆ ❉❯●❙◗

❏❑ ❊❯◗ ❲❏❳❚❩
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❆✡ ☛✡☞✌✍ ✎✏✑✒✌✓✔ ✡☞✌ ✡✍✕✑✖✗✘✏✑✍ ✙☛✕✚✓ ✕✖ ✡☞✌ ✓✌✒☛✖✚ ✏✑✛✌✍ ✑✍✌ ✑✜☛✙✌

✡☞✌ ✡✍✕✑✖✗✘✏✑✍ ✙☛✕✚✓ ✕✖ ✡☞✌ t✕✍✓✡ ✏✑✛✌✍✔ ✑✖✚ ✡☞✌ ✡✍✕✑✖✗✘✏✑✍ ✓☞✑✎✌✓ ☛t ✡☞✌✓✌

✚☛ ✖☛✡ ☛✙✌✍✏✑✎❞ ✢✖✌ ☛t ✡☞✌✣ ☞✑✓ ✡☞✌ ✑✎✌✤ ☛t ✡☞✌ ✡✍✕✑✖✗✏✌ ✎☛✕✖✡✕✖✗

✘✎✉✑✍✚✓ ✑✖✚ ✡☞✌ ☛✡☞✌✍ ✚☛✉✖✉✑✍✚✓❞ ✥☞✌✓✌ ✙☛✕✚✓ ☞✑✙✌ ✜✌✌✖ ✣✑✍✦✌✚ ✑✓

➅✢✧ ✕✖ ★✕✗❞ ✩❞✩✪❞ ✫✘✒☞ ✙☛✕✚✓ ✑✍✌ ✓✘✍✍☛✘✖✚✌✚ ✜✛ ✓✕✤ ✓✎☞✌✍✌✓ ✑✖✚ ✑✍✌

✒✑✏✏✌✚ ♦✬✭✮✯✰✱✲✮✳ ✴♦✵✱✷✸ ✢✖✌ ✓✘✒☞ ✙☛✕✚ ☞✑✓ ✜✌✌✖ ✓☞☛✉✖ ✓✌✎✑✍✑✡✌✏✛ ✕✖

★✕✗❞ ✩❞✩❋❞ ✥☞✌ ✖✘✣✜✌✍ ☛t ✡☞✌✓✌ ✡✉☛ ✡✛✎✌✓ ☛t ✙☛✕✚✓ ✚✌✎✌✖✚ ✘✎☛✖ ✡☞✌

✖✘✣✜✌✍ ☛t ✒✏☛✓✌ ✎✑✒✦✌✚ ✓✎☞✌✍✌✓❞

▲✌✡ ✡☞✌ ✖✘✣✜✌✍ ☛t ✒✏☛✓✌ ✎✑✒✦✌✚ ✓✎☞✌✍✌✓ ✜✌ ◆✔ ✡☞✌✖✹

✥☞✌ ✖✘✣✜✌✍ ☛t ☛✒✡✑☞✌✚✍✑✏ ✙☛✕✚✓ ✗✌✖✌✍✑✡✌✚ ✺ ◆

✥☞✌ ✖✘✣✜✌✍ ☛t ✡✌✡✍✑☞✌✚✍✑✏ ✙☛✕✚✓ ✗✌✖✌✍✑✡✌✚ ✺ ✻◆

✼❜✽ P✾✿❀❁❂❃ ❄❅❁❇❈ ✾✿❉❊❇ ●❍❊❇ ❄❅❊ ■❊❀●❂❈ ✾✿❉❊❇

❲☞✌✖ ✡☞✕✍✚ ✏✑✛✌✍ ✕✓ ✎✏✑✒✌✚ ☛✙✌✍ ✡☞✌ ✓✌✒☛✖✚✔ ✡☞✌✍✌ ✑✍✌ ✡✉☛ ✎☛✓✓✕✜✕✏✕✡✕✌✓❞

❏✕❑ ▼❖◗❘❙❯❱❳ ❨❘❡❙❩❬❘❭❙❩❪ ❫❖❯❭❴✹ ✥✌✡✍✑☞✌✚✍✑✏ ✙☛✕✚✓ ☛t ✡☞✌ ✓✌✒☛✖✚ ✏✑✛✌✍

✣✑✛ ✜✌ ✒☛✙✌✍✌✚ ✜✛ ✡☞✌ ✓✎☞✌✍✌✓ ☛t ✡☞✌ ✡☞✕✍✚ ✏✑✛✌✍❞ ❵✖ ✡☞✕✓ ✒✑✓✌✔ ✡☞✌

✓✎☞✌✍✌✓ ☛t ✡☞✌ ✡☞✕✍✚ ✏✑✛✌✍ ✑✍✌ ✌✤✑✒✡✏✛ ✑✏✕✗✖✌✚ ✉✕✡☞ ✡☞☛✓✌ ☛t ✡☞✌ t✕✍✓✡

✏✑✛✌✍❞ ✥☞✘✓✔ ✡☞✌ ✎✑✡✡✌✍✖ ☛t ✓✎☞✌✍✌✓ ✕✓ ✍✌✎✌✑✡✌✚ ✕✖ ✑✏✡✌✍✖✑✡✌ ✏✑✛✌✍✓❞

✥☞✕✓ ✎✑✡✡✌✍✖ ✕✓ ☛t✡✌✖ ✉✍✕✡✡✌✖ ✑✓ ❆❛❆❛ ❞❞❞❞❞❞❞ ✎✑✡✡✌✍✖❞ ✥☞✕✓ ✓✡✍✘✒✡✘✍✌

✕✓ ✒✑✏✏✌✚ ☞✌✤✑✗☛✖✑✏ ✒✏☛✓✌ ✎✑✒✦✌✚ ❏❬❤❝❑ ✓✡✍✘✒✡✘✍✌ ❏★✕✗❞ ✩❞✩❢❑❞ ✥☞✕✓

✓☛✍✡ ☛t ✑✍✍✑✖✗✌✣✌✖✡ ☛t ✑✡☛✣✓ ✕✓ t☛✘✖✚ ✕✖ ✣✑✖✛ ✣✌✡✑✏✓ ✏✕✦✌
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③②✇⑦r⑧⑨♥③⑩⑥①✈

rs⑨②✇❶r❶ ❷⑥r❸

⑦❹✇❸⑥①✈ ⑦❺♥③⑩⑥①✈ ✇❻

②♥❼r❽⑦ ✇❻ ⑦⑨❹r❽r⑦

❧⑤♣ ❻✇④❽ ②♥❼r❽⑦

⑦❺♥③⑩r❶ ⑥① r♥③❹ ③♥⑦r

♥①❶ ❧③♣ ✈r✇❾r❺❽❼ ✇❻

⑨♥③⑩⑥①✈❿

❏✕✕❑ ▼❖◗❘❙❯❱❳ ➀❤❡❩❬❘❭❙❩❪ ❫❖❯❭❴✹ ✥☞✌

✡☞✕✍✚ ✏✑✛✌✍ ✣✑✛ ✜✌ ✎✏✑✒✌✚ ✑✜☛✙✌

✡☞✌ ✓✌✒☛✖✚ ✏✑✛✌✍ ✕✖ ✑ ✣✑✖✖✌✍ ✓✘✒☞

✡☞✑✡ ✕✡✓ ✓✎☞✌✍✌✓ ✒☛✙✌✍ ✡☞✌

☛✒✡✑☞✌✚✍✑✏ ✙☛✕✚✓❞ ❲☞✌✖ ✎✏✑✒✌✚ ✕✖
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✡☞✕✍✚ ✏✑✛✌✍ ✑✍✌ ✖☛✡ ✑✏✕✗✖✌✚ ✉✕✡☞

✡☞☛✓✌ ☛t ✌✕✡☞✌✍ ✡☞✌ t✕✍✓✡ ☛✍ ✡☞✌ ✓✌✒☛✖✚

✏✑✛✌✍❞ ✥☞✕✓ ✑✍✍✑✖✗✌✣✌✖✡ ✕✓ ✒✑✏✏✌✚ ➁➂✧

✡✛✎✌❞ ✢✖✏✛ ✉☞✌✖ t☛✘✍✡☞ ✏✑✛✌✍ ✕✓

✎✏✑✒✌✚✔ ✕✡✓ ✓✎☞✌✍✌✓ ✑✍✌ ✑✏✕✗✖✌✚ ✉✕✡☞

❣❁❃✐ ❥✐❥➃

❧♥♣ ➄➆➇➄➆➇❿❿❿

♥❽❽♥①✈r❾r①❺ ✇❻

②♥❼r❽⑦ ❸❹r①

✇③❺♥❹r❶❽♥② ❷✇⑥❶ ⑥⑦

③✇❷r❽r❶ ❧⑤♣ ❻❽♥✈❾r①❺

✇❻ ⑦❺❽④③❺④❽r ❻✇❽❾r❶

⑤❼ ❺❹⑥⑦ ♥❽❽♥①✈r❾r①❺

❽r⑦④②❺⑥①✈ ⑥① ③④⑤⑥③

③②✇⑦r❶ ⑨♥③⑩r❶ ❧③③⑨♣

✇❽ ❻♥③r ③r①❺❽r❶ ③④⑤⑥③

❧❻③③♣ ⑦❺❽④③❺④❽r❿

➈

➉

➊

➈
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t✠✡☛☞ ✡✌ t✠☞ ✌✍✎☛t ✏✑✒☞✎ ✑☛ ☛✠✡✓✔ ✍✔ ✕✍✖☛✗ ✘✗✘✙ ✑✔✚ ✘✗✘✛✗ ✜✠✍☛ ✢✑tt☞✎✔

✡✌ ✏✑✒☞✎☛ ✍☛ ✡✌t☞✔ ✓✎✍tt☞✔ ✑☛ ♦✣✤♦✣✤ ✗✗✗✗✗✗✗✗✗✗✗ ✜✠✍☛ ☛t✎✥✦t✥✎☞ ✍☛ ✦✑✏✏☞✚

✦✥❝✍✦ ✦✏✡☛☞ ✢✑✦✧☞✚ ★✩✩✪✮ ✡✎ ✌✑✦☞✲✦☞✔t✎☞✚ ✦✥❝✍✦ ★❢✩✩✮ ☛t✎✥✦t✥✎☞✗ ✫☞t✑✏☛

☛✥✦✠ ✑☛ ✦✡✢✢☞✎ ✑✔✚ ☛✍✏s☞✎ ✦✎✒☛t✑✏✏✍☛☞ ✍✔ t✠✍☛ ☛t✎✥✦t✥✎☞✗

✣✡t✠ t✠☞☛☞ t✒✢☞☛ ✡✌ ✦✏✡☛☞ ✢✑✦✧✍✔✖ ✑✎☞ ✠✍✖✠✏✒ ☞✌✌✍✦✍☞✔t ✑✔✚ ❇✬✭

☛✢✑✦☞ ✍✔ t✠☞ ✦✎✒☛t✑✏ ✍☛ ✌✍✏✏☞✚✗ ✯✔ ☞✍t✠☞✎ ✡✌ t✠☞✰✱ ☞✑✦✠ ☛✢✠☞✎☞ ✍☛ ✍✔ ✦✡✔t✑✦t

✓✍t✠ t✓☞✏s☞ ☛✢✠☞✎☞☛✗ ✜✠✥☛✱ t✠☞ ✦✡✡✎✚✍✔✑t✍✡✔ ✔✥✰❝☞✎ ✍☛ ✘✇ ✍✔ ☞✍t✠☞✎ ✡✌

t✠☞☛☞ t✓✡ ☛t✎✥✦t✥✎☞☛✗

❊✑✎✏✍☞✎ ✍✔ t✠☞ ☛☞✦t✍✡✔✱ ✓☞ ✠✑s☞ ✏☞✑✎✔t t✠✑t ✓✠☞✔ ✢✑✎t✍✦✏☞☛ ✑✎☞ ✦✏✡☛☞✲

✢✑✦✧☞✚ ✎☞☛✥✏t✍✔✖ ✍✔ ☞✍t✠☞✎ ✩✩✪ ✡✎ ❤✩✪ ☛t✎✥✦t✥✎☞✱ t✓✡ t✒✢☞☛ ✡✌ s✡✍✚☛ ✑✎☞

✖☞✔☞✎✑t☞✚✗ ❣✠✍✏☞ t✠☞ ✔✥✰❝☞✎ ✡✌ ✡✦t✑✠☞✚✎✑✏ s✡✍✚☛ ✢✎☞☛☞✔t ✍✔ ✑ ✏✑tt✍✦☞ ✍☛

☞❡✥✑✏ t✡ t✠☞ ✔✥✰❝☞✎ ✡✌ ✦✏✡☛☞ ✢✑✦✧☞✚ ✢✑✎t✍✦✏☞☛✱ t✠☞ ✔✥✰❝☞✎ ✡✌ t☞t✎✑✠☞✚✎✑✏

s✡✍✚☛ ✖☞✔☞✎✑t☞✚ ✍☛ t✓✍✦☞ t✠✍☛ ✔✥✰❝☞✎✗ ✯✔ ✍✡✔✍✦ ☛✡✏✍✚☛✱ t✠☞ ❝✍✖✖☞✎ ✍✡✔☛

★✥☛✥✑✏✏✒ ✑✔✍✡✔☛✮ ✌✡✎✰ t✠☞ ✦✏✡☛☞ ✢✑✦✧☞✚ ☛t✎✥✦t✥✎☞ ✑✔✚ t✠☞ ☛✰✑✏✏☞✎ ✍✡✔☛

★✥☛✥✑✏✏✒ ✦✑t✍✡✔☛✮ ✡✦✦✥✢✒ t✠☞ s✡✍✚☛✗ ✯✌ t✠☞ ✏✑tt☞✎ ✍✡✔ ✍☛ ☛✰✑✏✏ ☞✔✡✥✖✠

t✠☞✔ t☞t✎✑✠☞✚✎✑✏ s✡✍✚☛ ✑✎☞ ✡✦✦✥✢✍☞✚✱ ✍✌ ❝✍✖✖☞✎✱ t✠☞✔ ✡✦t✑✠☞✚✎✑✏ s✡✍✚☛✗

◆✡t ✑✏✏ ✡✦t✑✠☞✚✎✑✏ ✡✎ t☞t✎✑✠☞✚✎✑✏ s✡✍✚☛ ✑✎☞ ✡✦✦✥✢✍☞✚✗ ✯✔ ✑ ✖✍s☞✔

✦✡✰✢✡✥✔✚✱ t✠☞ ✌✎✑✦t✍✡✔ ✡✌ ✡✦t✑✠☞✚✎✑✏ ✡✎ t☞t✎✑✠☞✚✎✑✏ s✡✍✚☛ t✠✑t ✑✎☞

✡✦✦✥✢✍☞✚✱ ✚☞✢☞✔✚☛ ✥✢✡✔ t✠☞ ✦✠☞✰✍✦✑✏ ✌✡✎✰✥✏✑ ✡✌ t✠☞ ✦✡✰✢✡✥✔✚✱ ✑☛

✦✑✔ ❝☞ ☛☞☞✔ ✌✎✡✰ t✠☞ ✌✡✏✏✡✓✍✔✖ ☞✳✑✰✢✏☞☛✗

❲✂ ✴✵✷✸ ✝✁✹✝ ✺✻✷✆✂ ✼✹✺✴✂✽ ✆✝✞✾✺✝✾✞✂✆ ✁✹✿✂ ❀✷✝✁ ✝✂✝✞✹✁✂✽✞✹✻ ✹✵✽ ✷✺✝✹✁✂✽✞✹✻

✿✷☎✽✆✈ ❁✂✝ ✾✆ ✝✹✴✂ ❂❂❃ ❄✷✞ ❅❂❂❆ ✆✝✞✾✺✝✾✞✂ ✹✵✽ ✻✷✺✹✝✂ ✝✁✂✆✂ ✿✷☎✽✆ ☎✵ ☎✝✈

❉❛❋ ▲●❍❛■❏❑▼ ❖P■◗❛❘P❙◗❛❚ ❯●❏❙❱

❁✂✝ ✾✆ ✺✷✵✆☎✽✂✞ ✹ ✾✵☎✝ ✺✂✻✻ ✷❳ ❂❂❃ ✷✞ ❅❂❂ ✻✹✝✝☎✺✂ ❨❩☎❬✈ ✶❄✹❆❭✈ ❪✁✂ ✾✵☎✝ ✺✂✻✻ ☎✆ ✽☎✿☎✽✂✽

☎✵✝✷ ✂☎❬✁✝ ✆✄✹✻✻ ✺✾❀✂✆✈

Example 1.1

❫❴❵❴❫ ❜❞✐❥❦❧♠ ❞♥ ♠

♣❞❥q❞❦r✉

♠r✉ ①❦❥②③✐

❞♥ ④❞⑤✉⑥

❜⑤❧❧③✉

♦ ✦✡✰✢✡✥✔✚ ✍☛ ✌✡✎✰☞✚ ❝✒ t✓✡ ☞✏☞✰☞✔t☛ ⑦ ✑✔✚ ⑧✗ ♦t✡✰☛ ✡✌ t✠☞ ☞✏☞✰☞✔t

⑧ ★✑☛ ✑✔✍✡✔☛✮ ✰✑✧☞ ✩✩✪ ✑✔✚ t✠✡☛☞ ✡✌ t✠☞ ☞✏☞✰☞✔t ⑦ ★✑☛ ✦✑t✍✡✔☛✮ ✡✦✦✥✢✒

✑✏✏ t✠☞ ✡✦t✑✠☞✚✎✑✏ s✡✍✚☛✗ ❣✠✑t ✍☛ t✠☞ ✌✡✎✰✥✏✑ ✡✌ t✠☞ ✦✡✰✢✡✥✔✚⑨

✜✠☞ ✩✩✪ ✏✑tt✍✦☞ ✍☛ ✌✡✎✰☞✚ ❝✒ t✠☞ ☞✏☞✰☞✔t ⑧✗ ✜✠☞ ✔✥✰❝☞✎ ✡✌ ✡✦t✑✠☞✚✎✑✏

s✡✍✚☛ ✖☞✔☞✎✑t☞✚ ✓✡✥✏✚ ❝☞ ☞❡✥✑✏ t✡ t✠☞ ✔✥✰❝☞✎ ✡✌ ✑t✡✰☛ ✡✌ ⑧ ✢✎☞☛☞✔t ✍✔

✍t✗ ⑩✍✔✦☞ ✑✏✏ t✠☞ ✡✦t✑✠☞✚✎✑✏ s✡✍✚☛ ✑✎☞ ✡✦✦✥✢✍☞✚ ❝✒ t✠☞ ✑t✡✰☛ ✡✌ ⑦✱ t✠☞✍✎

✔✥✰❝☞✎ ✓✡✥✏✚ ✑✏☛✡ ❝☞ ☞❡✥✑✏ t✡ t✠✑t ✡✌ t✠☞ ☞✏☞✰☞✔t ⑧✗ ✜✠✥☛✱ t✠☞ ✑t✡✰☛

✡✌ ☞✏☞✰☞✔t☛ ⑦ ✑✔✚ ⑧ ✑✎☞ ✢✎☞☛☞✔t ✍✔ ☞❡✥✑✏ ✔✥✰❝☞✎☛ ✡✎ ✘❶✘ ✎✑t✍✡✗ ✜✠☞✎☞✌✡✎☞✱

t✠☞ ✌✡✎✰✥✏✑ ✡✌ t✠☞ ✦✡✰✢✡✥✔✚ ✍☛ ⑦⑧✗

♦t✡✰☛ ✡✌ ☞✏☞✰☞✔t ✣ ✌✡✎✰ ❤✩✪ ✏✑tt✍✦☞ ✑✔✚ t✠✡☛☞ ✡✌ t✠☞ ☞✏☞✰☞✔t ♦ ✡✦✦✥✢✒

✇❷❸✎✚ ✡✌ t☞t✎✑✠☞✚✎✑✏ s✡✍✚☛✗ ❣✠✑t ✍☛ t✠☞ ✌✡✎✰✥✏✑ ✡✌ t✠☞ ✦✡✰✢✡✥✔✚ ✌✡✎✰☞✚

❝✒ t✠☞ ☞✏☞✰☞✔t☛ ♦ ✑✔✚ ✣⑨

✜✠☞ ✔✥✰❝☞✎ ✡✌ t☞t✎✑✠☞✚✎✑✏ s✡✍✚☛ ✌✡✎✰☞✚ ✍☛ ☞❡✥✑✏ t✡ t✓✍✦☞ t✠☞ ✔✥✰❝☞✎ ✡✌

✑t✡✰☛ ✡✌ ☞✏☞✰☞✔t ✣ ✑✔✚ ✡✔✏✒ ✇❷❸✎✚ ✡✌ t✠☞☛☞ ✑✎☞ ✡✦✦✥✢✍☞✚ ❝✒ t✠☞ ✑t✡✰☛

✡✌ ☞✏☞✰☞✔t ♦✗ ❹☞✔✦☞ t✠☞ ✎✑t✍✡ ✡✌ t✠☞ ✔✥✰❝☞✎ ✡✌ ✑t✡✰☛ ✡✌ ♦ ✑✔✚ ✣ ✍☛ ✇

× ★✇❷❸✮❶✘ ✡✎ ✬❶❸ ✑✔✚ t✠☞ ✌✡✎✰✥✏✑ ✡✌ t✠☞ ✦✡✰✢✡✥✔✚ ✍☛ ♦❺✣❻✗

Example 1.2

Solution

Solution

Locating Tetrahedral and Octahedral Voids



✶� ❚✁✂ ✄☎✆✝✞ ✄✟✠✟✂

❋✡☛☞ ✌✍ ▲✎✏✑✒✓✎✔ ✎✕ ✎✏✒✑✖✗✘✙✑✚ ✛✎✓✘✜ ✢✗✙ ✣✔✓✒ ✏✗✚✚ ✎✕ ✏✏✢ ✎✙ ✕✏✏ ✚✑✒✒✓✏✗ ✤✑✥ ✑✒ ✒✖✗ ✦✎✘✧ ✏✗✔✒✙✗

✎✕ ✒✖✗ ✏✣✦✗ ✑✔✘ ✤✦✥ ✑✒ ✒✖✗ ✏✗✔✒✙✗ ✎✕ ✗✑✏✖ ✗✘♦✗ ✤✎✔✚✧ ✎✔✗ ✜✣✏✖ ✛✎✓✘ ✓✜ ✜✖✎★✔✥✩

❊✠✪✁ ✫✬✠✆✆ ✪✭✮✂ ✁✠✫ ✠✟☎✬✫ ✠✟ ✠✆✟✂✯✰✠✟✂ ✪☎✯✰✂✯✫ ✱✲✝✳✴ ✶✵✠✷✸✴ ✹✰ ✠✆✆✺ ✂✠✪✁ ✫✬✠✆✆

✪✭✮✂ ✁✠✫ ❝ ✠✟☎✬✫✴ ✻✁✂✰ ✼☎✝✰✂✞ ✟☎ ✂✠✪✁ ☎✟✁✂✯✺ ✟✁✂✽ ✬✠✾✂ ✠ ✯✂✳✭✆✠✯ ✟✂✟✯✠✁✂✞✯☎✰✴

❚✁✭✫✺ ✟✁✂✯✂ ✝✫ ☎✰✂ ✟✂✟✯✠✁✂✞✯✠✆ ✿☎✝✞ ✝✰ ✂✠✪✁ ✫✬✠✆✆ ✪✭✮✂ ✠✰✞ ✂✝✳✁✟ ✟✂✟✯✠✁✂✞✯✠✆

✿☎✝✞✫ ✝✰ ✟☎✟✠✆✴ ❊✠✪✁ ☎✈ ✟✁✂ ✂✝✳✁✟ ✫✬✠✆✆ ✪✭✮✂✫ ✁✠✿✂ ☎✰✂ ✿☎✝✞ ✝✰ ☎✰✂ ✭✰✝✟ ✪✂✆✆ ☎✈ ✏✏✢

✫✟✯✭✪✟✭✯✂✴ ✻✂ ✾✰☎❡ ✟✁✠✟ ✏✏✢ ✫✟✯✭✪✟✭✯✂ ✁✠✫ ❝ ✠✟☎✬✫ ❀✂✯ ✭✰✝✟ ✪✂✆✆✴ ❚✁✭✫✺ ✟✁✂

✰✭✬✮✂✯ ☎✈ ✟✂✟✯✠✁✂✞✯✠✆ ✿☎✝✞✫ ✝✫ ✟❡✝✪✂ ✟✁✂ ✰✭✬✮✂✯ ☎✈ ✠✟☎✬✫✴

❋✡☛☞ ❁✍ ✤✑✥ ❂✓♦✖✒ ✒✗✒✙✑✖✗✘✙✑✚ ✛✎✓✘✜ ✢✗✙ ✣✔✓✒ ✏✗✚✚ ✎✕ ✏✏✢ ✜✒✙✣✏✒✣✙✗

✤✦✥ ✎✔✗ ✒✗✒✙✑✖✗✘✙✑✚ ✛✎✓✘ ✜✖✎★✓✔♦ ✒✖✗ ♦✗✎❃✗✒✙✧✩

❄❜❅ ❆❇❈❉●✡❍☛ ■❈●❉❏❑▼◆❉❖ P❇✡▼◗

❘✂✟ ✭✫ ✠✳✠✝✰ ✪☎✰✫✝✞✂✯ ✠ ✭✰✝✟ ✪✂✆✆ ☎✈ ✏✏✢ ☎✯ ✕✏✏ ✆✠✟✟✝✪✂ ✱✲✝✳✴ ❙✵✠✷✸✴ ❚✁✂ ✮☎✞✽ ✪✂✰✟✯✂

☎✈ ✟✁✂ ✪✭✮✂✺ ❯ ✝✫ ✰☎✟ ☎✪✪✭❀✝✂✞ ✮✭✟ ✝✟ ✝✫ ✫✭✯✯☎✭✰✞✂✞ ✮✽ ✫✝❱ ✠✟☎✬✫ ☎✰ ✈✠✪✂ ✪✂✰✟✯✂✫✴

✹✈ ✟✁✂✫✂ ✈✠✪✂ ✪✂✰✟✯✂✫ ✠✯✂ ✼☎✝✰✂✞✺ ✠✰ ☎✪✟✠✁✂✞✯☎✰ ✝✫ ✳✂✰✂✯✠✟✂✞✴ ❚✁✭✫✺ ✟✁✝✫ ✭✰✝✟ ✪✂✆✆

✁✠✫ ☎✰✂ ☎✪✟✠✁✂✞✯✠✆ ✿☎✝✞ ✠✟ ✟✁✂ ✮☎✞✽ ✪✂✰✟✯✂ ☎✈ ✟✁✂ ✪✭✮✂✴

❲✂✫✝✞✂✫ ✟✁✂ ✮☎✞✽ ✪✂✰✟✯✂✺ ✟✁✂✯✂ ✝✫ ☎✰✂ ☎✪✟✠✁✂✞✯✠✆ ✿☎✝✞ ✠✟ ✟✁✂ ✪✂✰✟✯✂ ☎✈ ✂✠✪✁

☎✈ ✟✁✂ ✶❙ ✂✞✳✂✫✴ ✱✲✝✳✴ ❙✵✮✷✸✴ ✹✟ ✝✫ ✫✭✯✯☎✭✰✞✂✞ ✮✽ ✫✝❱ ✠✟☎✬✫✺ ✟✁✯✂✂ ✮✂✆☎✰✳✝✰✳ ✟☎ ✟✁✂

✫✠✬✂ ✭✰✝✟ ✪✂✆✆ ✵❙ ☎✰ ✟✁✂ ✪☎✯✰✂✯✫ ✠✰✞ ✶ ☎✰ ✈✠✪✂ ✪✂✰✟✯✂✷ ✠✰✞ ✟✁✯✂✂ ✮✂✆☎✰✳✝✰✳ ✟☎

✟❡☎ ✠✞✼✠✪✂✰✟ ✭✰✝✟ ✪✂✆✆✫✴ ✄✝✰✪✂ ✂✠✪✁ ✂✞✳✂ ☎✈ ✟✁✂ ✪✭✮✂ ✝✫ ✫✁✠✯✂✞ ✮✂✟❡✂✂✰ ✈☎✭✯

✠✞✼✠✪✂✰✟ ✭✰✝✟ ✪✂✆✆✫✺ ✫☎ ✝✫ ✟✁✂ ☎✪✟✠✁✂✞✯✠✆ ✿☎✝✞ ✆☎✪✠✟✂✞ ☎✰ ✝✟✴ ❛✰✆✽
❳

❨

t❩
☎✈ ✂✠✪✁ ✿☎✝✞

✮✂✆☎✰✳✫ ✟☎ ✠ ❀✠✯✟✝✪✭✆✠✯ ✭✰✝✟ ✪✂✆✆✴
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1.7 Packing

Efficiency
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☛♦✍★t✡✍t✢ ✱✉♣♣♦★✏✩ ✏✫✎✏ ❧✏✍✎t✧ ♦✑ ✡ ✉✍✌t ☛✏❧❧ ♦✑ ✡ ☛✉❜✌☛ ☛s✒★t✡❧ ✫✏t✏s♠✌✍✏✫

❜✒ ✲✳s✡✒ ✫✌✑✑s✡☛t✌♦✍ ✌★ ❛✴ ✺ t✧✏ ✫✏✍★✌t✒ ♦✑ t✧✏ ★♦❧✌✫ ★✉❜★t✡✍☛✏ ✡✍✫ ▼ t✧✏

♠♦❧✡s ♠✡★★✢ ✼✍ ☛✡★✏ ♦✑ ☛✉❜✌☛ ☛s✒★t✡❧✾

❱♦❧✉♠✏ ♦✑ ✡ ✉✍✌t ☛✏❧❧ ❂ ❛
✿

❀✡★★ ♦✑ t✧✏ ✉✍✌t ☛✏❧❧

❂ ✍✉♠❜✏s ♦✑ ✡t♦♠★ ✌✍ ✉✍✌t ☛✏❧❧ ❁ ♠✡★★ ♦✑ ✏✡☛✧ ✡t♦♠ ❂ ③ ❃ ❄

❅❆✏s✏ ③ ✌★ t✧✏ ✍✉♠❜✏s ♦✑ ✡t♦♠★ ♣s✏★✏✍t ✌✍ ♦✍✏ ✉✍✌t ☛✏❧❧ ✡✍✫ ❄ ✌★ t✧✏

♠✡★★ ♦✑ ✡ ★✌✍✎❧✏ ✡t♦♠❇

❀✡★★ ♦✑ ✡✍ ✡t♦♠ ♣s✏★✏✍t ✌✍ t✧✏ ✉✍✌t ☛✏❧❧✾

❄
❉

▼
❊
◆

❅▼ ✌★ ♠♦❧✡s ♠✡★★❇

❚✧✏s✏✑♦s✏✩ ✫✏✍★✌t✒ ♦✑ t✧✏ ✉✍✌t ☛✏❧❧

● ● ●
❍ ❍

■❏❑❑ ▲❖ P♥✐◗ ❘❡❙❙
❯
✈▲❙P■❡ ▲❖ P♥✐◗ ❘❡❙❙

❲❳■ ❲❳❨ ❲❨
❯ ❯ ▲❩ ❞ ❯
❏ ❏ ❳❬ ❏ ❬

❭✏♠✏♠❜✏s✩ t✧✏ ✫✏✍★✌t✒ ♦✑ t✧✏ ✉✍✌t ☛✏❧❧ ✌★ t✧✏ ★✡♠✏ ✡★ t✧✏ ✫✏✍★✌t✒ ♦✑

t✧✏ ★✉❜★t✡✍☛✏✢ ❚✧✏ ✫✏✍★✌t✒ ♦✑ t✧✏ ★♦❧✌✫ ☛✡✍ ✡❧✪✡✒★ ❜✏ ✫✏t✏s♠✌✍✏✫ ❜✒

♦t✧✏s ♠✏t✧♦✫★✢ ❪✉t ♦✑ t✧✏ ✑✌✭✏ ♣✡s✡♠✏t✏s★ ❅✺✩ ❫ ▼✩ ❛ ✡✍✫ ◆❴❇✩ ✌✑ ✡✍✒

✑♦✉s ✡s✏ ☞✍♦✪✍✩ ✪✏ ☛✡✍ ✫✏t✏s♠✌✍✏ t✧✏ ✑✌✑t✧✢

❵❢❣❥ ❦❥qq

✇①②④⑤⑥ ⑦⑧⑨①⑦ ⑧⑩①❶ ⑦⑥⑤⑤❷

❸❹⑥ ❺④❹⑥❻⑥❺ ❼❻⑥ ①⑩

⑦❽⑩❶❼⑦❶ ❾①❶❹ ⑥❼⑦❹

❽❶❹⑥❻ ❼⑤❽⑩❿ ❶❹⑥ ⑥➀❿⑥ ❽➁

❶❹⑥ ⑦⑧⑨⑥❷

1.8 Calculations

Involving

Unit Cell

Dimensions

✰✍ ✏❧✏♠✏✍t ✧✡★ ✡ ❜♦✫✒✳☛✏✍ts✏✫ ☛✉❜✌☛ ➂➃❝❝➄ ★ts✉☛t✉s✏ ✪✌t✧ ✡ ☛✏❧❧ ✏✫✎✏ ♦✑

✜➅➅ ♣♠✢ ❚✧✏ ✫✏✍★✌t✒ ♦✑ t✧✏ ✏❧✏♠✏✍t ✌★ ➆✢✜ ✎➇☛♠➈✢ ❆♦✪ ♠✡✍✒ ✡t♦♠★ ✡s✏

♣s✏★✏✍t ✌✍ ✜✓➅ ✎ ♦✑ t✧✏ ✏❧✏♠✏✍t➉

❱♦❧✉♠✏ ♦✑ t✧✏ ✉✍✌t ☛✏❧❧ ❂ ❅✜➅➅ ♣♠❇➈

❂ ❅✜➅➅❁✶✓➊➋➌ ♠❇ ❂ ❅✜➅➅❁✶✓➊➋➍ ☛♠❇➈

❂ ✜✢✣➎❁✶✓➊➌➈ ☛♠➈

Example 1.3

Solution



✷� ❚✁✂ ✄☎✆✝✞ ✄✟✠✟✂

Example 1.4

❱♦✡☛☞✌ ♦✍ ✎✏✑ ✒ ♦✍ ✓✔✌ ✌✡✌☞✌✕✓

✸
✸

✖✗✽
✖✽✘✽✽

✼✘✖ ❣ ✙✚ ✚ ✚
♠✛ss ✜

❝♠
❞✢♥s✐✣② ❝♠

◆☛☞✤✌✥ ♦✍ ☛✕✦✓ ✧✌✡✡★ ✦✕ ✓✔✦★ ✩♦✡☛☞✌
✪

✫✪ ✪
✬✭✳✭✭

✬✳✮✯ ✶✰ ✴✱✲
✵

✹✺
✹✺ ✉✻✾✿ ✹❡❧❧ ❂ ❀✎❁✏✑❃❀✏❄❅ ☛✕✦✓ ✧✌✡✡★

❙✦✕✧✌ ✌❆✧✔ ❜❇❇ ✧☛✤✦✧☛✕✦✓ ✧✌✡✡ ✧♦✕✓❆✦✕★ ✎ ❆✓♦☞★❈ ✓✔✌✥✌✍♦✥✌❈ ✓✔✌ ✓♦✓❆✡ ✕☛☞✤✌✥
♦✍ ❆✓♦☞★ ✦✕ ✎✏✑ ✒ ❂ ✎ ❉❆✓♦☞★❊☛✕✦✓ ✧✌✡✡❋ ❃ ❀✎❁✏✑ ❃ ❀✏23☛✕✦✓ ✧✌✡✡★

❂ ✎●❁❀❍❃❀✏❄❅ ❆✓♦☞★

❳■✥❆❏ ❑✦✍✍✥❆✧✓✦♦✕ ★✓☛❑✦✌★ ★✔♦▲ ✓✔❆✓ ✧♦▼▼✌✥ ✧✥❏★✓❆✡✡✦★✌★ ✦✕ ❆✕ ❢❇❇ ☛✕✦✓
✧✌✡✡ ▲✦✓✔ ✧✌✡✡ ✌❑✒✌ ♦✍ ❖❁❍✏✑❃❀✏P◗ ✧☞❁ ❘✕ ❆ ★✌▼❆✥❆✓✌ ✌❯▼✌✥✦☞✌✕✓❈ ✧♦▼▼✌✥ ✦★
❑✌✓✌✥☞✦✕✌❑ ✓♦ ✔❆✩✌ ❆ ❑✌✕★✦✓❏ ♦✍ ✑❁❲✎ ✒❊✧☞❅❈ ✧❆✡✧☛✡❆✓✌ ✓✔✌ ❆✓♦☞✦✧ ☞❆★★
♦✍ ✧♦▼▼✌✥❁

❘✕ ✧❆★✌ ♦✍ ❢❇❇ ✡❆✓✓✦✧✌❈ ✕☛☞✤✌✥ ♦✍ ❆✓♦☞★ ▼✌✥ ☛✕✦✓ ✧✌✡✡❈ ❨ ❂ ● ❆✓♦☞★

❩✔✌✥✌✍♦✥✌❈ ❬ ❂
❭

❪❑◆ ❆
❨

❫ ❴❫ ❵ ❛ ❫❤❥❦♣ q rt ✈❥✇♣♣ ①✇ ③④⑤t⑥t⑤⑦ ⑧⑨❥✈✇❤ ①✇ rt⑩
❶ ③④⑤t⑥

❷ ❷❸ ❸ ❸ ❸
❹

❂ ❍❖❁❀ ✒❊☞♦✡

❺✓♦☞✦✧ ☞❆★★ ♦✍ ✧♦▼▼✌✥ ❂ ❍❖❁❀☛

❙✦✡✩✌✥ ✍♦✥☞★ ❇❇❻ ✡❆✓✓✦✧✌ ❆✕❑ ❳■✥❆❏ ★✓☛❑✦✌★ ♦✍ ✦✓★ ✧✥❏★✓❆✡★ ★✔♦▲ ✓✔❆✓ ✓✔✌
✌❑✒✌ ✡✌✕✒✓✔ ♦✍ ✦✓★ ☛✕✦✓ ✧✌✡✡ ✦★ ●✏✑❁❍ ▼☞❁ ❼❆✡✧☛✡❆✓✌ ✓✔✌ ❑✌✕★✦✓❏ ♦✍ ★✦✡✩✌✥
❉❺✓♦☞✦✧ ☞❆★★ ❂ ❀✏❽❁❲ ☛❋❁

❙✦✕✧✌ ✓✔✌ ✡❆✓✓✦✧✌ ✦★ ❇❇❻❈ ✓✔✌ ✕☛☞✤✌✥ ♦✍ ★✦✡✩✌✥ ❆✓♦☞★ ▼✌✥ ☛✕✦✓ ✧✌✡✡ ❂ ❨ ❂ ●

❬♦✡❆✥ ☞❆★★ ♦✍ ★✦✡✩✌✥ ❂ ❀✏❽❁❲ ✒ ☞♦✡–1 ❂ ❀✏❽❁❲❃❀✏P❅ ❾✒ ☞♦✡➊❿

➀❑✒✌ ✡✌✕✒✓✔ ♦✍ ☛✕✦✓ ✧✌✡✡ ❂ ❆ ❂ ●✏✑❁❍ ▼☞ ❂ ●✏✑❁❍❃❀✏➊❿❄☞

➁✌✕★✦✓❏❈ ➂ ❂ ➃
➄

➅➆➇
➈ ➆➉

❂
➋ ➌

➋ ➌ ➋ ➌

➍ ➎

➍➎➏ ➏➍ ➎

➐ ➑➒➓➔→ ➑➒ ➣↔↕➙➛

➐➒➜➔➝ ➑➒ ↕ ➝➔➒➞➞ ➑➒ ↕➙➛

➟ ➟

➟ ➟

➠ ➠

➠ ➠
❂ ❀✏❁➡❃❀✏❅ ❾✒ ☞➊❅

❂ ❀✏❁➡ ✒ ✧☞P❅

Example 1.5

Solution

Intext Questions

➢➤➢➥ ➦✔❆✓ ✦★ ✓✔✌ ✓▲♦ ❑✦☞✌✕★✦♦✕❆✡ ✧♦♦✥❑✦✕❆✓✦♦✕ ✕☛☞✤✌✥ ♦✍ ❆ ☞♦✡✌✧☛✡✌ ✦✕
➧➨➩➫➭➯ ❇➲➳➧➯■▼❆✧❾✌❑ ✡❆❏✌✥➵

➢➤➢➸ ❺ ✧♦☞▼♦☛✕❑ ✍♦✥☞★ ➺➯➻➫➼➳➽➫➲ ❇➲➳➧➯➾❻➫❇➚➯➂ ★✓✥☛✧✓☛✥✌❁ ➦✔❆✓ ✦★ ✓✔✌ ✓♦✓❆✡
✕☛☞✤✌✥ ♦✍ ✩♦✦❑★ ✦✕ ✏❁➡ ☞♦✡ ♦✍ ✦✓➵ ➪♦▲ ☞❆✕❏ ♦✍ ✓✔✌★✌ ❆✥✌ ✓✌✓✥❆✔✌❑✥❆✡ ✩♦✦❑★➵

Solution



✷✷❈�✁✂✄☎✆✝✞

❆✟✠✡☛☞✌✡ ✍✎✏✑✠✒✟✟✓✔✕ ✑☛✟✓✖✑ ✡✒✗✕ ✑✡☛✎✠ ✎✒✔✌✕ ✒✑ ✘✕✟✟ ✒✑ ✟☛✔✌ ✎✒✔✌✕

☛✎✖✕✎ ✓✔ ✠✡✕ ✒✎✎✒✔✌✕♦✕✔✠ ☛✙ ✠✡✕✓✎ ✍☛✔✑✠✓✠☞✕✔✠ ✚✒✎✠✓✍✟✕✑✛ ✏✕✠ ✍✎✏✑✠✒✟✑ ✒✎✕

✔☛✠ ✚✕✎✙✕✍✠♥ ✜✑☞✒✟✟✏ ✒ ✑☛✟✓✖ ✍☛✔✑✓✑✠✑ ☛✙ ✒✔ ✒✌✌✎✕✌✒✠✕ ☛✙ ✟✒✎✌✕ ✔☞♦✢✕✎

☛✙ ✑♦✒✟✟ ✍✎✏✑✠✒✟✑♥ ✣✡✕✑✕ ✑♦✒✟✟ ✍✎✏✑✠✒✟✑ ✡✒✗✕ ✖✕✙✕✍✠✑ ✓✔ ✠✡✕♦♥ ✣✡✓✑

✡✒✚✚✕✔✑ ✘✡✕✔ ✍✎✏✑✠✒✟✟✓✑✒✠✓☛✔ ✚✎☛✍✕✑✑ ☛✍✍☞✎✑ ✒✠ ✙✒✑✠ ☛✎ ♦☛✖✕✎✒✠✕ ✎✒✠✕♥

❙✓✔✌✟✕ ✍✎✏✑✠✒✟✑ ✒✎✕ ✙☛✎♦✕✖ ✘✡✕✔ ✠✡✕ ✚✎☛✍✕✑✑ ☛✙ ✍✎✏✑✠✒✟✟✓✑✒✠✓☛✔ ☛✍✍☞✎✑ ✒✠

✕❡✠✎✕♦✕✟✏ ✑✟☛✘ ✎✒✠✕♥ ✤✗✕✔ ✠✡✕✑✕ ✍✎✏✑✠✒✟✑ ✒✎✕ ✔☛✠ ✙✎✕✕ ☛✙ ✖✕✙✕✍✠✑♥ ✣✡✕

✖✕✙✕✍✠✑ ✒✎✕ ✢✒✑✓✍✒✟✟✏ ✓✎✎✕✌☞✟✒✎✓✠✓✕✑ ✓✔ ✠✡✕ ✒✎✎✒✔✌✕♦✕✔✠ ☛✙ ✍☛✔✑✠✓✠☞✕✔✠

✚✒✎✠✓✍✟✕✑♥ ♣✎☛✒✖✟✏ ✑✚✕✒✥✓✔✌✛ ✠✡✕ ✖✕✙✕✍✠✑ ✒✎✕ ☛✙ ✠✘☛ ✠✏✚✕✑✛ ✔✒♦✕✟✏✛ ✦✧★✩✪

❞✫✬✫✭✪✮ ✒✔✖ ❧★✩✫ ❞✫✬✫✭✪✮♥ P✯✰✱✲ ✳✴✵✴✶✲✸ ✒✎✕ ✠✡✕ ✓✎✎✕✌☞✟✒✎✓✠✓✕✑ ☛✎

✖✕✗✓✒✠✓☛✔✑ ✙✎☛♦ ✓✖✕✒✟ ✒✎✎✒✔✌✕♦✕✔✠ ✒✎☛☞✔✖ ✒ ✚☛✓✔✠ ☛✎ ✒✔ ✒✠☛♦ ✓✔ ✒

✍✎✏✑✠✒✟✟✓✔✕ ✑☞✢✑✠✒✔✍✕✛ ✘✡✕✎✕✒✑ ✠✡✕ ❧★✩✫ ❞✫✬✫✭✪✮ ✒✎✕ ✠✡✕ ✓✎✎✕✌☞✟✒✎✓✠✓✕✑ ☛✎

✖✕✗✓✒✠✓☛✔✑ ✙✎☛♦ ✓✖✕✒✟ ✒✎✎✒✔✌✕♦✕✔✠ ✓✔ ✕✔✠✓✎✕ ✎☛✘✑ ☛✙ ✟✒✠✠✓✍✕ ✚☛✓✔✠✑♥ ✣✡✕✑✕

✓✎✎✕✌☞✟✒✎✓✠✓✕✑ ✒✎✕ ✍✒✟✟✕✖ ✭❝✹✮✪✺❧ ❞✫✬✫✭✪✮♥ ✻✕ ✑✡✒✟✟ ✍☛✔✙✓✔✕ ☛☞✎ ✖✓✑✍☞✑✑✓☛✔

✠☛ ✚☛✓✔✠ ✖✕✙✕✍✠✑ ☛✔✟✏♥

✼☛✓✔✠ ✖✕✙✕✍✠✑ ✍✒✔ ✢✕ ✍✟✒✑✑✓✙✓✕✖ ✓✔✠☛ ✠✡✎✕✕ ✠✏✚✕✑ ✽ ✾✓✿ ✑✠☛✓✍✡✓☛♦✕✠✎✓✍ ✖✕✙✕✍✠✑

✾✓✓✿ ✓♦✚☞✎✓✠✏ ✖✕✙✕✍✠✑ ✒✔✖ ✾✓✓✓✿ ✔☛✔❀✑✠☛✓✍✡✓☛♦✕✠✎✓✍ ✖✕✙✕✍✠✑♥

❁❛❂ ❃❄❅❇❉❊❇❅❋●❄❍❇❉ ■●❏●❉❄❑

✣✡✕✑✕ ✒✎✕ ✠✡✕ ✚☛✓✔✠ ✖✕✙✕✍✠✑ ✠✡✒✠ ✖☛ ✔☛✠ ✖✓✑✠☞✎✢ ✠✡✕ ✑✠☛✓✍✡✓☛♦✕✠✎✏ ☛✙

✠✡✕ ✑☛✟✓✖♥ ✣✡✕✏ ✒✎✕ ✒✟✑☛ ✍✒✟✟✕✖ ★✩✪❝★✩✮★✭ ☛✎ ✲t✴▲▼✯✳◆✱❖▼✰✶ ✳✴✵✴✶✲✸◗

♣✒✑✓✍✒✟✟✏ ✠✡✕✑✕ ✒✎✕ ☛✙ ✠✘☛ ✠✏✚✕✑✛ ✗✒✍✒✔✍✏ ✖✕✙✕✍✠✑ ✒✔✖ ✓✔✠✕✎✑✠✓✠✓✒✟ ✖✕✙✕✍✠✑♥

✾✓✿ ❱✺✭✺✩✭✹ ❘✫✬✫✭✪✽ ✻✡✕✔ ✑☛♦✕ ☛✙ ✠✡✕ ✟✒✠✠✓✍✕ ✑✓✠✕✑ ✒✎✕ ✗✒✍✒✔✠✛ ✠✡✕

✍✎✏✑✠✒✟ ✓✑ ✑✒✓✖ ✠☛ ✡✒✗✕ ✈❖✶❖✱✶◆ ✳✴✵✴✶✲ ✾❚✓✌♥ ❯♥❲❳✿♥ ✣✡✓✑ ✎✕✑☞✟✠✑ ✓✔

✖✕✍✎✕✒✑✕ ✓✔ ✖✕✔✑✓✠✏ ☛✙ ✠✡✕ ✑☞✢✑✠✒✔✍✕♥ ✣✡✓✑ ✖✕✙✕✍✠ ✍✒✔ ✒✟✑☛ ✖✕✗✕✟☛✚

✘✡✕✔ ✒ ✑☞✢✑✠✒✔✍✕ ✓✑ ✡✕✒✠✕✖♥

✾✓✓✿ ❨✩✪✫❝✮✪★✪★✺❧ ❘✫✬✫✭✪✽ ✻✡✕✔ ✑☛♦✕ ✍☛✔✑✠✓✠☞✕✔✠ ✚✒✎✠✓✍✟✕✑

✾✒✠☛♦✑ ☛✎ ♦☛✟✕✍☞✟✕✑✿ ☛✍✍☞✚✏ ✒✔ ✰✱✲✴▲✸✲✰✲✰❖✐ ✑✓✠✕✛

✠✡✕ ✍✎✏✑✠✒✟ ✓✑ ✑✒✓✖ ✠☛ ✡✒✗✕ ✰✱✲✴▲✸✲✰✲✰❖✐ ✳✴✵✴✶✲

✾❚✓✌♥ ❯♥❲❩✿♥ ✣✡✓✑ ✖✕✙✕✍✠ ✓✔✍✎✕✒✑✕✑ ✠✡✕ ✖✕✔✑✓✠✏ ☛✙ ✠✡✕

✑☞✢✑✠✒✔✍✕♥

❬✒✍✒✔✍✏ ✒✔✖ ✓✔✠✕✎✑✠✓✠✓✒✟ ✖✕✙✕✍✠✑ ✒✑ ✕❡✚✟✒✓✔✕✖

✒✢☛✗✕ ✍✒✔ ✢✕ ✑✡☛✘✔ ✢✏ ✔☛✔❀✓☛✔✓✍ ✑☛✟✓✖✑♥ ❭☛✔✓✍

✑☛✟✓✖✑ ♦☞✑✠ ✒✟✘✒✏✑ ♦✒✓✔✠✒✓✔ ✕✟✕✍✠✎✓✍✒✟ ✔✕☞✠✎✒✟✓✠✏♥

❪✒✠✡✕✎ ✠✡✒✔ ✑✓♦✚✟✕ ✗✒✍✒✔✍✏ ☛✎ ✓✔✠✕✎✑✠✓✠✓✒✟

✖✕✙✕✍✠✑✛ ✠✡✕✏ ✑✡☛✘ ✠✡✕✑✕ ✖✕✙✕✍✠✑ ✒✑ ❫▲✴✱❴✴✐ ❖✱✳

❵✶t✯✲✲❴◆ ✳✴✵✴✶✲✸◗

1.9 Imperfections

in Solids

❜◗❜❢ ❆ ✍☛♦✚☛☞✔✖ ✓✑ ✙☛✎♦✕✖ ✢✏ ✠✘☛ ✕✟✕♦✕✔✠✑ ❣ ✒✔✖ ❤♥ ✣✡✕ ✕✟✕♦✕✔✠ ❤

✙☛✎♦✑ ✭✭✦ ✒✔✖ ✒✠☛♦✑ ☛✙ ❣ ☛✍✍☞✚✏ ❯❥❳✎✖ ☛✙ ✠✕✠✎✒✡✕✖✎✒✟ ✗☛✓✖✑♥ ✻✡✒✠

✓✑ ✠✡✕ ✙☛✎♦☞✟✒ ☛✙ ✠✡✕ ✍☛♦✚☛☞✔✖❦

❜◗❜♠ ✻✡✓✍✡ ☛✙ ✠✡✕ ✙☛✟✟☛✘✓✔✌ ✟✒✠✠✓✍✕✑ ✡✒✑ ✠✡✕ ✡✓✌✡✕✑✠ ✚✒✍✥✓✔✌ ✕✙✙✓✍✓✕✔✍✏ ✾✓✿ ✑✓♦✚✟✕

✍☞✢✓✍ ✾✓✓✿ ✢☛✖✏❀✍✕✔✠✎✕✖ ✍☞✢✓✍ ✒✔✖ ✾✓✓✓✿ ✡✕❡✒✌☛✔✒✟ ✍✟☛✑✕❀✚✒✍✥✕✖ ✟✒✠✠✓✍✕❦

❜◗❜q ❆✔ ✕✟✕♦✕✔✠ ✘✓✠✡ ♦☛✟✒✎ ♦✒✑✑ ❲♥rs❯✉✇① ✥✌ ♦☛✟✇② ✙☛✎♦✑ ✒ ✍☞✢✓✍ ☞✔✓✠ ✍✕✟✟

✘✓✠✡ ✕✖✌✕ ✟✕✔✌✠✡ ❩✉③ ✚♦♥ ❭✙ ✓✠✑ ✖✕✔✑✓✠✏ ✓✑ ❲♥rs❯✉④ ✥✌✇④✛ ✘✡✒✠ ✓✑ ✠✡✕

✔✒✠☞✎✕ ☛✙ ✠✡✕ ✍☞✢✓✍ ☞✔✓✠ ✍✕✟✟❦

❜◗⑤◗❜ ⑥◆⑦✴✸ ✯✵

P✯✰✱✲ ⑧✴✵✴✶✲✸

⑨❇⑩❶ ❷❶❸❹❺ ❻❼❽❼❾❽❿ ➀➁➂➁❽➃➄



✷� ❚✁✂ ✄☎✆✝✞ ✄✟✠✟✂

✭✡✡✡☛ ❋☞✌✍✎✌✏ ✑✌✒✌✓✔✿ ✕✖✡✗

❞✘✙✘✚✛ ✡✗ ✗✖✜✢✣ ✤✥ ✡✜✣✡✚

✗✜s✡❞✗✦ ✕✖✘ ✗✧★ss✘✩ ✡✜✣

✭✪✗✪★ss✥ ✚★✛✡✜✣☛ ✡✗

❞✡✗s✜✚★✛✘❞ ✙✩✜✧ ✡✛✗ ✣✜✩✧★s

✗✡✛✘ ✛✜ ★✣ ✡✣✛✘✩✗✛✡✛✡★s ✗✡✛✘

✭✫✡✬✦ ✮✦✯✰☛✦ ✱✛ ✚✩✘★✛✘✗ ★

✈✲✓✲✍✓✳ ✴✌✒✌✓✔ ★✛ ✡✛✗

✜✩✡✬✡✣★s ✗✡✛✘ ★✣❞ ★✣

✐✵✶✸✹✺✶✐✶✐✻✼ ✽✸✾✸❀✶ ★✛ ✡✛✗

✣✘✢ s✜✚★✛✡✜✣✦

✫✩✘✣❁✘s ❞✘✙✘✚✛ ✡✗ ★s✗✜

✚★ss✘❞ ✽✐✺✼❂❀✻✶✐❂✵ ✽✸✾✸❀✶✦

✱✛ ❞✜✘✗ ✣✜✛ ✚✖★✣✬✘ ✛✖✘ ❞✘✣✗✡✛✥ ✜✙ ✛✖✘ ✗✜s✡❞✦ ✫✩✘✣❁✘s ❞✘✙✘✚✛ ✡✗

✗✖✜✢✣ ✤✥ ✡✜✣✡✚ ✗✪✤✗✛★✣✚✘ ✡✣ ✢✖✡✚✖ ✛✖✘✩✘ ✡✗ ★ s★✩✬✘ ❞✡✙✙✘✩✘✣✚✘ ✡✣

✛✖✘ ✗✡t✘ ✜✙ ✡✜✣✗❃ ✙✜✩ ✘❄★✧❅s✘❃ ❆✣❇❃ ❈✬❉s❃ ❈✬❊✩ ★✣❞ ❈✬✱ ❞✪✘ ✛✜

✗✧★ss ✗✡t✘ ✜✙ ❆✣
●❍ ★✣❞ ❈✬

❍ ✡✜✣✗✦

✭✡■☛ ❙✓❏❑✔✔✎✳ ✑✌✒✌✓✔✿ ✱✛ ✡✗ ✤★✗✡✚★ss✥ ★ ■★✚★✣✚✥ ❞✘✙✘✚✛ ✡✣ ✡✜✣✡✚ ✗✜s✡❞✗✦ ✱✣

✜✩❞✘✩ ✛✜ ✧★✡✣✛★✡✣ ✘s✘✚✛✩✡✚★s ✣✘✪✛✩★s✡✛✥❃ ✛✖✘ ✣✪✧✤✘✩ ✜✙ ✧✡✗✗✡✣✬

✚★✛✡✜✣✗ ★✣❞ ★✣✡✜✣✗ ★✩✘ ✘❝✪★s ✭✫✡✬✦ ✮✦✯▲☛✦

▼✡❁✘ ✗✡✧❅s✘ ■★✚★✣✚✥

❞✘✙✘✚✛❃ ❇✚✖✜✛✛❁✥ ❞✘✙✘✚✛ ★s✗✜

❞✘✚✩✘★✗✘✗ ✛✖✘ ❞✘✣✗✡✛✥ ✜✙ ✛✖✘

✗✪✤✗✛★✣✚✘✦ ◆✪✧✤✘✩ ✜✙ ✗✪✚✖

❞✘✙✘✚✛✗ ✡✣ ✡✜✣✡✚ ✗✜s✡❞✗ ✡✗ ❝✪✡✛✘

✗✡✬✣✡✙✡✚★✣✛✦ ✫✜✩ ✘❄★✧❅s✘❃ ✡✣

◆★❉s ✛✖✘✩✘ ★✩✘ ★❅❅✩✜❄✡✧★✛✘s✥

✮❖
P
❇✚✖✜✛✛❁✥ ❅★✡✩✗ ❅✘✩ ✚✧

◗

★✛ ✩✜✜✧ ✛✘✧❅✘✩★✛✪✩✘✦ ✱✣

✮ ✚✧
◗

✛✖✘✩✘ ★✩✘ ★✤✜✪✛

✮❖
●●
✡✜✣✗✦ ✕✖✪✗❃ ✛✖✘✩✘ ✡✗ ✜✣✘

❇✚✖✜✛✛❁✥ ❞✘✙✘✚✛ ❅✘✩ ✮❖
❘P
✡✜✣✗✦

❇✚✖✜✛✛❁✥ ❞✘✙✘✚✛ ✡✗ ✗✖✜✢✣ ✤✥

✡✜✣✡✚ ✗✪✤✗✛★✣✚✘✗ ✡✣ ✢✖✡✚✖ ✛✖✘

✚★✛✡✜✣ ★✣❞ ★✣✡✜✣ ★✩✘ ✜✙ ★s✧✜✗✛ ✗✡✧✡s★✩ ✗✡t✘✗✦

✫✜✩ ✘❄★✧❅s✘❃ ◆★❉s❃ ❯❉s❃ ❉✗❉s ★✣❞ ❈✬❊✩✦ ✱✛

✧★✥ ✤✘ ✣✜✛✘❞ ✛✖★✛ ❈✬❊✩ ✗✖✜✢✗ ✤✜✛✖❃ ✫✩✘✣❁✘s

★✗ ✢✘ss ★✗ ❇✚✖✜✛✛❁✥ ❞✘✙✘✚✛✗✦

❱❲❳ ❨❩❬❭❪❫❴❵ ❛❜❡❜❢❴❣

✱✙ ✧✜s✛✘✣ ◆★❉s ✚✜✣✛★✡✣✡✣✬ ★ s✡✛✛s✘ ★✧✜✪✣✛

✜✙ ❇✩❉s● ✡✗ ✚✩✥✗✛★ss✡✗✘❞❃ ✗✜✧✘ ✜✙ ✛✖✘ ✗✡✛✘✗ ✜✙

◆★
❍
✡✜✣✗ ★✩✘ ✜✚✚✪❅✡✘❞ ✤✥ ❇✩

●❍
✭✫✡✬✦✮✦✯❤☛✦

❥★✚✖ ❇✩●❍ ✩✘❅s★✚✘✗ ✛✢✜ ◆★
❍ ✡✜✣✗✦ ✱✛ ✜✚✚✪❅✡✘✗

✛✖✘ ✗✡✛✘ ✜✙ ✜✣✘ ✡✜✣ ★✣❞ ✛✖✘ ✜✛✖✘✩ ✗✡✛✘ ✩✘✧★✡✣✗

■★✚★✣✛✦ ✕✖✘ ✚★✛✡✜✣✡✚ ■★✚★✣✚✡✘✗ ✛✖✪✗

❅✩✜❞✪✚✘❞ ★✩✘ ✘❝✪★s ✡✣ ✣✪✧✤✘✩ ✛✜ ✛✖★✛ ✜✙

❇✩
●❍

✡✜✣✗✦ ❈✣✜✛✖✘✩ ✗✡✧✡s★✩ ✘❄★✧❅s✘ ✡✗ ✛✖✘

✗✜s✡❞ ✗✜s✪✛✡✜✣ ✜✙ ❉❞❉s● ★✣❞ ❈✬❉s✦

❦❫❧♠ ♥♠♦♣q r✉✇①②③✇④✇④⑤⑥ ⑦①⑧①⑨✇③

❦❫❧♠ ♥♠♦⑩q r✉✇②❶⑦❷⑨✇④❶✉ ❶⑧ ⑨⑤✇④❶✉ ❸⑤⑨⑤✉⑨❹ ④✉

❺⑤❻⑥ ❼❹ ③❷❼③✇④✇❷✇④❶✉ ❶⑧❺⑤❽ ❼❹❾②❿❽

❦❫❧♠ ♥♠♦➀q ➁②①✉➂①⑥ ⑦①⑧①⑨✇③ ❦❫❧♠ ♥♠♦➃q ❾⑨➄❶✇✇➂❹ ⑦①⑧①⑨✇③



✷�❈✁✂✄☎✆✝✞✟

✭❝✮ ◆✠✡☛☞✌✠✍❝✎✍✠✏✑✌✒✍❝ ✓✑✔✑❝✌✕

❚✖✗ ✘✗✙✗✚✛✜ ✘✢✜✚✣✜✜✗✘ ✜✤ ✙✥✦ ✘✤ ✧✤✛ ✘✢✜✛✣✦★ ✛✖✗ ✜✛✤✢✚✖✢✤✩✗✛✦✪ ✤✙

✛✖✗ ✚✦✪✜✛✥tt✢✧✗ ✜✣★✜✛✥✧✚✗✫ ✬✤✯✗✰✗✦✱ ✥ t✥✦✲✗ ✧✣✩★✗✦ ✤✙ ✧✤✧✳

✜✛✤✢✚✖✢✤✩✗✛✦✢✚ ✢✧✤✦✲✥✧✢✚ ✜✤t✢✘✜ ✥✦✗ s✧✤✯✧ ✯✖✢✚✖ ✚✤✧✛✥✢✧ ✛✖✗

✚✤✧✜✛✢✛✣✗✧✛ ✗t✗✩✗✧✛✜ ✢✧ ✧✤✧✳✜✛✤✢✚✖✢✤✩✗✛✦✢✚ ✦✥✛✢✤ ✘✣✗ ✛✤ ✘✗✙✗✚✛✜ ✢✧

✛✖✗✢✦ ✚✦✪✜✛✥t ✜✛✦✣✚✛✣✦✗✜✫ ❚✖✗✜✗ ✘✗✙✗✚✛✜ ✥✦✗ ✤✙ ✛✯✤ ✛✪✴✗✜✵ ✶✢✸ ✩✗✛✥t

✗❡✚✗✜✜ ✘✗✙✗✚✛ ✥✧✘ ✶✢✢✸ ✩✗✛✥t ✘✗✙✢✚✢✗✧✚✪ ✘✗✙✗✚✛✫

✶✢✸ ▼✹✺✻✼ ✽✾✿✹❀❀ ❁✹❂✹✿✺

❃ ▼✹✺✻✼ ✹✾✿✹❀❀ ❄✹❂✹✿✺ ❄❅✹ ✺❆ ✻❇❉❆❇❉✿ ❊✻✿✻❇✿❉✹❀✵ ❋ts✥t✢ ✖✥t✢✘✗✜

t✢s✗ ❧✥●t ✥✧✘ ❍●t ✜✖✤✯ ✛✖✢✜ ✛✪✴✗ ✤✙ ✘✗✙✗✚✛✫ ■✖✗✧ ✚✦✪✜✛✥t✜ ✤✙

❧✥●t ✥✦✗ ✖✗✥✛✗✘ ✢✧ ✥✧ ✥✛✩✤✜✴✖✗✦✗ ✤✙ ✜✤✘✢✣✩ ✰✥✴✤✣✦✱ ✛✖✗

✜✤✘✢✣✩ ✥✛✤✩✜ ✥✦✗ ✘✗✴✤✜✢✛✗✘ ✤✧ ✛✖✗ ✜✣✦✙✥✚✗ ✤✙ ✛✖✗ ✚✦✪✜✛✥t✫

❚✖✗ ●t
➊
✢✤✧✜ ✘✢✙✙✣✜✗ ✛✤ ✛✖✗ ✜✣✦✙✥✚✗ ✤✙ ✛✖✗ ✚✦✪✜✛✥t ✥✧✘

✚✤✩★✢✧✗ ✯✢✛✖ ❧✥ ✥✛✤✩✜ ✛✤ ✲✢✰✗ ❧✥●t✫ ❚✖✢✜ ✖✥✴✴✗✧✜ ★✪

t✤✜✜ ✤✙ ✗t✗✚✛✦✤✧ ★✪ ✜✤✘✢✣✩ ✥✛✤✩✜ ✛✤ ✙✤✦✩ ❧✥
❏
✢✤✧✜✫ ❚✖✗

✦✗t✗✥✜✗✘ ✗t✗✚✛✦✤✧✜ ✘✢✙✙✣✜✗ ✢✧✛✤ ✛✖✗ ✚✦✪✜✛✥t ✥✧✘ ✤✚✚✣✴✪

✥✧✢✤✧✢✚ ✜✢✛✗✜ ✶❛✢✲✫ ❑✫▲❖✸✫ ❋✜ ✥ ✦✗✜✣t✛ ✛✖✗ ✚✦✪✜✛✥t ✧✤✯ ✖✥✜

✥✧ ✗❡✚✗✜✜ ✤✙ ✜✤✘✢✣✩✫ ❚✖✗ ✥✧✢✤✧✢✚ ✜✢✛✗✜ ✤✚✚✣✴✢✗✘ ★✪

✣✧✴✥✢✦✗✘ ✗t✗✚✛✦✤✧✜ ✥✦✗ ✚✥tt✗✘ P◗✿✹❇✺❘✹❀ ✶✙✦✤✩ ✛✖✗ ❙✗✦✩✥✧

✯✤✦✘ P✻❘❯✹❇❱✹❇✺✹❘ ✙✤✦ ✚✤t✤✣✦ ✚✗✧✛✦✗✸✫ ❚✖✗✪ ✢✩✴✥✦✛ ✪✗tt✤✯

✚✤t✤✣✦ ✛✤ ✛✖✗ ✚✦✪✜✛✥t✜ ✤✙ ❧✥●t✫ ❚✖✗ ✚✤t✤✣✦ ✦✗✜✣t✛✜ ★✪

✗❡✚✢✛✥✛✢✤✧ ✤✙ ✛✖✗✜✗ ✗t✗✚✛✦✤✧✜ ✯✖✗✧ ✛✖✗✪ ✥★✜✤✦★ ✗✧✗✦✲✪ ✙✦✤✩

✛✖✗ ✰✢✜✢★t✗ t✢✲✖✛ ✙✥tt✢✧✲ ✤✧ ✛✖✗ ✚✦✪✜✛✥t✜✫ ❲✢✩✢t✥✦t✪✱ ✗❡✚✗✜✜ ✤✙

t✢✛✖✢✣✩ ✩✥s✗✜ ❳✢●t ✚✦✪✜✛✥t✜ ✴✢✧s ✥✧✘ ✗❡✚✗✜✜ ✤✙ ✴✤✛✥✜✜✢✣✩

✩✥s✗✜ ❍●t ✚✦✪✜✛✥t✜ ✰✢✤t✗✛ ✶✤✦ t✢t✥✚✸✫

❃ ▼✹✺✻✼ ✹✾✿✹❀❀ ❄✹❂✹✿✺ ❄❅✹ ✺❆ ✺❨✹ ❩❘✹❀✹❇✿✹ ❆❂ ✹✾✺❘✻ ✿✻✺❉❆❇❀ ✻✺

❉❇✺✹❘❀✺❉✺❉✻✼ ❀❉✺✹❀✵ ❬✢✧✚ ✤❡✢✘✗ ✢✜ ✯✖✢✛✗ ✢✧ ✚✤t✤✣✦ ✥✛ ✦✤✤✩

✛✗✩✴✗✦✥✛✣✦✗✫ ❭✧ ✖✗✥✛✢✧✲ ✢✛ t✤✜✗✜ ✤❡✪✲✗✧ ✥✧✘ ✛✣✦✧✜ ✪✗tt✤✯✫

❤❪❫❴✐♥❣ ❵
❵

❜
❞❢❥ ❞❢ ❥ ❦♠

❦

♦ ♣
qqqqr ✉ ✉

❧✤✯ ✛✖✗✦✗ ✢✜ ✗❡✚✗✜✜ ✤✙ ✈✢✧✚ ✢✧ ✛✖✗ ✚✦✪✜✛✥t ✥✧✘ ✢✛✜ ✙✤✦✩✣t✥ ★✗✚✤✩✗✜

❬✧✇❏①❭✫ ❚✖✗ ✗❡✚✗✜✜ ❬✧
②❏
✢✤✧✜ ✩✤✰✗ ✛✤ ✢✧✛✗✦✜✛✢✛✢✥t ✜✢✛✗✜ ✥✧✘ ✛✖✗ ✗t✗✚✛✦✤✧✜

✛✤ ✧✗✢✲✖★✤✣✦✢✧✲ ✢✧✛✗✦✜✛✢✛✢✥t ✜✢✛✗✜✫

✶✢✢✸ ▼✹✺✻✼ ❁✹❂❉✿❉✹❇✿③ ❁✹❂✹✿✺

❚✖✗✦✗ ✥✦✗ ✩✥✧✪ ✜✤t✢✘✜ ✯✖✢✚✖ ✥✦✗ ✘✢✙✙✢✚✣t✛ ✛✤ ✴✦✗✴✥✦✗ ✢✧ ✛✖✗

✜✛✤✢✚✖✢✤✩✗✛✦✢✚ ✚✤✩✴✤✜✢✛✢✤✧ ✥✧✘ ✚✤✧✛✥✢✧ t✗✜✜ ✥✩✤✣✧✛ ✤✙ ✛✖✗ ✩✗✛✥t ✥✜

✚✤✩✴✥✦✗✘ ✛✤ ✛✖✗ ✜✛✤✢✚✖✢✤✩✗✛✦✢✚ ✴✦✤✴✤✦✛✢✤✧✫ ❋ ✛✪✴✢✚✥t ✗❡✥✩✴t✗ ✤✙

✛✖✢✜ ✛✪✴✗ ✢✜ ❛✗❭ ✯✖✢✚✖ ✢✜ ✩✤✜✛t✪ ✙✤✣✧✘ ✯✢✛✖ ✥ ✚✤✩✴✤✜✢✛✢✤✧ ✤✙ ❛✗④⑤⑥⑦❭✫

⑧✛ ✩✥✪ ✥✚✛✣✥tt✪ ✦✥✧✲✗ ✙✦✤✩ ❛✗④⑤⑥⑨❭ ✛✤ ❛✗④⑤⑥⑩❭✫ ⑧✧ ✚✦✪✜✛✥t✜ ✤✙ ❛✗❭

✜✤✩✗ ❛✗
②❏
✚✥✛✢✤✧✜ ✥✦✗ ✩✢✜✜✢✧✲ ✥✧✘ ✛✖✗ t✤✜✜ ✤✙ ✴✤✜✢✛✢✰✗ ✚✖✥✦✲✗ ✢✜

✩✥✘✗ ✣✴ ★✪ ✛✖✗ ✴✦✗✜✗✧✚✗ ✤✙ ✦✗❶✣✢✦✗✘ ✧✣✩★✗✦ ✤✙ ❛✗
⑨❏
✢✤✧✜✫

❲✤t✢✘✜ ✗❡✖✢★✢✛ ✥✧ ✥✩✥✈✢✧✲ ✦✥✧✲✗ ✤✙ ✗t✗✚✛✦✢✚✥t ✚✤✧✘✣✚✛✢✰✢✛✢✗✜✱ ✗❡✛✗✧✘✢✧✲

✤✰✗✦ ▲❷ ✤✦✘✗✦✜ ✤✙ ✩✥✲✧✢✛✣✘✗ ✦✥✧✲✢✧✲ ✙✦✤✩ ❑❸
➊②④

✛✤ ❑❸
❹

✤✖✩
➊✇
✩
➊✇
✫

❲✤t✢✘✜ ✚✥✧ ★✗ ✚t✥✜✜✢✙✢✗✘ ✢✧✛✤ ✛✖✦✗✗ ✛✪✴✗✜ ✤✧ ✛✖✗ ★✥✜✢✜ ✤✙ ✛✖✗✢✦

✚✤✧✘✣✚✛✢✰✢✛✢✗✜✫

✶✢✸ ❺❆❇❄❅✿✺❆❘❀✵ ❚✖✗ ✜✤t✢✘✜ ✯✢✛✖ ✚✤✧✘✣✚✛✢✰✢✛✢✗✜ ✦✥✧✲✢✧✲ ★✗✛✯✗✗✧ ❑❸
❻

✛✤ ❑❸
❹
✤✖✩

➊✇
✩
➊✇
✥✦✗ ✚✥tt✗✘ ✚✤✧✘✣✚✛✤✦✜✫ ❼✗✛✥t✜ ✖✥✰✗ ✚✤✧✘✣✚✛✢✰✢✛✢✗✜

✢✧ ✛✖✗ ✤✦✘✗✦ ✤✙ ❑❸
❹
✤✖✩

➊✇
✩
➊✇
✥✦✗ ✲✤✤✘ ✚✤✧✘✣✚✛✤✦✜✫

1.10 Electrical

Properties

❽✍❾❿ ➀❿➁➂➃ ➄➅ ➆➇➈➉➅➋➌➉ ➍➅ ➎ ➈➌➏➐➋➎➑



✷� ❚✁✂ ✄☎✆✝✞ ✄✟✠✟✂

✭✡✡☛ ■☞✌✍✎✏✑✒✓✌ ✥ ✔✕✖✗✖ ✘✙✖ ✚✕✖ ✗✛✜✡✢✗ ✣✡✚✕ ✤✖✙✦ ✜✛✣ ✧✛★✢✩✧✚✡✤✡✚✡✖✗

✙✘★r✡★r ✪✖✚✣✖✖★ ✫✬
➊✮✯

✚✛ ✫✬
➊✰✯

✛✕✱
➊✰

✱
➊✰
✳

✭✡✡✡☛ ❙✲✴✵✶✒☞✸✍✶✑✒✓✌ ✥ ✔✕✖✗✖ ✘✙✖ ✚✕✖ ✗✛✜✡✢✗ ✣✡✚✕ ✧✛★✢✩✧✚✡✤✡✚✡✖✗ ✡★ ✚✕✖

✡★✚✖✙✱✖✢✡✘✚✖ ✙✘★r✖ ✐✙✛✱ ✫✬
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❛ ✥✹❛✛❛✥✩✭✛✜✤✩✜✥ s❛✰✭★✥✭ ✢✪ ✪✢✣✛ ❛★✮ ✪✢✛✦ ✪✢✣✛ ✧✢★✮✤ ❛✤ ✜★ ✮✜❛✦✢★✮✱ ✽
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❛✛✭ ✤✢✦✭ ✭❋❛✦✬✰✭✤ ✢✪ ✤✣✥✹ ✤✣✧✤✩❛★✥✭✤✱

1.11 Magnetic

Properties

❣☞❤✐❥✐❦❥❧ qrt✉✈✇①②③①④✉✈ ✉⑤ ①⑥r t③⑦✈r①④⑧ t✉tr✈①

③✇✇✉⑧④③①r⑨ ⑩④①⑥ ❶③❷ ③✈ ✉②❸④①④✈⑦ r❹r⑧①②✉✈

③✈⑨ ❶❸❷ ③ ✇❺④✈✈④✈⑦ r❹r⑧①②✉✈❻
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Intext Questions

✶✡✶☛ ❲☞✌✍ ✍✎✏✑ ✒✓ ✔✑✓✑✕✍ ✕✌✖ ✌✗✘✙✑ ✚☞✑✖ ✌ ✙✒✛✘✔ ✘✙ ☞✑✌✍✑✔✜ ❲☞✘✕☞ ✏☞✎✙✘✕✌✛

✏✗✒✏✑✗✍✎ ✘✙ ✌✓✓✑✕✍✑✔ ♣✎ ✘✍ ✌✖✔ ✘✖ ✚☞✌✍ ✚✌✎✜

✶✡✢✣ ❲☞✌✍ ✍✎✏✑ ✒✓ ✙✍✒✘✕☞✘✒✤✑✍✗✘✕ ✔✑✓✑✕✍ ✘✙ ✙☞✒✚✖ ♣✎✥

✭✘✮ ❩✖❙ ✭✘✘✮ ✦✧★✗

✶✡✢✶ ❊✩✏✛✌✘✖ ☞✒✚ ✪✌✕✌✖✕✘✑✙ ✌✗✑ ✘✖✍✗✒✔✫✕✑✔ ✘✖ ✌✖ ✘✒✖✘✕ ✙✒✛✘✔ ✚☞✑✖ ✌ ✕✌✍✘✒✖

✒✓ ☞✘✧☞✑✗ ✪✌✛✑✖✕✑ ✘✙ ✌✔✔✑✔ ✌✙ ✌✖ ✘✤✏✫✗✘✍✎ ✘✖ ✘✍♦
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❁✁✠t❄ ❀✂✆✟✝✿❉ ❄☎✝✿✟❁ ✠✿✞ ✠t✂ ✝❁☎✟t☎❄✝❈ ✝✿ ✿✠✟❃t✂❅ ❍✿ ❈t❖❁✟✠✆✆✝✿✂ ❁☎✆✝✞❁ ✟✁✂t✂ ✝❁ ✆☎✿❉

t✠✿❉✂ ☎t✞✂t ✝✿ ✟✁✂ ✠tt✠✿❉✂❀✂✿✟ ☎✾ ✟✁✂✝t ❈☎✿❁✟✝✟❃✂✿✟ ❄✠t✟✝❈✆✂❁❅ ❚✁✂❖ ✁✠✽✂ ❁✁✠t❄

❀✂✆✟✝✿❉ ❄☎✝✿✟❁❂ ✠t✂ ✠✿✝❁☎✟t☎❄✝❈ ✝✿ ✿✠✟❃t✂ ✠✿✞ ✟✁✂✝t ❄✠t✟✝❈✆✂❁ ✁✠✽✂ ❈✁✠t✠❈✟✂t✝❁✟✝❈

❁✁✠❄✂❁❅ ❨t☎❄✂t✟✝✂❁ ☎✾ ❱❑❝✼s❛✹✹✺r◗ ❁☎✆✝✞❁ ✞✂❄✂✿✞ ❃❄☎✿ ✟✁✂ ✿✠✟❃t✂ ☎✾ ✝✿✟✂t✠❈✟✝☎✿❁

❋✂✟●✂✂✿ ✟✁✂✝t ❈☎✿❁✟✝✟❃✂✿✟ ❄✠t✟✝❈✆✂❁❅ ❜✿ ✟✁✝❁ ❋✠❁✝❁❂ ✟✁✂❖ ❈✠✿ ❋✂ ✞✝✽✝✞✂✞ ✝✿✟☎ ✾☎❃t

❈✠✟✂❉☎t✝✂❁❂ ✿✠❀✂✆❖❬ ❏✸✹◗❱◆✹❛❑❂ ✺✸r✺❱❂ ❏◗s❛✹✹✺❱ ✠✿✞ ❱✸❭❛✹◗rs ❁☎✆✝✞❁❅ ❚✁✂❖ ✞✝✾✾✂t

●✝✞✂✆❖ ✝✿ ✟✁✂✝t ❄t☎❄✂t✟✝✂❁❅

❚✁✂ ❈☎✿❁✟✝✟❃✂✿✟ ❄✠t✟✝❈✆✂❁ ✝✿ ❈t❖❁✟✠✆✆✝✿✂ ❁☎✆✝✞❁ ✠t✂ ✠tt✠✿❉✂✞ ✝✿ ✠ t✂❉❃✆✠t ❄✠✟✟✂t✿

●✁✝❈✁ ✂❇✟✂✿✞❁ ✟✁t☎❃❉✁☎❃✟ ✟✁✂ ❈t❖❁✟✠✆❅ ❚✁✝❁ ✠tt✠✿❉✂❀✂✿✟ ✝❁ ☎✾✟✂✿ ✞✂❄✝❈✟✂✞ ✝✿ ✟✁✂

✾☎t❀ ☎✾ ✠ ✟✁t✂✂ ✞✝❀✂✿❁✝☎✿✠✆ ✠tt✠❖ ☎✾ ❄☎✝✿✟❁ ●✁✝❈✁ ✝❁ ❈✠✆✆✂✞ ❈t❖❁✟✠✆ ✆✠✟✟✝❈✂❅ ❢✠❈✁

✹❛ss✺❱◗ ▲✸✺rs ❉✝✽✂❁ ✟✁✂ ✆☎❈✠✟✝☎✿ ☎✾ ☎✿✂ ❄✠t✟✝❈✆✂ ✝✿ ❁❄✠❈✂❅ ❍✿ ✠✆✆❂ ✾☎❃t✟✂✂✿ ✞✝✾✾✂t✂✿✟

✟❖❄✂❁ ☎✾ ✆✠✟✟✝❈✂❁ ✠t✂ ❄☎❁❁✝❋✆✂ ●✁✝❈✁ ✠t✂ ❈✠✆✆✂✞ ❪❑❛❭❛✺✼ ✹❛ss✺❱◗✼❅ ❢✠❈✁ ✆✠✟✟✝❈✂ ❈✠✿ ❋✂

❉✂✿✂t✠✟✂✞ ❋❖ t✂❄✂✠✟✝✿❉ ✝✟❁ ❁❀✠✆✆ ❈✁✠t✠❈✟✂t✝❁✟✝❈ ❄☎t✟✝☎✿ ❈✠✆✆✂✞ ◆r✺s ❱◗✹✹❅ ❫ ❃✿✝✟ ❈✂✆✆

✝❁ ❈✁✠t✠❈✟✂t✝❁✂✞ ❋❖ ✝✟❁ ✂✞❉✂ ✆✂✿❉✟✁❁ ✠✿✞ ✟✁t✂✂ ✠✿❉✆✂❁ ❋✂✟●✂✂✿ ✟✁✂❁✂ ✂✞❉✂❁❅ ❴✿✝✟

❈✂✆✆❁ ❈✠✿ ❋✂ ✂✝✟✁✂t ▲❑✺❏✺s✺❭◗ ●✁✝❈✁ ✁✠✽✂ ❄✠t✟✝❈✆✂❁ ☎✿✆❖ ✠✟ ✟✁✂✝t ❈☎t✿✂t ❄☎❁✝✟✝☎✿❁ ☎t

❱◗rs❑◗✻❅ ❚✁✂ ❈✂✿✟t✂✞ ❃✿✝✟ ❈✂✆✆❁ ✁✠✽✂ ✠✞✞✝✟✝☎✿✠✆ ❄✠t✟✝❈✆✂❁ ✠✟ ✟✁✂✝t ❋☎✞❖ ❈✂✿✟t✂ ❵❞✸✻❝❡

❱◗rs❑◗✻❣❂ ✠✟ ✟✁✂ ❈✂✿✟t✂ ☎✾ ✂✠❈✁ ✾✠❈✂ ❵❤❛❱◗❡❱◗rs❑◗✻❣ ☎t ✠✟ ✟✁✂ ❈✂✿✟t✂ ☎✾ ✟●☎ ☎❄❄☎❁✝✟✂

✾✠❈✂❁ ❵◗r✻❡❱◗rs❑◗✻❣❅ ❚✁✂t✂ ✠t✂ ❁✂✽✂✿ ✟❖❄✂❁ ☎✾ ▲❑✺❏✺s✺❭◗ ◆r✺s ❈✂✆✆❁❅ ❚✠❯✝✿❉ ❈✂✿✟t✂✞

❃✿✝✟ ❈✂✆✆❁ ✠✆❁☎ ✝✿✟☎ ✠❈❈☎❃✿✟❂ ✟✁✂t✂ ✠t✂ ✾☎❃t✟✂✂✿ ✟❖❄✂❁ ☎✾ ❃✿✝✟ ❈✂✆✆❁ ✝✿ ✠✆✆❂ ●✁✝❈✁

t✂❁❃✆✟ ✝✿ ✾☎❃t✟✂✂✿ ❪❑❛❭❛✺✼ ✹❛ss✺❱◗✼❅

❥✹✸✼◗❡▲❛❱❦✺rP ☎✾ ❄✠t✟✝❈✆✂❁ t✂❁❃✆✟ ✝✿ ✟●☎ ✁✝❉✁✆❖ ✂✾✾✝❈✝✂✿✟ ✆✠✟✟✝❈✂❁❂ ▼◗❧❛P✸r❛✹

❱✹✸✼◗❡▲❛❱❦◗✻ ❵▼❱▲❣ ✠✿✞ ❱◆❞✺❱ ❱✹✸✼◗❡▲❛❱❦◗✻ ❵❱❱▲❣❅ ❚✁✂ ✆✠✟✟✂t ✝❁ ✠✆❁☎ ❈✠✆✆✂✞ ✾✠❈✂♠

❈✂✿✟t✂✞ ❈❃❋✝❈ ❵❤❱❱❣ ✆✠✟✟✝❈✂❅ ❍✿ ❋☎✟✁ ☎✾ ✟✁✂❁✂ ❄✠❈❯✝✿❉❁ ♥q✉ ❁❄✠❈✂ ✝❁ ✾✝✆✆✂✞❅ ❚✁✂

t✂❀✠✝✿✝✿❉ ❁❄✠❈✂ ✝❁ ❄t✂❁✂✿✟ ✝✿ ✟✁✂ ✾☎t❀ ☎✾ ✟●☎ ✟❖❄✂❁ ☎✾ ✽☎✝✞❁♠☎❈✟✠✁✂✞t✠✆ ✽☎✝✞❁ ✠✿✞

✟✂✟t✠✁✂✞t✠✆ ✽☎✝✞❁❅ ❜✟✁✂t ✟❖❄✂❁ ☎✾ ❄✠❈❯✝✿❉ ✠t✂ ✿☎✟ ❈✆☎❁✂♠❄✠❈❯✝✿❉❁ ✠✿✞ ✁✠✽✂ ✆✂❁❁

Summary



✸�❈✁✂✄☎✆✝✞✟

Exercises

✂❡❡☎✠☎✂✡✝ ☛☞✠✌☎✡✍ ✎❡ ☛☞✞✝☎✠✏✂✆✑ ✒✁☎✏✂ ☎✡ ❜✓✔✕✖✗✘✙✚✛✘✔ ✗❝❜✜✗ ✢✣✚✚✜✗✘ ✥❜✗✗✮ ✤✦✧ ✆☛☞✠✂

☎✆ ❡☎✏✏✂✐★ ☎✡ ✆☎✄☛✏✂ ✠✩✪☎✠ ✏☞✝✝☎✠✂ ✎✡✏✟ ✫✬✑✭ ✧ ✆☛☞✠✂ ☎✆ ❡☎✏✏✂✐✑

❙✎✏☎✐✆ ☞✞✂ ✡✎✝ ☛✂✞❡✂✠✝ ☎✡ ✆✝✞✩✠✝✩✞✂✑ ✯✁✂✞✂ ☞✞✂ ✐☎❡❡✂✞✂✡✝ ✝✟☛✂✆ ✎❡ ✜✰✱✘✛✲✘✗✚✜✓✙✳

✎✞ ✔✘✲✘✗✚✳ ☎✡ ✝✁✂✄✑ ✴✎☎✡✝ ✐✂❡✂✠✝✆ ☞✡✐ ✏☎✡✂ ✐✂❡✂✠✝✆ ☞✞✂ ✠✎✄✄✎✡ ✝✟☛✂✆ ✎❡ ✐✂❡✂✠✝✆✑

✴✎☎✡✝ ✐✂❡✂✠✝✆ ☞✞✂ ✎❡ ✝✁✞✂✂ ✝✟☛✂✆ P ✳✚✓✜✗s✜✓✰✘✚✛✜✗ ✔✘✲✘✗✚✳★ ✜✰✱❝✛✜✚✕ ✔✘✲✘✗✚✳ ☞✡✐

✙✓✙✖✳✚✓✜✗s✜✓✰✘✚✛✜✗ ✔✘✲✘✗✚✳✑ ❱✣✗✣✙✗✕ ✔✘✲✘✗✚✳ ☞✡✐ ✜✙✚✘✛✳✚✜✚✜✣✢ ✔✘✲✘✗✚✳ ☞✞✂ ✝✁✂

✝t✎ ✪☞✆☎✠ ✝✟☛✂✆ ✎❡ ✆✝✎☎✠✁☎✎✄✂✝✞☎✠ ☛✎☎✡✝ ✐✂❡✂✠✝✆✑ ✵✡ ☎✎✡☎✠ ✆✎✏☎✐✆★ ✝✁✂✆✂ ✐✂❡✂✠✝✆ ☞✞✂

☛✞✂✆✂✡✝ ☞✆ ❋✛✘✙✶✘✢ ☞✡✐ ✷✗s✓✚✚✶✕ ✔✘✲✘✗✚✳✑ ✵✄☛✩✞☎✝✟ ✐✂❡✂✠✝✆ ☞✞✂ ✠☞✩✆✂✐ ✪✟ ✝✁✂

☛✞✂✆✂✡✠✂ ✎❡ ☞✡ ☎✄☛✩✞☎✝✟ ☎✡ ✝✁✂ ✠✞✟✆✝☞✏✑ ✵✡ ☎✎✡☎✠ ✆✎✏☎✐✆★ t✁✂✡ ✝✁✂ ☎✎✡☎✠ ☎✄☛✩✞☎✝✟ ✁☞✆

☞ ✐☎❡❡✂✞✂✡✝ ❛☞✏✂✡✠✂ ✝✁☞✡ ✝✁✂ ✄☞☎✡ ✠✎✄☛✎✩✡✐★ ✆✎✄✂ ❛☞✠☞✡✠☎✂✆ ☞✞✂ ✠✞✂☞✝✂✐✑ ✹✎✡P

✆✝✎☎✠✁☎✎✄✂✝✞☎✠ ✐✂❡✂✠✝✆ ☞✞✂ ✎❡ ✄✂✝☞✏ ✂✺✠✂✆✆ ✝✟☛✂ ☞✡✐ ✄✂✝☞✏ ✐✂❡☎✠☎✂✡✝ ✝✟☛✂✑ ❙✎✄✂✝☎✄✂✆

✠☞✏✠✩✏☞✝✂✐ ☞✄✎✩✡✝✆ ✎❡ ☎✄☛✩✞☎✝☎✂✆ ☞✞✂ ☎✡✝✞✎✐✩✠✂✐ ✪✟ ✔✓✱✜✙❞ ✜✙ ✳✘✰✜✗✓✙✔❝✗✚✓✛✳

✝✁☞✝ ✠✁☞✡✍✂ ✝✁✂☎✞ ✂✏✂✠✝✞☎✠☞✏ ☛✞✎☛✂✞✝☎✂✆✑ ❙✩✠✁ ✄☞✝✂✞☎☞✏✆ ☞✞✂ t☎✐✂✏✟ ✩✆✂✐ ☎✡ ✂✏✂✠✝✞✎✡☎✠✆

☎✡✐✩✆✝✞✟✑ ❙✎✏☎✐✆ ✆✁✎t ✄☞✡✟ ✝✟☛✂✆ ✎❡ ✄☞✍✡✂✝☎✠ ☛✞✎☛✂✞✝☎✂✆ ✏☎✌✂ ✱✣✛✣✰✣❞✙✘✚✜✳✰★

✔✜✣✰✣❞✙✘✚✜✳✰★ ✲✘✛✛✓✰✣❞✙✘✚✜✳✰★ ✣✙✚✜✲✘✛✛✓✰✣❞✙✘✚✜✳✰ ☞✡✐ ✲✘✛✛✜✰✣❞✙✘✚✜✳✰✑

✯✁✂✆✂ ☛✞✎☛✂✞✝☎✂✆ ☞✞✂ ✩✆✂✐ ☎✡ ☞✩✐☎✎★ ❛☎✐✂✎ ☞✡✐ ✎✝✁✂✞ ✞✂✠✎✞✐☎✡✍ ✐✂❛☎✠✂✆✑ ❚✏✏ ✝✁✂✆✂

☛✞✎☛✂✞✝☎✂✆ ✠☞✡ ✪✂ ✠✎✞✞✂✏☞✝✂✐ t☎✝✁ ✝✁✂☎✞ ✂✏✂✠✝✞✎✡☎✠ ✠✎✡❡☎✍✩✞☞✝☎✎✡✆ ✎✞ ✆✝✞✩✠✝✩✞✂✆✑
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❜❝❞ ✲✓✒✷✛✒✓✔✗ ✔✚✗ ✜✓✮✮ s✗✣✷✗✙✔✓✥✗ ✑✘ ✢✗✙✽✗✙✗ ✭✲❢❈❢✠ ✓✙✖ ✷✓✣✢✑✙ ✔✗✔✣✓✷✚✒✑✣✟✖✗

✭✲✲✒❀✠ ✟✘ ★★ ✥ ✑✘ ✢✗✙✽✗✙✗ ✟✮ ✖✟✮✮✑✒✞✗✖ ✟✙ ✬★★ ✥ ✑✘ ✷✓✣✢✑✙ ✔✗✔✣✓✷✚✒✑✣✟✖✗✩

❜❝❜ ✲✓✒✷✛✒✓✔✗ ✔✚✗ ✜✑✒✗ ✘✣✓✷✔✟✑✙ ✑✘ ✢✗✙✽✗✙✗ ✟✙ ✮✑✒✛✔✟✑✙ ✷✑✙✔✓✟✙✟✙✥ ❣✯♦ ✢✕

✜✓✮✮ ✟✙ ✷✓✣✢✑✙ ✔✗✔✣✓✷✚✒✑✣✟✖✗✩

❜❝❤ ✲✓✒✷✛✒✓✔✗ ✔✚✗ ✜✑✒✓✣✟✔✕ ✑✘ ✗✓✷✚ ✑✘ ✔✚✗ ✘✑✒✒✑✵✟✙✥ ✮✑✒✛✔✟✑✙✮✿ ✭✓✠ ❣✯ ✥ ✑✘

✲✑✭❥✻✺✠✾✩ ❃❈✾✻ ✟✙ ✳✩❣ ❛ ✑✘ ✮✑✒✛✔✟✑✙ ✭✢✠ ❣✯ ✜❛ ✑✘ ✯✩✴ ✏ ❈✾✹✻❀ ✖✟✒✛✔✗✖ ✔✑

✴✯✯ ✜❛✩

❜❝❦ ✲✓✒✷✛✒✓✔✗ ✔✚✗ ✜✓✮✮ ✑✘ ✛✣✗✓ ✭❥❈✾✲✻❥❈✾✠ ✣✗❡✛✟✣✗✖ ✟✙ ✜✓✤✟✙✥ ★✩✴ ✤✥ ✑✘

✯✩★✴ ✜✑✒✓✒ ✓❡✛✗✑✛✮ ✮✑✒✛✔✟✑✙✩

❜❝♥ ✲✓✒✷✛✒✓✔✗ ✭✓✠ ✜✑✒✓✒✟✔✕ ✭✢✠ ✜✑✒✓✣✟✔✕ ✓✙✖ ✭✷✠ ✜✑✒✗ ✘✣✓✷✔✟✑✙ ✑✘ ✱✐ ✟✘ ✔✚✗ ✖✗✙✮✟✔✕

✑✘ ★✯♦ ✭✜✓✮✮❖✜✓✮✮✠ ✓❡✛✗✑✛✮ ✱✐ ✟✮ ✬✩★✯★ ✥ ✜❛
♣❅
✩



✸�❈✁✂✄☎✆✝✞✟

❊✠✡☛☞ ✌✍✎✏✑ ✑✍✡✌ ✒✍✓ ✑✏✌✌✍✎✠✡ ✏✒ ✔ ✕✏✠✡✒ ✎✏✖✗✏✑✘ ✙✚✏✎✡ ✌✍✑✏✗✛ ✜✚✎✍☛✏✑✡

✔✒✑ ✌✗✕✔☛ ✑✏✌✌✍✎✠✡ ☛✡✔✑✏✎☞ ✏✒ ❛✔✓✡☛✱ ✒✔✢✚✓✚✔✎✡✒✡ ✔✒✑ ✔✒✓✚☛✔✜✡✒✡ ✑✍

✒✍✓✘ ♥✒ ✓✚✡ ✍✓✚✡☛ ✚✔✒✑✱ ✒✔✢✚✓✚✔✎✡✒✡ ✔✒✑ ✔✒✓✚☛✔✜✡✒✡ ✑✏✌✌✍✎✠✡ ☛✡✔✑✏✎☞ ✏✒

❜✡✒✣✡✒✡ ❜✗✓ ✌✍✑✏✗✛ ✜✚✎✍☛✏✑✡ ✔✒✑ ✌✗✕✔☛ ✑✍ ✒✍✓✘ ✤✓ ✏✌ ✍❜✌✡☛✠✡✑ ✓✚✔✓

✢✍✎✔☛ ✌✍✎✗✓✡✌ ✑✏✌✌✍✎✠✡ ✏✒ ✢✍✎✔☛ ✌✍✎✠✡✒✓✌ ✔✒✑ ✒✍✒ ✢✍✎✔☛ ✌✍✎✗✓✡✌ ✏✒ ✒✍✒♣

✢✍✎✔☛ ✌✍✎✠✡✒✓✌✘ ✤✒ ✕✡✒✡☛✔✎✱ ✔ ✌✍✎✗✓✡ ✑✏✌✌✍✎✠✡✌ ✏✒ ✔ ✌✍✎✠✡✒✓ ✏✥ ✓✚✡

✏✒✓✡☛✛✍✎✡✜✗✎✔☛ ✏✒✓✡☛✔✜✓✏✍✒✌ ✔☛✡ ✌✏✛✏✎✔☛ ✏✒ ✓✚✡ ✓❛✍ ✍☛ ❛✡ ✛✔☞ ✌✔☞ ❧✦✧★

❞✦✩✩✪❧✫★✩ ❧✦✧★✘

✙✚✡✒ ✔ ✌✍✎✏✑ ✌✍✎✗✓✡ ✏✌ ✔✑✑✡✑ ✓✍ ✓✚✡ ✌✍✎✠✡✒✓✱ ✌✍✛✡ ✌✍✎✗✓✡ ✑✏✌✌✍✎✠✡✌

✔✒✑ ✏✓✌ ✜✍✒✜✡✒✓☛✔✓✏✍✒ ✏✒✜☛✡✔✌✡✌ ✏✒ ✌✍✎✗✓✏✍✒✘ ✬✚✏✌ ✢☛✍✜✡✌✌ ✏✌ ✭✒✍❛✒ ✔✌

✑✏✌✌✍✎✗✓✏✍✒✘ ✮✍✛✡ ✌✍✎✗✓✡ ✢✔☛✓✏✜✎✡✌ ✏✒ ✌✍✎✗✓✏✍✒ ✜✍✎✎✏✑✡ ❛✏✓✚ ✓✚✡ ✌✍✎✏✑ ✌✍✎✗✓✡

✢✔☛✓✏✜✎✡✌ ✔✒✑ ✕✡✓ ✌✡✢✔☛✔✓✡✑ ✍✗✓ ✍✥ ✌✍✎✗✓✏✍✒✘ ✬✚✏✌ ✢☛✍✜✡✌✌ ✏✌ ✭✒✍❛✒ ✔✌

✜☛☞✌✓✔✎✎✏✌✔✓✏✍✒✳ ✯ ✌✓✔✕✡ ✏✌ ☛✡✔✜✚✡✑ ❛✚✡✒ ✓✚✡ ✓❛✍ ✢☛✍✜✡✌✌✡✌ ✍✜✜✗☛ ✔✓ ✓✚✡

✌✔✛✡ ☛✔✓✡✘ s✒✑✡☛ ✌✗✜✚ ✜✍✒✑✏✓✏✍✒✌✱ ✒✗✛❜✡☛ ✍✥ ✌✍✎✗✓✡ ✢✔☛✓✏✜✎✡✌ ✕✍✏✒✕

✏✒✓✍ ✌✍✎✗✓✏✍✒ ❛✏✎✎ ❜✡ ✡✖✗✔✎ ✓✍ ✓✚✡ ✌✍✎✗✓✡ ✢✔☛✓✏✜✎✡✌ ✌✡✢✔☛✔✓✏✒✕ ✍✗✓ ✔✒✑

✔ ✌✓✔✓✡ ✍✥ ✑☞✒✔✛✏✜ ✡✖✗✏✎✏❜☛✏✗✛ ✏✌ ☛✡✔✜✚✡✑✘

✮✍✎✗✓✡ ❙ ✮✍✎✠✡✒✓ ✰ ✮✍✎✗✓✏✍✒ ✲✴✘✵✶✷

✯✓ ✓✚✏✌ ✌✓✔✕✡ ✓✚✡ ✜✍✒✜✡✒✓☛✔✓✏✍✒ ✍✥ ✌✍✎✗✓✡ ✏✒ ✌✍✎✗✓✏✍✒ ❛✏✎✎ ☛✡✛✔✏✒

✜✍✒✌✓✔✒✓ ✗✒✑✡☛ ✓✚✡ ✕✏✠✡✒ ✜✍✒✑✏✓✏✍✒✌✱ ✏✘✡✘✱ ✓✡✛✢✡☛✔✓✗☛✡ ✔✒✑ ✢☛✡✌✌✗☛✡✘

✮✏✛✏✎✔☛ ✢☛✍✜✡✌✌ ✏✌ ✥✍✎✎✍❛✡✑ ❛✚✡✒ ✕✔✌✡✌ ✔☛✡ ✑✏✌✌✍✎✠✡✑ ✏✒ ✎✏✖✗✏✑ ✌✍✎✠✡✒✓✌✘

✮✗✜✚ ✔ ✌✍✎✗✓✏✍✒ ✏✒ ❛✚✏✜✚ ✒✍ ✛✍☛✡ ✌✍✎✗✓✡ ✜✔✒ ❜✡ ✑✏✌✌✍✎✠✡✑ ✔✓ ✓✚✡ ✌✔✛✡

✓✡✛✢✡☛✔✓✗☛✡ ✔✒✑ ✢☛✡✌✌✗☛✡ ✏✌ ✜✔✎✎✡✑ ✔ ✩✹✺✻✼✹✺★❞ ✩✪❧✻✺✦✪✽✘ ✯✒

✉✾✿❀❁✉❂❀❁❃❄ ✿❅❆✉❁❇❅✾ ✏✌ ✍✒✡ ✏✒ ❛✚✏✜✚ ✛✍☛✡ ✌✍✎✗✓✡ ✜✔✒ ❜✡ ✑✏✌✌✍✎✠✡✑ ✔✓

✓✚✡ ✌✔✛✡ ✓✡✛✢✡☛✔✓✗☛✡✘ ✬✚✡ ✌✍✎✗✓✏✍✒ ❛✚✏✜✚ ✏✌ ✏✒ ✑☞✒✔✛✏✜ ✡✖✗✏✎✏❜☛✏✗✛

❛✏✓✚ ✗✒✑✏✌✌✍✎✠✡✑ ✌✍✎✗✓✡ ✏✌ ✓✚✡ ✌✔✓✗☛✔✓✡✑ ✌✍✎✗✓✏✍✒ ✔✒✑ ✜✍✒✓✔✏✒✌ ✓✚✡

✛✔♠✏✛✗✛ ✔✛✍✗✒✓ ✍✥ ✌✍✎✗✓✡ ✑✏✌✌✍✎✠✡✑ ✏✒ ✔ ✕✏✠✡✒ ✔✛✍✗✒✓ ✍✥ ✌✍✎✠✡✒✓✘

✬✚✗✌✱ ✓✚✡ ✜✍✒✜✡✒✓☛✔✓✏✍✒ ✍✥ ✌✍✎✗✓✡ ✏✒ ✌✗✜✚ ✔ ✌✍✎✗✓✏✍✒ ✏✌ ✏✓✌ ✌✍✎✗❜✏✎✏✓☞✘

❊✔☛✎✏✡☛ ❛✡ ✚✔✠✡ ✍❜✌✡☛✠✡✑ ✓✚✔✓ ✌✍✎✗❜✏✎✏✓☞ ✍✥ ✍✒✡ ✌✗❜✌✓✔✒✜✡ ✏✒✓✍

✔✒✍✓✚✡☛ ✑✡✢✡✒✑✌ ✍✒ ✓✚✡ ✒✔✓✗☛✡ ✍✥ ✓✚✡ ✌✗❜✌✓✔✒✜✡✌✘ ✤✒ ✔✑✑✏✓✏✍✒ ✓✍ ✓✚✡✌✡

✠✔☛✏✔❜✎✡✌✱ ✓❛✍ ✍✓✚✡☛ ✢✔☛✔✛✡✓✡☛✌✱ ✏✘✡✘✱ ✓✡✛✢✡☛✔✓✗☛✡ ✔✒✑ ✢☛✡✌✌✗☛✡ ✔✎✌✍

✜✍✒✓☛✍✎ ✓✚✏✌ ✢✚✡✒✍✛✡✒✍✒✘

❉❋❋●❍■ ❏❋ ■●❑▲●▼◆■❖▼●

✬✚✡ ✌✍✎✗❜✏✎✏✓☞ ✍✥ ✔ ✌✍✎✏✑ ✏✒ ✔ ✎✏✖✗✏✑ ✏✌ ✌✏✕✒✏✥✏✜✔✒✓✎☞ ✔✥✥✡✜✓✡✑ ❜☞ ✓✡✛✢✡☛✔✓✗☛✡

✜✚✔✒✕✡✌✘ ❝✍✒✌✏✑✡☛ ✓✚✡ ✡✖✗✏✎✏❜☛✏✗✛ ☛✡✢☛✡✌✡✒✓✡✑ ❜☞ ✡✖✗✔✓✏✍✒ ✴✘✵✶✘ ✬✚✏✌✱

❜✡✏✒✕ ✑☞✒✔✛✏✜ ✡✖✗✏✎✏❜☛✏✗✛✱ ✛✗✌✓ ✥✍✎✎✍❛ P★ ◗❘✹✺★❧✦★✼✩ ❚✼✦✽❯✦❱❧★✳ ✤✒

✕✡✒✡☛✔✎✱ ✏✥ ✏✒ ✔ ✾❃❀❂❆❲ ✿❀❁✉❂❀❁❃❄ ✿❅❆✉❁❇❅✾❳ ✓✚✡ ✑✏✌✌✍✎✗✓✏✍✒ ✢☛✍✜✡✌✌ ✏✌

✡✒✑✍✓✚✡☛✛✏✜ ✲❨❩❬❭ ❪ ❫ ✶✷✱ ✓✚✡ ✌✍✎✗❜✏✎✏✓☞ ✌✚✍✗✎✑ ✏✒✜☛✡✔✌✡ ❛✏✓✚ ☛✏✌✡ ✏✒

✓✡✛✢✡☛✔✓✗☛✡ ✔✒✑ ✏✥ ✏✓ ✏✌ ✡♠✍✓✚✡☛✛✏✜ ✲❨❩❬❭ ❪ ❫ ✶✷ ✓✚✡ ✌✍✎✗❜✏✎✏✓☞ ✌✚✍✗✎✑

✑✡✜☛✡✔✌✡✘ ✬✚✡✌✡ ✓☛✡✒✑✌ ✔☛✡ ✔✎✌✍ ✍❜✌✡☛✠✡✑ ✡♠✢✡☛✏✛✡✒✓✔✎✎☞✘

❉❋❋●❍■ ❏❋ ▲▼●❴❴❖▼●

❵☛✡✌✌✗☛✡ ✑✍✡✌ ✒✍✓ ✚✔✠✡ ✔✒☞ ✌✏✕✒✏✥✏✜✔✒✓ ✡✥✥✡✜✓ ✍✒ ✌✍✎✗❜✏✎✏✓☞ ✍✥ ✌✍✎✏✑✌ ✏✒

✎✏✖✗✏✑✌✘ ✤✓ ✏✌ ✌✍ ❜✡✜✔✗✌✡ ✌✍✎✏✑✌ ✔✒✑ ✎✏✖✗✏✑✌ ✔☛✡ ✚✏✕✚✎☞ ✏✒✜✍✛✢☛✡✌✌✏❜✎✡
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✗☛✏✞✑☞✏ ✠☛✡t✔✙✒✞✏ ✠✞✡ ☞✘✔t ✛✑✒☞✟✞ ✑✛✞✡ t✎✞ ✏✑✒☞t✔✑✘ ☛✘✢ ☛✒✏✑ t✎✞ ✡☛t✞
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✏✑✒☞✓✔✒✔t✕ ✑✖ ☛ ✗☛✏ ✔✘ ☛ ✒✔❛☞✔✢
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✿✬✪✯✯✶✬✪ s✺ ✴✵✪ ✻✱✯ s❂✪✬ ✴✵✪ ✯s✰✶✴✹s✫❀ ✍✎✞ ✟✑✏t
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❴❵❬❜❜❞❵❬ ❫❡ ❪❢❬ ♦♥❜ ♥❥❫✈❬ ❪❢❬ ❜❫❤❞❪❦❫❡q

P◗❘❯ ❱❯❱❳ ❨✇❴❬❵❦②❬❡❪♥❤ ❵❬❜❞❤❪❜ ❩❫❵ ❪❢❬
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⑨ ❙✡✗✚✌ ✒✐✣☞☛✍ ✕✗✍✏ ✡✓✖☞ ✎✐✏✑ ✑✐❜✑ ✡✓✠✡☞✠✏☛✌✏✐✓✠✍ ✓✔ ✒✐✍✍✓✛✣☞✒ ❜✌✍☞✍

✎✑✐✛☞ ✚☛☞✌✏✑✐✠❜ ✌✐☛ ✌✏ ✑✐❜✑ ✖☛☞✍✍✗☛☞ ✗✠✒☞☛✎✌✏☞☛✘ ✙✠✡☛☞✌✍☞✒ ✖☛☞✍✍✗☛☞

✐✠✡☛☞✌✍☞✍ ✏✑☞ ✍✓✛✗✚✐✛✐✏✜ ✓✔ ✌✏✕✓✍✖✑☞☛✐✡ ❜✌✍☞✍ ✐✠ ✚✛✓✓✒✘ ✪✑☞✠ ✏✑☞

✒✐✣☞☛✍ ✡✓✕☞ ✏✓✎✌☛✒✍ ✍✗☛✔✌✡☞✱ ✏✑☞ ✖☛☞✍✍✗☛☞ ❜☛✌✒✗✌✛✛✜ ✒☞✡☛☞✌✍☞✍✘ ❚✑✐✍

☛☞✛☞✌✍☞✍ ✏✑☞ ✒✐✍✍✓✛✣☞✒ ❜✌✍☞✍ ✌✠✒ ✛☞✌✒✍ ✏✓ ✏✑☞ ✔✓☛✕✌✏✐✓✠ ✓✔ ✚✗✚✚✛☞✍

✓✔ ✠✐✏☛✓❜☞✠ ✐✠ ✏✑☞ ✚✛✓✓✒✘ ❚✑✐✍ ✚✛✓✡✩✍ ✡✌✖✐✛✛✌☛✐☞✍ ✌✠✒ ✡☛☞✌✏☞✍ ✌ ✕☞✒✐✡✌✛

✡✓✠✒✐✏✐✓✠ ✩✠✓✎✠ ✌✍ ✫✬✭✮✯✱ ✎✑✐✡✑ ✌☛☞ ✖✌✐✠✔✗✛ ✌✠✒ ✒✌✠❜☞☛✓✗✍ ✏✓ ✛✐✔☞✘

✙✔ ✥✷ ❜✌✍ ✐✍ ✚✗✚✚✛☞✒ ✏✑☛✓✗❜✑ ✎✌✏☞☛ ✌✏ ✰✲✳ ✴✱ ✑✓✎ ✕✌✠✜ ✕✐✛✛✐✕✓✛☞✍ ✓✔ ✥✷
❜✌✍ ✎✓✗✛✒ ✒✐✍✍✓✛✣☞ ✐✠ ❣ ✛✐✏☛☞ ✓✔ ✎✌✏☞☛✘ ✵✍✍✗✕☞ ✏✑✌✏ ✥✷ ☞✤☞☛✏✍ ✌ ✖✌☛✏✐✌✛

✖☛☞✍✍✗☛☞ ✓✔ ❡✘✲✶✸ ✚✌☛✘ ✺✐✣☞✠ ✏✑✌✏ ❍☞✠☛✜✢✍ ✛✌✎ ✡✓✠✍✏✌✠✏ ✔✓☛ ✥✷ ✌✏ ✰✲✳ ✴ ✐✍

✸✼✘✻✶ ❦✚✌☛✘

❚✑☞ ✍✓✛✗✚✐✛✐✏✜ ✓✔ ❜✌✍ ✐✍ ☛☞✛✌✏☞✒ ✏✓ ✏✑☞ ✕✓✛☞ ✔☛✌✡✏✐✓✠ ✐✠ ✌❛✗☞✓✗✍ ✍✓✛✗✏✐✓✠✘

❚✑☞ ✕✓✛☞ ✔☛✌✡✏✐✓✠ ✓✔ ✏✑☞ ❜✌✍ ✐✠ ✏✑☞ ✍✓✛✗✏✐✓✠ ✐✍ ✡✌✛✡✗✛✌✏☞✒ ✚✜ ✌✖✖✛✜✐✠❜

❍☞✠☛✜✢✍ ✛✌✎✘ ❚✑✗✍✦

① ✽✥✐✏☛✓❜☞✠✾ ✿
❀

✽✠✐✏☛✓❜☞✠✾♣

❑
✿

❁❂❃❄❅❆❇r

❅❉❊❋❄❁ ❆❇r
✿ ❣✘✰✲ ● ❣❡

➊■

✵✍ ❣ ✛✐✏☛☞ ✓✔ ✎✌✏☞☛ ✡✓✠✏✌✐✠✍ ❏❏✘❏ ✕✓✛ ✓✔ ✐✏✱ ✏✑☞☛☞✔✓☛☞ ✐✔ ✭ ☛☞✖☛☞✍☞✠✏✍

✠✗✕✚☞☛ ✓✔ ✕✓✛☞✍ ✓✔ ✥✷ ✐✠ ✍✓✛✗✏✐✓✠✱

① ✽✥✐✏☛✓❜☞✠✾ ✿
▲▼◆

▲▼◆ ❖❖P❖ ▲▼◆◗

♥

♥
✿
❘❘❯❘

❱
✿ ❣✘✰✲ ● ❣❡

➊■

✽✭ ✐✠ ✒☞✠✓✕✐✠✌✏✓☛ ✐✍ ✠☞❜✛☞✡✏☞✒ ✌✍ ✐✏ ✐✍ ❲ ❲ ❏❏✘❏✾

❚✑✗✍ ✭ ✿ ❣✘✰✲ ● ❣❡
➊■
● ❏❏✘❏ ✕✓✛ ✿ ✸✘❣✼ ● ❣❡

➊❳
✕✓✛

✿

❨
✸✘❣✼●❣❡ ✕✓✛ ● ❣❡❡❡ ✕✓✛

❣ ✕✓✛

❩

✿ ❡✘✸❣✼ ✕✕✓✛

  m e p  Example 2.4

S l iSolutionS l iSolution

❬❭s ❪❫❴❵❫❝❭❞❢❝❫❤❥ ❧♠ ❤♦q❭❝ ❬❭s ❪❫❴❵❫❝❭❞❢❝❫❤❥ ❧♠❤♦q❭❝

t✂ ✉✈✇ ②✹✹③✈④

t⑤ ✉✈✇ ⑥✈③②⑥

⑦⑤ ✉✈✇ ④⑥③✹⑧

⑦⑤ ✇�✇ ⑧⑧③⑧✹

⑩⑤ ✉✈✇ ✇✹③⑧⑥

⑩⑤ ✇�✇ ✹⑥③⑧✉

❶❷❸❹❺ ❻❼❻❽ ❾❷❹❿❺➀ ➁➂ ➃❺➄➅➆➇➀ ➈❷➉ ➋➁➄➀➌❷➄➌ ➂➁➅ ➍➁➎❺ ➍❺❹❺➏➌❺➐ ➑❷➀❺➀ ➒➄ ➓❷➌❺➅

➔✞→➣↔ ✉✈⑧ ✹�③✇

❈⑩⑤ ✉✈⑧ ②③⑥④

↕➣✞✄➙➛➜✂✁✟➜✂ ✉✈⑧ ②③⑧✇➝②�➞➟

➠✂✝✁➙↔✂ ✉✈⑧ �③✹②✇

➡☎↔✟➛ ➢✁➛➣✞☎➜✂ ✉✈⑧ �③⑥②②



✹✶ ❙�✁✂✄☎�✆✝

❚✞ ✟✠✞✡☛ ☞✌✍☛✎✏ ✟✎ ✑✌✒✒ ✟✎✏ ✓✔✌ ✓✞✕✡✖ ✌✗✗✌✖✓✎ ✞✗ ✔✡✘✔ ✖✞✍✖✌✍✓✙✟✓✡✞✍✎

✞✗ ✍✡✓✙✞✘✌✍ ✡✍ ✓✔✌ ☞✒✞✞☛✏ ✓✔✌ ✓✟✍♦✎ ✚✎✌☛ ☞✛ ✎✖✚☞✟ ☛✡✠✌✙✎ ✟✙✌ ✗✡✒✒✌☛

✑✡✓✔ ✟✡✙ ☛✡✒✚✓✌☛ ✑✡✓✔ ✔✌✒✡✚✇ ✜✢✢✣✤✥ ✔✌✒✡✚✇✏ ✦✧✣★✥ ✍✡✓✙✞✘✌✍ ✟✍☛

✸★✣✢✥ ✞✕✛✘✌✍✩✣

⑨ ❆✓ ✔✡✘✔ ✟✒✓✡✓✚☛✌✎ ✓✔✌ ✪✟✙✓✡✟✒ ✪✙✌✎✎✚✙✌ ✞✗ ✞✕✛✘✌✍ ✡✎ ✒✌✎✎ ✓✔✟✍ ✓✔✟✓ ✟✓

✓✔✌ ✘✙✞✚✍☛ ✒✌✠✌✒✣ ❚✔✡✎ ✒✌✟☛✎ ✓✞ ✒✞✑ ✖✞✍✖✌✍✓✙✟✓✡✞✍✎ ✞✗ ✞✕✛✘✌✍ ✡✍ ✓✔✌

☞✒✞✞☛ ✟✍☛ ✓✡✎✎✚✌✎ ✞✗ ✪✌✞✪✒✌ ✒✡✠✡✍✘ ✟✓ ✔✡✘✔ ✟✒✓✡✓✚☛✌✎ ✞✙ ✖✒✡✇☞✌✙✎✣ ❜✞✑

☞✒✞✞☛ ✞✕✛✘✌✍ ✖✟✚✎✌✎ ✖✒✡✇☞✌✙✎ ✓✞ ☞✌✖✞✇✌ ✑✌✟♦ ✟✍☛ ✚✍✟☞✒✌ ✓✞ ✓✔✡✍♦

✖✒✌✟✙✒✛✏ ✎✛✇✪✓✞✇✎ ✞✗ ✟ ✖✞✍☛✡✓✡✞✍ ♦✍✞✑✍ ✟✎ ❛✫✬✭✮❛✣

❊✯✯✰✱✲ ✳✯ ✴✰✵✷✰✺✻✲✼✺✰

✽✞✒✚☞✡✒✡✓✛ ✞✗ ✘✟✎✌✎ ✡✍ ✒✡✾✚✡☛✎ ☛✌✖✙✌✟✎✌✎ ✑✡✓✔ ✙✡✎✌ ✡✍ ✓✌✇✪✌✙✟✓✚✙✌✣ ✿✔✌✍

☛✡✎✎✞✒✠✌☛✏ ✓✔✌ ✘✟✎ ✇✞✒✌✖✚✒✌✎ ✟✙✌ ✪✙✌✎✌✍✓ ✡✍ ✒✡✾✚✡☛ ✪✔✟✎✌ ✟✍☛ ✓✔✌ ✪✙✞✖✌✎✎

✞✗ ☛✡✎✎✞✒✚✓✡✞✍ ✖✟✍ ☞✌ ✖✞✍✎✡☛✌✙✌☛ ✎✡✇✡✒✟✙ ✓✞ ✖✞✍☛✌✍✎✟✓✡✞✍ ✟✍☛ ✔✌✟✓

✡✎ ✌✠✞✒✠✌☛ ✡✍ ✓✔✡✎ ✪✙✞✖✌✎✎✣ ✿✌ ✔✟✠✌ ✒✌✟✙✍✓ ✡✍ ✓✔✌ ✒✟✎✓ ✽✌✖✓✡✞✍ ✓✔✟✓

☛✡✎✎✞✒✚✓✡✞✍ ✪✙✞✖✌✎✎ ✡✍✠✞✒✠✌✎ ☛✛✍✟✇✡✖ ✌✾✚✡✒✡☞✙✡✚✇ ✟✍☛ ✓✔✚✎ ✇✚✎✓ ✗✞✒✒✞✑

❜✌ ▲✔✟✓✌✒✡✌✙❀✎ ❁✙✡✍✖✡✪✒✌✣ ❆✎ ☛✡✎✎✞✒✚✓✡✞✍ ✡✎ ✟✍ ✌✕✞✓✔✌✙✇✡✖ ✪✙✞✖✌✎✎✏ ✓✔✌

✎✞✒✚☞✡✒✡✓✛ ✎✔✞✚✒☛ ☛✌✖✙✌✟✎✌ ✑✡✓✔ ✡✍✖✙✌✟✎✌ ✞✗ ✓✌✇✪✌✙✟✓✚✙✌✣

❜✡✾✚✡☛ ✎✞✒✚✓✡✞✍✎ ✟✙✌ ✗✞✙✇✌☛ ✑✔✌✍ ✎✞✒✠✌✍✓ ✡✎ ✟ ✒✡✾✚✡☛✣ ❚✔✌ ✎✞✒✚✓✌ ✖✟✍ ☞✌

✟ ✘✟✎✏ ✟ ✒✡✾✚✡☛ ✞✙ ✟ ✎✞✒✡☛✣ ✽✞✒✚✓✡✞✍✎ ✞✗ ✘✟✎✌✎ ✡✍ ✒✡✾✚✡☛✎ ✔✟✠✌ ✟✒✙✌✟☛✛

☞✌✌✍ ☛✡✎✖✚✎✎✌☛ ✡✍ ✽✌✖✓✡✞✍ ★✣✸✣★✣ ❂✍ ✓✔✡✎ ✽✌✖✓✡✞✍✏ ✑✌ ✎✔✟✒✒ ☛✡✎✖✚✎✎ ✓✔✌

✎✞✒✚✓✡✞✍✎ ✞✗ ✒✡✾✚✡☛✎ ✟✍☛ ✎✞✒✡☛✎ ✡✍ ✟ ✒✡✾✚✡☛✣ ✽✚✖✔ ✎✞✒✚✓✡✞✍✎ ✇✟✛ ✖✞✍✓✟✡✍

✞✍✌ ✞✙ ✇✞✙✌ ✠✞✒✟✓✡✒✌ ✖✞✇✪✞✍✌✍✓✎✣ ❃✌✍✌✙✟✒✒✛✏ ✓✔✌ ✒✡✾✚✡☛ ✎✞✒✠✌✍✓ ✡✎ ✠✞✒✟✓✡✒✌✣

❚✔✌ ✎✞✒✚✓✌ ✇✟✛ ✞✙ ✇✟✛ ✍✞✓ ☞✌ ✠✞✒✟✓✡✒✌✣ ✿✌ ✎✔✟✒✒ ☛✡✎✖✚✎✎ ✓✔✌ ✪✙✞✪✌✙✓✡✌✎

✞✗ ✞✍✒✛ ☞✡✍✟✙✛ ✎✞✒✚✓✡✞✍✎✏ ✓✔✟✓ ✡✎✏ ✓✔✌ ✎✞✒✚✓✡✞✍✎ ✖✞✍✓✟✡✍✡✍✘ ✓✑✞

✖✞✇✪✞✍✌✍✓✎✏ ✍✟✇✌✒✛✏ ✓✔✌ ✎✞✒✚✓✡✞✍✎ ✞✗ ✜✡✩ ✒✡✾✚✡☛✎ ✡✍ ✒✡✾✚✡☛✎ ✟✍☛ ✜✡✡✩ ✎✞✒✡☛✎

✡✍ ✒✡✾✚✡☛✎✣

❜✌✓ ✚✎ ✖✞✍✎✡☛✌✙ ✟ ☞✡✍✟✙✛ ✎✞✒✚✓✡✞✍ ✞✗ ✓✑✞ ✠✞✒✟✓✡✒✌ ✒✡✾✚✡☛✎ ✟✍☛ ☛✌✍✞✓✌ ✓✔✌

✓✑✞ ✖✞✇✪✞✍✌✍✓✎ ✟✎ ✢ ✟✍☛ ★✣ ✿✔✌✍ ✓✟♦✌✍ ✡✍ ✟ ✖✒✞✎✌☛ ✠✌✎✎✌✒✏ ☞✞✓✔ ✓✔✌
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☞✗☛ ✔✎✠✞✘✒ ✠✒☛✌✌✘✒☛ ✞✢ ☞✗☛ ✌✞✕✘☞✓✞✡ ✠✒☛✠✎✒☛✏ ✴✖ ✟✓✵✓✡✚ ✑✳★✳ ✚ ✞✢

♠✮♠✕✯ ✎✡✏ ✲✱ ✚ ✞✢ ♠✮✰♠✕✰ ✎☞ ✑✬✫ ❛ ✎✡✏✙ ✭✓✓✪ ✟✞✕☛ ✢✒✎❝☞✓✞✡✌ ✞✢ ☛✎❝✗

❝✞✟✠✞✡☛✡☞ ✓✡ ✔✎✠✞✘✒ ✠✗✎✌☛★

✭✓✪ ▼✞✕✎✒ ✟✎✌✌ ✞✢ ♠✮✰♠✕✰ ✥ ✍✑ ✺ ✍ ✻ ✍ ✺ ✑ ✻ ✼✳★✳ ✺ ✑ ✥ ✫✳ ✚ ✟✞✕
➊✽

▼✞✕✎✒ ✟✎✌✌ ✞✢ ♠✮♠✕✯ ✥ ✍✑ ✺ ✍ ✻ ✍ ✺ ✍ ✻ ✼✳★✳ ✺ ✼ ✥ ✍✍✬★✳ ✚ ✟✞✕
✾✽

▼✞✕☛✌ ✞✢ ♠✮✰♠✕✰ ✥ ✿

✲✱ ✚

✫✳ ✚ ✟✞✕
❀ ✥ ✱★✲✩ ✟✞✕

▼✞✕☛✌ ✞✢ ♠✮♠✕✯ ✥ ✿

✑✳★✳ ✚

✍✍✬★✳ ✚ ✟✞✕
❀ ✥ ✱★✑✍✼ ✟✞✕

❚✞☞✎✕ ✡✘✟✴☛✒ ✞✢ ✟✞✕☛✌ ✥ ✱★✲✩ ✻ ✱★✑✍✼ ✥ ✱★❁✫✼ ✟✞✕

❂ ❂❈❃ ❈❄① ✥
❅❆❇❉ ❊♦❋

❅❆●❍❏ ❊♦❋
✥ ✱★❁✫✫

❑❈❃❈❄① ✥ ✍★✱✱ ▲ ✱★❁✫✫ ✥ ✱★✼✍✑

❯✌✓✡✚ ☛◆✘✎☞✓✞✡ ✭✑★✍❁✪✙

❖P❖◗❘♣ ✥ ♣✽
❲
✻ ✭♣✰

❲
▲ ♣✽

❲
✪ ❳✰ ✥ ✑✱✱ ✻ ✭✲✍✳ ▲ ✑✱✱✪ ✺ ✱★❁✫✫

✥ ✑✱✱ ✻ ✍✲✩★✬ ✥ ✼✲✩★✬ ✟✟ ✮✚

✭✓✓✪ ❯✌✓✡✚ ☞✗☛ ✒☛✕✎☞✓✞✡ ✭✑★✍✩✪✙ ②✐ ✥ ♣✐❨♣t✤t✦✧✙ ❧☛ ❝✎✡ ❝✎✕❝✘✕✎☞☛ ☞✗☛ ✟✞✕☛

✢✒✎❝☞✓✞✡ ✞✢ ☞✗☛ ❝✞✟✠✞✡☛✡☞✌ ✓✡ ✚✎✌ ✠✗✎✌☛ ✭②✐✪★

❩ ❩❈❃ ❈❄❬ ✥ ✱★❁✫✫ ✺ ✲✍✳ ✟✟ ✮✚ ✥ ✑✫✳★✳ ✟✟ ✮✚

❑❈❃❈❄❬ ✥ ✱★✼✍✑ ✺ ✑✱✱ ✟✟ ✮✚ ✥ ❁✑★✲ ✟✟ ✮✚

❩ ❩❈❃ ❈❄❭ ✥ ✑✫✳★✳ ✟✟ ✮✚❨✼✲✩★✬ ✟✟ ✮✚ ✥ ✱★✫✑

❑❈❃❈❄❭ ✥ ❁✑★✲ ✟✟ ✮✚❨✼✲✩★✬ ✟✟ ✮✚ ✥ ✱★✍✫

❪❫❴❵❜ ❙☎✆❞❡❢ ❣❤❥❣✁❥ ☎✝ ❦ ♥�q❡ r�✁❦✄☎✁❡ ❞�♥s�✆❡✆✄ ✄✉❦✆ ❣❤❣✁✈❢ ✇ ③ ③④⑤ ④⑥
⑦

⑧ ⑨

✹⑩❶ ♥♥ ❤❷ ❦✆❸ ❹④⑤④⑥
⑦

⑧ ⑨ ❺❻❻ ♥♥ ❤❷❼ ❦✆❸ ✄✉❡ r❦s�✂q s✉❦✝❡ ☎✝ ❦✁✝� q☎❞✉❡q

☎✆ ❣❤❥❣✁❥ ✇ ❽ ❽❾❿ ❾➀➁ ⑨ ❻➂➃❺ ❦✆❸ ➄❾❿❾➀➁ ⑨ ❻➂⑩➃❼❢ ☎✄ ♥❦➅ ✄✉✂✝ ➆❡ ❞�✆❞✁✂❸❡❸

✄✉❦✄ ➇❴ ❵➈➉➋➌➋➍➎➋➉➏➐ ➑➇➒❫➉➎ ➒➓➇➔❵ →➋➌➌ ➍❵ ➇➌→➇➣➔ ➎➋↔➓ ➋↕ ❴➓❵ ↔❫➏➒❫↕❵↕❴

→➓➋↔➓ ➋➔ ➏❫➎❵ ➑❫➌➇❴➋➌❵➙

  E  .a l  Example 2.5
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✹✹❈�✁✂✄☎✆✝✞

❆✟✟✠✡☛☞✌✍ ✎✠ ✏✑✠✒✓✎✔✕ ✓✑✖✗ ✎✘✙ ✚✑✛✠✒✡ ✛✡✙✕✕✒✡✙ ✠✜ ✑ ✚✠✓✑✎☞✓✙ ✟✠✢✛✠✌✙✌✎

☞✌ ✑ ✍☞✚✙✌ ✕✠✓✒✎☞✠✌ ☞✕ ✍☞✚✙✌ ✐✣ ♣✤ ✥ ①✤ ♣✤
✵
✳ ✦✌ ✎✘✙ ✕✠✓✒✎☞✠✌ ✠✜ ✑ ✍✑✕ ☞✌ ✑

✓☞❧✒☞☛✗ ✠✌✙ ✠✜ ✎✘✙ ✟✠✢✛✠✌✙✌✎✕ ☞✕ ✕✠ ✚✠✓✑✎☞✓✙ ✎✘✑✎ ☞✎ ✙✧☞✕✎✕ ✑✕ ✑ ✍✑✕ ✑✌☛

✖✙ ✘✑✚✙ ✑✓✡✙✑☛✣ ✕✙✙✌ ✎✘✑✎ ☞✎✕ ✕✠✓✒✐☞✓☞✎✣ ☞✕ ✍☞✚✙✌ ✐✣ ✇✙✌✡✣✔✕ ✓✑✖ ✖✘☞✟✘

✕✎✑✎✙✕ ✎✘✑✎

♣ ✥ ❑❍ ①✳

✦✜ ✖✙ ✟✠✢✛✑✡✙ ✎✘✙ ✙❧✒✑✎☞✠✌✕ ✜✠✡ ✏✑✠✒✓✎✔✕ ✓✑✖ ✑✌☛ ✇✙✌✡✣✔✕ ✓✑✖✗ ☞✎

✟✑✌ ✐✙ ✕✙✙✌ ✎✘✑✎ ✎✘✙ ✛✑✡✎☞✑✓ ✛✡✙✕✕✒✡✙ ✠✜ ✎✘✙ ✚✠✓✑✎☞✓✙ ✟✠✢✛✠✌✙✌✎ ✠✡ ✍✑✕

☞✕ ☛☞✡✙✟✎✓✣ ✛✡✠✛✠✡✎☞✠✌✑✓ ✎✠ ☞✎✕ ✢✠✓✙ ✜✡✑✟✎☞✠✌ ☞✌ ✕✠✓✒✎☞✠✌✳ ★✌✓✣ ✎✘✙

✛✡✠✛✠✡✎☞✠✌✑✓☞✎✣ ✟✠✌✕✎✑✌✎ ❑❍ ☛☞✜✜✙✡✕ ✜✡✠✢ ♣✶
✩
✳ ✪✘✒✕✗ ✏✑✠✒✓✎✔✕ ✓✑✖ ✐✙✟✠✢✙✕

✑ ✕✛✙✟☞✑✓ ✟✑✕✙ ✠✜ ✇✙✌✡✣✔✕ ✓✑✖ ☞✌ ✖✘☞✟✘ ❑❍ ✐✙✟✠✢✙✕ ✙❧✒✑✓ ✎✠ ♣✶
✩
✳

❆✌✠✎✘✙✡ ☞✢✛✠✡✎✑✌✎ ✟✓✑✕✕ ✠✜ ✕✠✓✒✎☞✠✌✕ ✟✠✌✕☞✕✎✕ ✠✜ ✕✠✓☞☛✕ ☛☞✕✕✠✓✚✙☛ ☞✌

✓☞❧✒☞☛✗ ✜✠✡ ✙✧✑✢✛✓✙✗ ✕✠☛☞✒✢ ✟✘✓✠✡☞☛✙✗ ✍✓✒✟✠✕✙✗ ✒✡✙✑ ✑✌☛ ✟✑✌✙ ✕✒✍✑✡ ☞✌

✖✑✎✙✡ ✑✌☛ ☞✠☛☞✌✙ ✑✌☛ ✕✒✓✛✘✒✡ ☛☞✕✕✠✓✚✙☛ ☞✌ ✟✑✡✐✠✌ ☛☞✕✒✓✛✘☞☛✙✳ ✫✠✢✙

✛✘✣✕☞✟✑✓ ✛✡✠✛✙✡✎☞✙✕ ✠✜ ✎✘✙✕✙ ✕✠✓✒✎☞✠✌✕ ✑✡✙ ❧✒☞✎✙ ☛☞✜✜✙✡✙✌✎ ✜✡✠✢ ✎✘✠✕✙ ✠✜

✛✒✡✙ ✕✠✓✚✙✌✎✕✳ ✬✠✡ ✙✧✑✢✛✓✙✗ ✚✑✛✠✒✡ ✛✡✙✕✕✒✡✙✳ ❡✙ ✘✑✚✙ ✓✙✑✡✌✎ ☞✌ ♥✌☞✎ ✭✗

✮✓✑✕✕ ✯✦✗ ✎✘✑✎ ✓☞❧✒☞☛✕ ✑✎ ✑ ✍☞✚✙✌ ✎✙✢✛✙✡✑✎✒✡✙ ✚✑✛✠✒✡☞✕✙ ✑✌☛ ✒✌☛✙✡

✙❧✒☞✓☞✐✡☞✒✢ ✟✠✌☛☞✎☞✠✌✕ ✎✘✙ ✛✡✙✕✕✒✡✙ ✙✧✙✡✎✙☛

✐✣ ✎✘✙ ✚✑✛✠✒✡✕ ✠✜ ✎✘✙ ✓☞❧✒☞☛ ✠✚✙✡ ✎✘✙ ✓☞❧✒☞☛

✛✘✑✕✙ ☞✕ ✟✑✓✓✙☛ ✚✑✛✠✒✡ ✛✡✙✕✕✒✡✙ ❬✬☞✍✳ ✰✳✱ ✲✑✴❪✳

✦✌ ✑ ✛✒✡✙ ✓☞❧✒☞☛ ✎✘✙ ✙✌✎☞✡✙ ✕✒✡✜✑✟✙ ☞✕

✠✟✟✒✛☞✙☛ ✐✣ ✎✘✙ ✢✠✓✙✟✒✓✙✕ ✠✜ ✎✘✙ ✓☞❧✒☞☛✳ ✦✜ ✑

✌✠✌✷✚✠✓✑✎☞✓✙ ✕✠✓✒✎✙ ☞✕ ✑☛☛✙☛ ✎✠ ✑ ✕✠✓✚✙✌✎ ✎✠

✍☞✚✙ ✑ ✕✠✓✒✎☞✠✌ ❬✬☞✍✳ ✰✳✱✳✲✐✴❪✗ ✎✘✙ ✚✑✛✠✒✡

✛✡✙✕✕✒✡✙ ✠✜ ✎✘✙ ✕✠✓✒✎☞✠✌ ☞✕ ✕✠✓✙✓✣ ✜✡✠✢ ✎✘✙

✕✠✓✚✙✌✎ ✑✓✠✌✙✳ ✪✘☞✕ ✚✑✛✠✒✡ ✛✡✙✕✕✒✡✙ ✠✜ ✎✘✙

✕✠✓✒✎☞✠✌ ✑✎ ✑ ✍☞✚✙✌ ✎✙✢✛✙✡✑✎✒✡✙ ☞✕ ✜✠✒✌☛ ✎✠

✐✙ ✓✠✖✙✡ ✎✘✑✌ ✎✘✙ ✚✑✛✠✒✡ ✛✡✙✕✕✒✡✙ ✠✜ ✎✘✙

✛✒✡✙ ✕✠✓✚✙✌✎ ✑✎ ✎✘✙ ✕✑✢✙ ✎✙✢✛✙✡✑✎✒✡✙✳ ✦✌

✎✘✙ ✕✠✓✒✎☞✠✌✗ ✎✘✙ ✕✒✡✜✑✟✙ ✘✑✕ ✐✠✎✘ ✕✠✓✒✎✙ ✑✌☛

✕✠✓✚✙✌✎ ✢✠✓✙✟✒✓✙✕s ✎✘✙✡✙✐✣ ✎✘✙ ✜✡✑✟✎☞✠✌ ✠✜ ✎✘✙

✕✒✡✜✑✟✙ ✟✠✚✙✡✙☛ ✐✣ ✎✘✙ ✕✠✓✚✙✌✎ ✢✠✓✙✟✒✓✙✕ ✍✙✎✕

✡✙☛✒✟✙☛✳ ✮✠✌✕✙❧✒✙✌✎✓✣✗ ✎✘✙ ✌✒✢✐✙✡ ✠✜

✕✠✓✚✙✌✎ ✢✠✓✙✟✒✓✙✕ ✙✕✟✑✛☞✌✍ ✜✡✠✢ ✎✘✙ ✕✒✡✜✑✟✙

☞✕ ✟✠✡✡✙✕✛✠✌☛☞✌✍✓✣ ✡✙☛✒✟✙☛✗ ✎✘✒✕✗ ✎✘✙ ✚✑✛✠✒✡

✛✡✙✕✕✒✡✙ ☞✕ ✑✓✕✠ ✡✙☛✒✟✙☛✳

✪✘✙ ☛✙✟✡✙✑✕✙ ☞✌ ✎✘✙ ✚✑✛✠✒✡ ✛✡✙✕✕✒✡✙ ✠✜ ✕✠✓✚✙✌✎ ☛✙✛✙✌☛✕ ✠✌ ✎✘✙

❧✒✑✌✎☞✎✣ ✠✜ ✌✠✌✷✚✠✓✑✎☞✓✙ ✕✠✓✒✎✙ ✛✡✙✕✙✌✎ ☞✌ ✎✘✙ ✕✠✓✒✎☞✠✌✗ ☞✡✡✙✕✛✙✟✎☞✚✙ ✠✜

☞✎✕ ✌✑✎✒✡✙✳ ✬✠✡ ✙✧✑✢✛✓✙✗ ☛✙✟✡✙✑✕✙ ☞✌ ✎✘✙ ✚✑✛✠✒✡ ✛✡✙✕✕✒✡✙ ✠✜ ✖✑✎✙✡ ✐✣

✑☛☛☞✌✍ ❛✳✸ ✢✠✓ ✠✜ ✕✒✟✡✠✕✙ ✎✠ ✠✌✙ ✺✍ ✠✜ ✖✑✎✙✡ ☞✕ ✌✙✑✡✓✣ ✕☞✢☞✓✑✡ ✎✠ ✎✘✑✎
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❖✽P ✽❀ ✽

❀❇❅❊❄✽❁ ❊✽❀❅
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❙✼❅❀❀❂✼❅ ✻❢
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❚✻❁❄●❀ ❄✾
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❲❳❨❩ ❭❩❫❴ ❵❜❝❞❜❣❤❜ ❥❦ ♠q❜ r❣✉✈②❞ ✉❞❜❤❤②❞❜ ✈③ ♠q❜
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✉❣❞♠❥❝④❜❤ q❣r❜ ⑨❜❜❦ ⑧❜❦✈♠❜⑧ ⑨⑩ ❣❦⑧ ♠q❜⑩
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t☞ t✞✟ ✠✡☛☞✌✍ ☛✍✟✎✎✌✍✟ ☞✏ ☛✌✍✟ ✎☞✑✠✟✒t✓
✫
✬
✮ ✗

❆ ☛✑☞t ✥✟t✜✟✟✒ t✞✟ ✠✡☛☞✌✍ ☛✍✟✎✎✌✍✟ ✡✒✙
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✭✯✐✚✗ ✧✗✰✩✗

▲✐✪✌✐✙✱✑✐✪✌✐✙ ✎☞✑✌t✐☞✒✎ ✕✡✒ ✥✟ ✕✑✡✎✎✐✏✐✟✙ ✐✒t☞ ✐✙✟✡✑ ✡✒✙ ✒☞✒✱✐✙✟✡✑

✎☞✑✌t✐☞✒✎ ☞✒ t✞✟ ✥✡✎✐✎ ☞✏ ❘✡☞✌✑t✛✎ ✑✡✜✗

✘✞✟ ✎☞✑✌t✐☞✒✎ ✜✞✐✕✞ ☞✥✟❚ ❘✡☞✌✑t✛✎ ✑✡✜ ☞✠✟✍ t✞✟ ✟✒t✐✍✟ ✍✡✒✚✟ ☞✏

✕☞✒✕✟✒t✍✡t✐☞✒ ✡✍✟ ❝✒☞✜✒ ✡✎ ✲✳✴✷✸ ✻✼✸✽✾✲✼✿✻✗ ✘✞✟ ✐✙✟✡✑ ✎☞✑✌t✐☞✒✎ ✞✡✠✟

t✜☞ ☞t✞✟✍ ✐✔☛☞✍t✡✒t ☛✍☞☛✟✍t✐✟✎✗ ✘✞✟ ✟✒t✞✡✑☛❚ ☞✏ ✔✐❀✐✒✚ ☞✏ t✞✟ ☛✌✍✟

✕☞✔☛☞✒✟✒t✎ t☞ ✏☞✍✔ t✞✟ ✎☞✑✌t✐☞✒ ✐✎ ❁✟✍☞ ✡✒✙ t✞✟ ✠☞✑✌✔✟ ☞✏ ✔✐❀✐✒✚ ✐✎

✡✑✎☞ ❁✟✍☞✓ ✐✗✟✗✓

❂♠✖❃❍ ✣ ★✓ ❂♠✖❃❱ ✣ ★ ✭✧✗✧❄✩
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☞✌✡✍✍✘✌✡✳ P✏✌ ✡☛✕✙☞✓✡❘ ✴✕✒✡✌ ✱✏✎✓✍ ✕✒ ❴❯❴✳❿❪ ➄ ❍❿❭❭➅ ➁❑ ✱✡❡✕✘✍✡ ✕✒

✒✠✎✍ ✒✡✙☞✡✌✕✒✘✌✡ ✒✠✡ ✲✕☞✏✘✌ ☞✌✡✍✍✘✌✡ ✏✔ ✴✕✒✡✌ ✎✍ ❿✳❭❿❴ ✱✕✌ ❍❿

✕✒✙✏✍☞✠✡✌✡❑✳ ❞✡ ✠✕✲✡ ✕✓✍✏ ✓✡✕✌✑✒ ✎✑ ✒✠✡ ✓✕✍✒ ✍✡❡✒✎✏✑ ✒✠✕✒ ✲✕☞✏✘✌

☞✌✡✍✍✘✌✡ ✏✔ ✒✠✡ ✍✏✓✲✡✑✒ ✖✡❡✌✡✕✍✡✍ ✎✑ ✒✠✡ ☞✌✡✍✡✑❡✡ ✏✔ ✑✏✑❱✲✏✓✕✒✎✓✡ ✍✏✓✘✒✡✳

P✎❤✳ ■✳❯ ✖✡☞✎❡✒✍ ✒✠✡ ✲✕✌✎✕✒✎✏✑ ✏✔ ✲✕☞✏✘✌ ☞✌✡✍✍✘✌✡ ✏✔ ✒✠✡ ☞✘✌✡ ✍✏✓✲✡✑✒

✕✑✖ ✍✏✓✘✒✎✏✑ ✕✍ ✕ ✔✘✑❡✒✎✏✑ ✏✔ ✒✡✙☞✡✌✕✒✘✌✡✳ P✏✌ ✡☛✕✙☞✓✡❘ ✒✠✡ ✲✕☞✏✘✌

☞✌✡✍✍✘✌✡ ✏✔ ✕✑ ✕✗✘✡✏✘✍ ✍✏✓✘✒✎✏✑ ✏✔ ✍✘❡✌✏✍✡ ✎✍ ✓✡✍✍ ✒✠✕✑ ❿✳❭❿❴ ✱✕✌ ✕✒
❴❯❴✳❿❪ ➄✳ ➃✑ ✏✌✖✡✌ ✒✏ ✙✕❩✡ ✒✠✎✍ ✍✏✓✘✒✎✏✑ ✱✏✎✓❘ ✎✒✍ ✲✕☞✏✘✌ ☞✌✡✍✍✘✌✡

✙✘✍✒ ✱✡ ✎✑❡✌✡✕✍✡✖ ✒✏ ❿✳❭❿❴ ✱✕✌ ✱❖ ✌✕✎✍✎✑❤ ✒✠✡ ✒✡✙☞✡✌✕✒✘✌✡ ✕✱✏✲✡ ✒✠✡

✱✏✎✓✎✑❤ ✒✡✙☞✡✌✕✒✘✌✡ ✏✔ ✒✠✡ ☞✘✌✡ ✍✏✓✲✡✑✒ ❍✴✕✒✡✌❑✳ ❚✠✘✍❘ ✒✠✡ ✱✏✎✓✎✑❤

➆➇➈➇➆ ➉✛✚✤✜✢✣✥✧ ✥✩
➋✥✣✛✣✧★ ➌✥✣✧✢

S tl iSolution



✹✾ ❙�✁✂✄☎�✆✝

♣✞✟✠✡ ✞☛ ☞ ✌✞✍✎✡✟✞✠ ✟✌ ☞✍✏☞✑✌ ✒✟✓✒✔✕ ✡✒☞✠ ✡✒☞✡ ✞☛

✡✒✔ t✞✟✍✟✠✓ ♣✞✟✠✡ ✞☛ ✡✒✔ ♣✎✕✔ ✌✞✍✖✔✠✡ ✟✠ ✏✒✟✗✒ ✡✒✔

✌✞✍✎✡✟✞✠ ✟✌ ♣✕✔♣☞✕✔s ☞✌ ✌✒✞✏✠ ✟✠ ✘✟✓✙ ✚✙✛✙ ✜✟✢✟✍☞✕

✡✞ ✍✞✏✔✕✟✠✓ ✞☛ ✖☞♣✞✎✕ ♣✕✔✌✌✎✕✔✣ ✡✒✔ ✔✍✔✖☞✡✟✞✠ ✞☛

t✞✟✍✟✠✓ ♣✞✟✠✡ ☞✍✌✞ s✔♣✔✠s✌ ✞✠ ✡✒✔ ✠✎✢t✔✕ ✞☛

✌✞✍✎✡✔ ✢✞✍✔✗✎✍✔✌ ✕☞✡✒✔✕ ✡✒☞✠ ✡✒✔✟✕ ✠☞✡✎✕✔✙ ✤

✌✞✍✎✡✟✞✠ ✞☛ ✥ ✢✞✍ ✞☛ ✌✎✗✕✞✌✔ ✟✠ ✥✦✦✦ ✓ ✞☛ ✏☞✡✔✕

t✞✟✍✌ ☞✡ ❜✛❜✙✧✚ ★ ☞✡ ✞✠✔ ☞✡✢✞✌♣✒✔✕✟✗ ♣✕✔✌✌✎✕✔✙

▲✔✡ ✵
✩❚ t✔ ✡✒✔ t✞✟✍✟✠✓ ♣✞✟✠✡ ✞☛ ♣✎✕✔ ✌✞✍✖✔✠✡ ☞✠s

✪✫ t✔ ✡✒✔ t✞✟✍✟✠✓ ♣✞✟✠✡ ✞☛ ✌✞✍✎✡✟✞✠✙ ✬✒✔ ✟✠✗✕✔☞✌✔ ✟✠

✡✒✔ t✞✟✍✟✠✓ ♣✞✟✠✡ ✵
✩ ✩ ✩✭ ✮ ✯❚ ❚ ❚ ✟✌ ✰✠✞✏✠ ☞✌

❡✱❡✲✳✴✶✷✸ ✷✺ ✻✷✶✱✶✸✼ ✽✷✶✸✴✙

❊✿♣✔✕✟✢✔✠✡✌ ✒☞✖✔ ✌✒✞✏✠ ✡✒☞✡ ☛✞✕ ❞✶✱❀✴❡

❁✷✱❀✴✶✷✸❁ ✡✒✔ ✔✍✔✖☞✡✟✞✠ ✞☛ t✞✟✍✟✠✓ ♣✞✟✠✡ ❂❃❄❅❆ ✟✌

s✟✕✔✗✡✍✑ ♣✕✞♣✞✕✡✟✞✠☞✍ ✡✞ ✡✒✔ ✢✞✍☞✍ ✗✞✠✗✔✠✡✕☞✡✟✞✠ ✞☛

✡✒✔ ✌✞✍✎✡✔ ✟✠ ☞ ✌✞✍✎✡✟✞✠✙ ✬✒✎✌

❃❄❅ ❇ ♠ ❂✚✙✚❈❆

✞✕ ❃❄❅ ❉ ❑❅ ♠ ❂✚✙❜✦❆

❍✔✕✔ ♠ ❂✢✞✍☞✍✟✡✑❆ ✟✌ ✡✒✔ ✠✎✢t✔✕ ✞☛ ✢✞✍✔✌ ✞☛ ✌✞✍✎✡✔ s✟✌✌✞✍✖✔s ✟✠ ✥ ✰✓

✞☛ ✌✞✍✖✔✠✡ ☞✠s ✡✒✔ ✗✞✠✌✡☞✠✡ ✞☛ ♣✕✞♣✞✕✡✟✞✠☞✍✟✡✑✣ ❑❅ ✟✌ ✗☞✍✍✔s ❋✷✶✱✶✸✼ ●✷✶✸✴

■✱❡✲✳✴✶✷✸ ❏✷✸❁✴✳✸✴ ✷▼ ◆✷✱✳✱ ■✱❡✲✳✴✶✷✸ ❏✷✸❁✴✳✸✴ ❖■✻❀✱✱✶✷❁P✷✽✶P

❏✷✸❁✴✳✸✴◗✙ ✬✒✔ ✎✠✟✡ ✞☛ ❑❅ ✟✌ ★ ✰✓ ✢✞✍
❘❯
✙ ❱☞✍✎✔✌ ✞☛ ❑❅ ☛✞✕ ✌✞✢✔ ✗✞✢✢✞✠

✌✞✍✖✔✠✡✌ ☞✕✔ ✓✟✖✔✠ ✟✠ ✬☞t✍✔ ✚✙❜✙ ❲☛ ✇❳ ✓✕☞✢ ✞☛ ✌✞✍✎✡✔ ✞☛ ✢✞✍☞✕ ✢☞✌✌ ❨❳
✟✌ s✟✌✌✞✍✖✔s ✟✠ ✇❯ ✓✕☞✢ ✞☛ ✌✞✍✖✔✠✡✣ ✡✒✔✠ ✢✞✍☞✍✟✡✑✣ ♠ ✞☛ ✡✒✔ ✌✞✍✎✡✟✞✠ ✟✌

✓✟✖✔✠ t✑ ✡✒✔ ✔✿♣✕✔✌✌✟✞✠❣

♠ ❉
❩ ❩

❬

❭❪

❭✥✦✦✦

w

w

❉
❩

❩ ❬

✥✦✦✦ ❫

❫❨

w

w

❂✚✙❜✥❆

✜✎t✌✡✟✡✎✡✟✠✓ ✡✒✔ ✖☞✍✎✔ ✞☛ ✢✞✍☞✍✟✡✑ ✟✠ ✔❴✎☞✡✟✞✠ ❂✚✙❜✦❆ ✏✔ ✓✔✡

❃❄❵ ❉
❛ ❩

❩ ❬

❫ ✥✦✦✦ ❫

❫

❑

❨

w

w

❂✚✙❜✚❆

❨❝ ❉
❩ ❛

❛ ❬

✥✦✦✦ ❫ ❫

❫❢

❑

❄

w

w

❂✚✙❜❜❆

✬✒✎✌✣ ✟✠ ✞✕s✔✕ ✡✞ s✔✡✔✕✢✟✠✔ ❨❝✣ ✢✞✍☞✕ ✢☞✌✌ ✞☛ ✡✒✔ ✌✞✍✎✡✔✣ ✰✠✞✏✠

✢☞✌✌ ✞☛ ✌✞✍✎✡✔ ✟✠ ☞ ✰✠✞✏✠ ✢☞✌✌ ✞☛ ✡✒✔ ✌✞✍✖✔✠✡ ✟✌ ✡☞✰✔✠ ☞✠s ❃❄❵ ✟✌

s✔✡✔✕✢✟✠✔s ✔✿♣✔✕✟✢✔✠✡☞✍✍✑ ☛✞✕ ☞ ✰✠✞✏✠ ✌✞✍✖✔✠✡ ✏✒✞✌✔ ❑❵ ✖☞✍✎✔ ✟✌ ✰✠✞✏✠✙

❤✐❥❦ ❧❦♥♦ qr✉ ✈①②③④⑤ ②⑤✉⑥⑥④⑤✉ ⑦④⑤✈✉ ⑧③⑤

⑥③⑨④⑩❶③❷ ⑨❶✉⑥ ❸✉⑨③❹ ⑩r✉ ⑦④⑤✈✉ ⑧③⑤ ②④⑤✉

❹①⑩✉⑤❺ qr✉ ❻❶①❼⑤①❽ ⑥r③❹⑥ ⑩r①⑩ ❾q❿
❻✉❷③⑩✉⑥ ⑩r✉ ✉⑨✉✈①⑩❶③❷ ③⑧ ❸③❶⑨❶❷❼

②③❶❷⑩ ③⑧ ① ⑥③⑨✈✉❷⑩ ❶❷ ⑥③⑨④⑩❶③❷❺

✥➀ ✓ ✞☛ ✓✍✎✗✞✌✔✣ ➁➂❍❯❳➃➂✣ ✟✌ s✟✌✌✞✍✖✔s ✟✠ ✥ ✰✓ ✞☛ ✏☞✡✔✕ ✟✠ ☞ ✌☞✎✗✔♣☞✠✙

✤✡ ✏✒☞✡ ✡✔✢♣✔✕☞✡✎✕✔ ✏✟✍✍ ✏☞✡✔✕ t✞✟✍ ☞✡ ✥✙✦✥❜ t☞✕➄ ❑❅ ☛✞✕ ✏☞✡✔✕ ✟✌ ✦✙✧✚

★ ✰✓ ✢✞✍
❘❯
✙

❪✞✍✔✌ ✞☛ ✓✍✎✗✞✌✔ ❉ ✥➀ ✓❭ ✥➀✦ ✓ ✢✞✍
➊❯
❉ ✦✙✥ ✢✞✍

➅✎✢t✔✕ ✞☛ ✰✟✍✞✓✕☞✢✌ ✞☛ ✌✞✍✖✔✠✡ ❉ ✥ ✰✓

✬✒✎✌ ✢✞✍☞✍✟✡✑ ✞☛ ✓✍✎✗✞✌✔ ✌✞✍✎✡✟✞✠ ❉ ✦✙✥ ✢✞✍ ✰✓
❘❯

✘✞✕ ✏☞✡✔✕✣ ✗✒☞✠✓✔ ✟✠ t✞✟✍✟✠✓ ♣✞✟✠✡

   E  2 7Example 2.7

nSolution



✺�❈✁✂✄☎✆✝✞✟

❚✠✡ ☛☞✌✡✍✎✏✑ ☞✒ ✓✔✕☞✖✍ ✕✍✡✗✗✖✍✡ ☞✒ ✔ ✗☞☛✖✘✎☞✏ ✙✔✖✗✡✗ ✔ ☛☞✌✡✍✎✏✑ ☞✒ ✘✠✡

✒✍✡✡❡✎✏✑ ✕☞✎✏✘ ✙☞✚✕✔✍✡✛ ✘☞ ✘✠✔✘ ☞✒ ✘✠✡ ✕✖✍✡ ✗☞☛✓✡✏✘ ✜✢✎✑✣ ✤ ✥✦✣ ✧✡

❦✏☞✌ ✘✠✔✘ ✔✘ ✘✠✡ ✒✍✡✡❡✎✏✑ ✕☞✎✏✘ ☞✒ ✔ ✗✖★✗✘✔✏✙✡✩ ✘✠✡ ✗☞☛✎✛ ✕✠✔✗✡ ✎✗ ✎✏

✛❞✏✔✚✎✙ ✡✪✖✎☛✎★✍✎✖✚ ✌✎✘✠ ✘✠✡ ☛✎✪✖✎✛ ✕✠✔✗✡✣ ❚✠✖✗✩

✘✠✡ ✒✍✡✡❡✎✏✑ ✕☞✎✏✘ ☞✒ ✔ ✗✖★✗✘✔✏✙✡ ✚✔❞ ★✡ ✛✡✒✎✏✡✛

✔✗ ✘✠✡ ✘✡✚✕✡✍✔✘✖✍✡ ✔✘ ✌✠✎✙✠ ✘✠✡ ✓✔✕☞✖✍ ✕✍✡✗✗✖✍✡

☞✒ ✘✠✡ ✗✖★✗✘✔✏✙✡ ✎✏ ✎✘✗ ☛✎✪✖✎✛ ✕✠✔✗✡ ✎✗ ✡✪✖✔☛ ✘☞ ✎✘✗

✓✔✕☞✖✍ ✕✍✡✗✗✖✍✡ ✎✏ ✘✠✡ ✗☞☛✎✛ ✕✠✔✗✡✣ ✈ ✗☞☛✖✘✎☞✏

✌✎☛☛ ✒✍✡✡❡✡ ✌✠✡✏ ✎✘✗ ✓✔✕☞✖✍ ✕✍✡✗✗✖✍✡ ✡✪✖✔☛✗ ✘✠✡
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✞✗ ☞✞✟☛✒✠ ♠✞✟✠✡☛✟✠☞ ✑✱❜ ✱✞✒ ✞✱ ✒✕✠✍✓ ✍❜✠✱✒✍✒✭✘

❛✞✓ ❜✍✟☛✒✠ ☞✞✟☛✒✍✞✱☞✌ ✍✒ ✕✑☞ ✖✠✠✱ ✗✞☛✱❜

✠❝✔✠✓✍♠✠✱✒✑✟✟✭ ✒✕✑✒ ✷✴◗✷✿✳✹ ✵✶✻✴✴●✶✻ ✳✴

✵✶✷✵✷✶✿✳✷❁❂✽ ✿✷ ✿✲✻ ◗✷✽❂✶✳✿❘❯ ❱ ✷✼ ✿✲✻

✴✷✽●✿✳✷❁ ❂✿ ❂ ❲✳❀✻❁ ✿✻◗✵✻✶❂✿●✶✻ ❳✘ ❊✕☛☞❨

ð❩ ❬ ❭ ❪ ✩✯✘❫✰✬

❴✠✓✠ ð ✍☞ ✒✕✠ ✞☞♠✞✒✍✡ ✔✓✠☞☞☛✓✠ ✑✱❜ ❵ ✍☞ ✒✕✠

♦✑☞ ✡✞✱☞✒✑✱✒✘

ð ❩ ✩★❞ ❡❢✬ ❭ ❪ ✩✯✘❣❖✬

❴✠✓✠ ❢ ✍☞ ✚✞✟☛♠✠ ✞✗ ✑ ☞✞✟☛✒✍✞✱ ✍✱ ✟✍✒✓✠☞ ✡✞✱✒✑✍✱✍✱♦ ✱❞ ♠✞✟✠☞ ✞✗ ☞✞✟☛✒✠✘

♣✗ ✇❞ ♦✓✑♠☞ ✞✗ ☞✞✟☛✒✠✌ ✞✗ ♠✞✟✑✓ ♠✑☞☞✌ ❤❞ ✍☞ ✔✓✠☞✠✱✒ ✍✱ ✒✕✠ ☞✞✟☛✒✍✞✱✌ ✒✕✠✱

★❞ ❩ ✇❞ ❡ ❤❞ ✑✱❜ ✏✠ ✡✑✱ ✏✓✍✒✠✌

ð V ❩
❥

❥

❭ ❪

❤

w

✩✯✘❣✐✬

✞✓ ❤❞ ❩
❦ ❧ ♥

q

w

r
✩✯✘❣✯✬

❊✕☛☞✌ ✎✱✞✏✍✱♦ ✒✕✠ ❋☛✑✱✒✍✒✍✠☞ ✇❞✌ T, ð ✑✱❜ ❢ ✏✠ ✡✑✱ ✡✑✟✡☛✟✑✒✠ ✒✕✠

♠✞✟✑✓ ♠✑☞☞ ✞✗ ✒✕✠ ☞✞✟☛✒✠✘

✙✠✑☞☛✓✠♠✠✱✒ ✞✗ ✞☞♠✞✒✍✡ ✔✓✠☞☞☛✓✠ ✔✓✞✚✍❜✠☞ ✑✱✞✒✕✠✓ ♠✠✒✕✞❜ ✞✗

❜✠✒✠✓♠✍✱✍✱♦ ♠✞✟✑✓ ♠✑☞☞✠☞ ✞✗ ☞✞✟☛✒✠☞✘ ❊✕✍☞ ♠✠✒✕✞❜ ✍☞ ✏✍❜✠✟✭ ☛☞✠❜ ✒✞

❜✠✒✠✓♠✍✱✠ ♠✞✟✑✓ ♠✑☞☞✠☞ ✞✗ ✔✓✞✒✠✍✱☞✌ ✔✞✟✭♠✠✓☞ ✑✱❜ ✞✒✕✠✓

t✉✈① ②①③④⑤ ⑥⑦⑧ ⑧⑨⑩⑧❶❶ ❷❸⑧❶❶❹❸⑧ ⑧❺❹❻❼ ❽❾ ❽⑦⑧

❾❶❿❾❽➀⑩ ❷❸⑧❶❶❹❸⑧ ❿❹❶❽ ➁⑧ ❻❷❷❼➀⑧➂ ❾➃

❽⑦⑧ ❶❾❼❹❽➀❾➃ ❶➀➂⑧ ❽❾ ❷❸⑧➄⑧➃❽ ❾❶❿❾❶➀❶➅



✺�❈✁✂✄☎✆✝✞✟

♠✠✡☛☞♠☞✌✍✡✎✌✍✏✑ ✒✓✍ ☞✏♠☞✔✕✡ ✖☛✍✏✏✎☛✍ ♠✍✔✓☞✗ ✓✠✏ ✔✓✍ ✠✗✘✠✙✔✠✚✍ ☞✘✍☛

☞✔✓✍☛ ♠✍✔✓☞✗✏ ✠✏ ✖☛✍✏✏✎☛✍ ♠✍✠✏✎☛✍♠✍✙✔ ✕✏ ✠☛☞✎✙✗ ✔✓✍ ☛☞☞♠

✔✍♠✖✍☛✠✔✎☛✍ ✠✙✗ ✔✓✍ ♠☞✌✠☛✕✔t ☞✛ ✔✓✍ ✏☞✌✎✔✕☞✙ ✕✏ ✎✏✍✗ ✕✙✏✔✍✠✗ ☞✛ ♠☞✌✠✌✕✔t✑

❆✏ ✡☞♠✖✠☛✍✗ ✔☞ ☞✔✓✍☛ ✡☞✌✌✕✚✠✔✕✘✍ ✖☛☞✖✍☛✔✕✍✏✜ ✕✔✏ ♠✠✚✙✕✔✎✗✍ ✕✏ ✌✠☛✚✍

✍✘✍✙ ✛☞☛ ✘✍☛t ✗✕✌✎✔✍ ✏☞✌✎✔✕☞✙✏✑ ✒✓✍ ✔✍✡✓✙✕❡✎✍ ☞✛ ☞✏♠☞✔✕✡ ✖☛✍✏✏✎☛✍ ✛☞☛

✗✍✔✍☛♠✕✙✠✔✕☞✙ ☞✛ ♠☞✌✠☛ ♠✠✏✏ ☞✛ ✏☞✌✎✔✍✏ ✕✏ ✖✠☛✔✕✡✎✌✠☛✌t ✎✏✍✛✎✌ ✛☞☛

❜✕☞♠☞✌✍✡✎✌✍✏ ✠✏ ✔✓✍t ✠☛✍ ✚✍✙✍☛✠✌✌t ✙☞✔ ✏✔✠❜✌✍ ✠✔ ✓✕✚✓✍☛ ✔✍♠✖✍☛✠✔✎☛✍✏

✠✙✗ ✖☞✌t♠✍☛✏ ✓✠✘✍ ✖☞☞☛ ✏☞✌✎❜✕✌✕✔t✑

❚✢✣ ✤✣✥✦✧★✣✩✤ ✪✫✬★✩✭ ✤✫✮✯ ✣✤✮✣✧★✰ ✱✲✯✤✤✦✲✯ ✫✧ ✫ ✭★✬✯✩

✧✯✮✱✯✲✫✧✦✲✯ ✫✲✯ ✰✫✥✥✯✳ ★✤✣✧✣✩★✰ ✤✣✥✦✧★✣✩✤✑ ✴✓✍✙ ✏✎✡✓ ✏☞✌✎✔✕☞✙✏

✠☛✍ ✏✍✖✠☛✠✔✍✗ ❜t ✏✍♠✕✖✍☛♠✍✠❜✌✍ ♠✍♠❜☛✠✙✍ ✙☞ ☞✏♠☞✏✕✏ ☞✡✡✎☛✏

❜✍✔✵✍✍✙ ✔✓✍♠✑ ✶☞☛ ✍✷✠♠✖✌✍✜ ✔✓✍ ☞✏♠☞✔✕✡ ✖☛✍✏✏✎☛✍ ✠✏✏☞✡✕✠✔✍✗ ✵✕✔✓

✔✓✍ ✛✌✎✕✗ ✕✙✏✕✗✍ ✔✓✍ ❜✌☞☞✗ ✡✍✌✌ ✕✏ ✍❡✎✕✘✠✌✍✙✔ ✔☞ ✔✓✠✔ ☞✛ ✸✑✹✻ ✼♠✠✏✏✽

✘☞✌✎♠✍✈ ✏☞✗✕✎♠ ✡✓✌☞☛✕✗✍ ✏☞✌✎✔✕☞✙✜ ✡✠✌✌✍✗ ✙☞☛♠✠✌ ✏✠✌✕✙✍ ✏☞✌✎✔✕☞✙ ✠✙✗

✕✔ ✕✏ ✏✠✛✍ ✔☞ ✕✙✐✍✡✔ ✕✙✔☛✠✘✍✙☞✎✏✌t✑ ✾✙ ✔✓✍ ☞✔✓✍☛ ✓✠✙✗✜ ✕✛ ✵✍ ✖✌✠✡✍ ✔✓✍

✡✍✌✌✏ ✕✙ ✠ ✏☞✌✎✔✕☞✙ ✡☞✙✔✠✕✙✕✙✚ ♠☞☛✍ ✔✓✠✙ ✸✑✹✻ ✼♠✠✏✏✽✘☞✌✎♠✍✈ ✏☞✗✕✎♠

✡✓✌☞☛✕✗✍✜ ✵✠✔✍☛ ✵✕✌✌ ✛✌☞✵ ☞✎✔ ☞✛ ✔✓✍ ✡✍✌✌✏ ✠✙✗ ✔✓✍t ✵☞✎✌✗ ✏✓☛✕✙❝✑ ✿✎✡✓

✠ ✏☞✌✎✔✕☞✙ ✕✏ ✡✠✌✌✍✗ ✪❤✱✯✲✧✣✩★✰✑ ❀✛ ✔✓✍ ✏✠✌✔ ✡☞✙✡✍✙✔☛✠✔✕☞✙ ✕✏ ✌✍✏✏ ✔✓✠✙

✸✑✹✻ ✼♠✠✏✏✽✘☞✌✎♠✍✈✜ ✔✓✍ ✏☞✌✎✔✕☞✙ ✕✏ ✏✠✕✗ ✔☞ ❜✍ ✪❤✱✣✧✣✩★✰✑ ❀✙ ✔✓✕✏

✡✠✏✍✜ ✵✠✔✍☛ ✵✕✌✌ ✛✌☞✵ ✕✙✔☞ ✔✓✍ ✡✍✌✌✏ ✕✛ ✖✌✠✡✍✗ ✕✙ ✔✓✕✏ ✏☞✌✎✔✕☞✙ ✠✙✗ ✔✓✍t

✵☞✎✌✗ ✏✵✍✌✌✑

❁✸✸ ✡♠
❂

☞✛ ✠✙ ✠❡✎✍☞✎✏ ✏☞✌✎✔✕☞✙ ☞✛ ✠ ✖☛☞✔✍✕✙ ✡☞✙✔✠✕✙✏ ❃✑❁❄ ✚ ☞✛ ✔✓✍

✖☛☞✔✍✕✙✑ ✒✓✍ ☞✏♠☞✔✕✡ ✖☛✍✏✏✎☛✍ ☞✛ ✏✎✡✓ ✠ ✏☞✌✎✔✕☞✙ ✠✔ ♣✸✸ ❅ ✕✏ ✛☞✎✙✗ ✔☞

❜✍ ❁✑❇❉ ❊ ❃✸
❋❂

❜✠☛✑ ●✠✌✡✎✌✠✔✍ ✔✓✍ ♠☞✌✠☛ ♠✠✏✏ ☞✛ ✔✓✍ ✖☛☞✔✍✕✙✑

✒✓✍ ✘✠☛✕☞✎✏ ❡✎✠✙✔✕✔✕✍✏ ❝✙☞✵✙ ✔☞ ✎✏ ✠☛✍ ✠✏ ✛☞✌✌☞✵✏❍ ð■ ❁✑❇❉ ❊ ❃✸
➊❂

❜✠☛✜

❱ ■ ❁✸✸ ✡♠
❂

■ ✸✑❁✸✸ ✌✕✔☛✍

❏ ■ ♣✸✸ ❅

❘ ■ ✸✑✸❑♣ ▲ ❜✠☛ ♠☞✌
❋▼

❅
❋▼

✿✎❜✏✔✕✔✎✔✕✙✚ ✔✓✍✏✍ ✘✠✌✎✍✏ ✕✙ ✍❡✎✠✔✕☞✙ ✼❁✑❙❁✈ ✵✍ ✚✍✔

◆❖ ■

P P

◗

❃✑❁❄ ✚ ❊ ✸✑✸❑♣ ▲ ❜✠☛ ❅ ♠☞✌ ❊ ♣✸✸ ❅

❁✑❇❉❊❃✸ ❜✠☛ ❊ ✸✑❁✸✸ ▲

❯ ❯

❯ ■ ❄❃✜✸❁❁ ✚ ♠☞✌
❋▼

m e . 1Example 2.11 m e . 1Example 2.11

noSolution

✒✓✍ ✖✓✍✙☞♠✍✙✠ ♠✍✙✔✕☞✙✍✗ ✕✙ ✔✓✍ ❜✍✚✕✙✙✕✙✚ ☞✛ ✔✓✕✏ ✏✍✡✔✕☞✙ ✡✠✙ ❜✍

✍✷✖✌✠✕✙✍✗ ☞✙ ✔✓✍ ❜✠✏✕✏ ☞✛ ☞✏♠☞✏✕✏✑ ❆ ☛✠✵ ♠✠✙✚☞ ✖✌✠✡✍✗ ✕✙ ✡☞✙✡✍✙✔☛✠✔✍✗

✏✠✌✔ ✏☞✌✎✔✕☞✙ ✌☞✏✍✏ ✵✠✔✍☛ ✘✕✠ ☞✏♠☞✏✕✏ ✠✙✗ ✏✓☛✕✘✍✌ ✕✙✔☞ ✖✕✡❝✌✍✑ ✴✕✌✔✍✗

✛✌☞✵✍☛✏ ☛✍✘✕✘✍ ✵✓✍✙ ✖✌✠✡✍✗ ✕✙ ✛☛✍✏✓ ✵✠✔✍☛✑ ❆ ✡✠☛☛☞✔ ✔✓✠✔ ✓✠✏ ❜✍✡☞♠✍

✌✕♠✖ ❜✍✡✠✎✏✍ ☞✛ ✵✠✔✍☛ ✌☞✏✏ ✕✙✔☞ ✔✓✍ ✠✔♠☞✏✖✓✍☛✍ ✡✠✙ ❜✍ ✖✌✠✡✍✗ ✕✙✔☞ ✔✓✍

✵✠✔✍☛ ♠✠❝✕✙✚ ✕✔ ✛✕☛♠ ☞✙✡✍ ✠✚✠✕✙✑ ✴✠✔✍☛ ✵✕✌✌ ♠☞✘✍ ✕✙✔☞ ✔✓✍♠ ✔✓☛☞✎✚✓

☞✏♠☞✏✕✏✑ ✴✓✍✙ ✖✌✠✡✍✗ ✕✙ ✵✠✔✍☛ ✡☞✙✔✠✕✙✕✙✚ ✌✍✏✏ ✔✓✠✙ ✸✑✹✻ ✼♠✠✏✏✽

✘☞✌✎♠✍✈ ✏✠✌✔✜ ❜✌☞☞✗ ✡✍✌✌✏ ✡☞✌✌✠✖✏✍ ✗✎✍ ✔☞ ✌☞✏✏ ☞✛ ✵✠✔✍☛ ❜t ☞✏♠☞✏✕✏✑

❲✍☞✖✌✍ ✔✠❝✕✙✚ ✠ ✌☞✔ ☞✛ ✏✠✌✔ ☞☛ ✏✠✌✔t ✛☞☞✗ ✍✷✖✍☛✕✍✙✡✍ ✵✠✔✍☛ ☛✍✔✍✙✔✕☞✙ ✕✙

✔✕✏✏✎✍ ✡✍✌✌✏ ✠✙✗ ✕✙✔✍☛✡✍✌✌✎✌✠☛ ✏✖✠✡✍✏ ❜✍✡✠✎✏✍ ☞✛ ☞✏♠☞✏✕✏✑ ✒✓✍ ☛✍✏✎✌✔✕✙✚



✺✺ ❙�✁✂✄☎�✆✝

♣✞✟✟❢✠✡☛☛ ☞✌ ☛✍✡✎✎❢✠✏ ❢☛ ✑✒✎✎✡✓ ❡✔❡✕✖✳ ✥✒❛✡✌ ✗☞✘✡✗✡✠❛ ✟✌☞✗ ☛☞❢✎ ❢✠❛☞

♣✎✒✠❛ ✌☞☞❛☛ ✒✠✓ ☛✞✙☛✡✚✞✡✠❛✎✛ ❢✠❛☞ ✞♣♣✡✌ ♣☞✌❛❢☞✠ ☞✟ ❛✜✡ ♣✎✒✠❛ ❢☛ ♣✒✌❛✎✛

✓✞✡ ❛☞ ☞☛✗☞☛❢☛✳ ❞✜✡ ♣✌✡☛✡✌✘✒❛❢☞✠ ☞✟ ✗✡✒❛ ✙✛ ☛✒✎❛❢✠✏ ✒✠✓ ☞✟ ✟✌✞❢❛☛ ✙✛

✒✓✓❢✠✏ ☛✞✏✒✌ ♣✌☞❛✡✑❛☛ ✒✏✒❢✠☛❛ ✙✒✑❛✡✌❢✒✎ ✒✑❛❢☞✠✳ ❞✜✌☞✞✏✜ ❛✜✡ ♣✌☞✑✡☛☛

☞✟ ☞☛✗☞☛❢☛♦ ✒ ✙✒✑❛✡✌❢✞✗ ☞✠ ☛✒✎❛✡✓ ✗✡✒❛ ☞✌ ✑✒✠✓❢✓ ✟✌✞❢❛ ✎☞☛✡☛ ✍✒❛✡✌♦

☛✜✌❢✘✡✎☛ ✒✠✓ ✓❢✡☛✳

❞✜✡ ✓❢✌✡✑❛❢☞✠ ☞✟ ☞☛✗☞☛❢☛ ✑✒✠ ✙✡ ✌✡✘✡✌☛✡✓ ❢✟ ✒ ♣✌✡☛☛✞✌✡ ✎✒✌✏✡✌ ❛✜✒✠ ❛✜✡

☞☛✗☞❛❢✑ ♣✌✡☛☛✞✌✡ ❢☛ ✒♣♣✎❢✡✓ ❛☞ ❛✜✡ ☛☞✎✞❛❢☞✠ ☛❢✓✡✳ ❞✜✒❛ ❢☛♦ ✠☞✍ ❛✜✡

♣✞✌✡ ☛☞✎✘✡✠❛ ✟✎☞✍☛ ☞✞❛ ☞✟ ❛✜✡ ☛☞✎✞❛❢☞✠ ❛✜✌☞✞✏✜ ❛✜✡ ☛✡✗❢ ♣✡✌✗✡✒✙✎✡

✗✡✗✙✌✒✠✡✳ ❞✜❢☛ ♣✜✡✠☞✗✡✠☞✠ ❢☛ ✑✒✎✎✡✓ r❡✢❡r✣❡ ✤✣✕✤✣✦✣ ✒✠✓ ❢☛ ☞✟

✏✌✡✒❛ ♣✌✒✑❛❢✑✒✎ ✞❛❢✎❢❛✛✳ ❣✡✘✡✌☛✡ ☞☛✗☞☛❢☛ ❢☛ ✞☛✡✓ ❢✠ ✓✡☛✒✎❢✠✒❛❢☞✠ ☞✟ ☛✡✒

✍✒❛✡✌✳ ✧ ☛✑✜✡✗✒❛❢✑ ☛✡❛ ✞♣ ✟☞✌ ❛✜✡ ♣✌☞✑✡☛☛ ❢☛ ☛✜☞✍✠ ❢✠ ★❢✏✳ ✩✳✪✪✳

✥✜✡✠ ♣✌✡☛☛✞✌✡ ✗☞✌✡ ❛✜✒✠ ☞☛✗☞❛❢✑ ♣✌✡☛☛✞✌✡ ❢☛

✒♣♣✎❢✡✓♦ ♣✞✌✡ ✍✒❛✡✌ ❢☛ ☛✚✞✡✡✫✡✓ ☞✞❛ ☞✟ ❛✜✡ ☛✡✒

✍✒❛✡✌ ❛✜✌☞✞✏✜ ❛✜✡ ✗✡✗✙✌✒✠✡✳ ✧ ✘✒✌❢✡❛✛ ☞✟

♣☞✎✛✗✡✌ ✗✡✗✙✌✒✠✡☛ ✒✌✡ ✒✘✒❢✎✒✙✎✡ ✟☞✌ ❛✜❢☛

♣✞✌♣☞☛✡✳

❞✜✡ ♣✌✡☛☛✞✌✡ ✌✡✚✞❢✌✡✓ ✟☞✌ ❛✜✡ ✌✡✘✡✌☛✡ ☞☛✗☞☛❢☛

❢☛ ✚✞❢❛✡ ✜❢✏✜✳ ✧ ✍☞✌✐✒✙✎✡ ♣☞✌☞✞☛ ✗✡✗✙✌✒✠✡ ❢☛ ✒

✟❢✎✗ ☞✟ ✑✡✎✎✞✎☞☛✡ ✒✑✡❛✒❛✡ ♣✎✒✑✡✓ ☞✘✡✌ ✒ ☛✞❢❛✒✙✎✡

☛✞♣♣☞✌❛✳ s✡✎✎✞✎☞☛✡ ✒✑✡❛✒❛✡ ❢☛ ♣✡✌✗✡✒✙✎✡ ❛☞ ✍✒❛✡✌

✙✞❛ ❢✗♣✡✌✗✡✒✙✎✡ ❛☞ ❢✗♣✞✌❢❛❢✡☛ ✒✠✓ ❢☞✠☛ ♣✌✡☛✡✠❛

❢✠ ☛✡✒ ✍✒❛✡✌✳ ❞✜✡☛✡ ✓✒✛☛ ✗✒✠✛ ✑☞✞✠❛✌❢✡☛ ✞☛✡

✓✡☛✒✎❢✠✒❛❢☞✠ ♣✎✒✠❛☛ ❛☞ ✗✡✡❛ ❛✜✡❢✌ ♣☞❛✒✙✎✡ ✍✒❛✡✌

✌✡✚✞❢✌✡✗✡✠❛☛✳

✷✬✭✬✮ ❘❡✢❡r✣❡

❖✣✕✤✣✦✣ ✖✯✔

❲✖✰❡r

P✱r✦✲✦✴✖✰✦✤✯

  t  e t o st nIntext Questions

✷✬✵ ❱✒♣☞✞✌ ♣✌✡☛☛✞✌✡ ☞✟ ♣✞✌✡ ✍✒❛✡✌ ✒❛ ✩✶✸ ✹ ❢☛ ✩✻✳✸ ✗✗ ✼✏✳ ✽✾ ✏ ☞✟ ✞✌✡✒

✿❀✼❁s❈❀✼❁❂ ❢☛ ✓❢☛☛☞✎✘✡✓ ❢✠ ✸✽✾ ✏ ☞✟ ✍✒❛✡✌✳ s✒✎✑✞✎✒❛✡ ❛✜✡ ✘✒♣☞✞✌ ♣✌✡☛☛✞✌✡

☞✟ ✍✒❛✡✌ ✟☞✌ ❛✜❢☛ ☛☞✎✞❛❢☞✠ ✒✠✓ ❢❛☛ ✌✡✎✒❛❢✘✡ ✎☞✍✡✌❢✠✏✳

✷✬❃❄ ❇☞❢✎❢✠✏ ♣☞❢✠❛ ☞✟ ✍✒❛✡✌ ✒❛ ❅✽✾ ✗✗ ✼✏ ❢☛ ✶✶✳❆✻❉s✳ ✼☞✍ ✗✞✑✜ ☛✞✑✌☞☛✡ ❢☛ ❛☞

✙✡ ✒✓✓✡✓ ❛☞ ✽✾✾ ✏ ☞✟ ✍✒❛✡✌ ☛✞✑✜ ❛✜✒❛ ❢❛ ✙☞❢✎☛ ✒❛ ✪✾✾❉s✳

✷✬❃❃ s✒✎✑✞✎✒❛✡ ❛✜✡ ✗✒☛☛ ☞✟ ✒☛✑☞✌✙❢✑ ✒✑❢✓ ✿❱❢❛✒✗❢✠ s♦ s❊✼❋❈❊❂ ❛☞ ✙✡ ✓❢☛☛☞✎✘✡✓ ❢✠

❅✽ ✏ ☞✟ ✒✑✡❛❢✑ ✒✑❢✓ ❛☞ ✎☞✍✡✌ ❢❛☛ ✗✡✎❛❢✠✏ ♣☞❢✠❛ ✙✛ ✪✳✽❉s✳ ❑● ❍ ✻✳✶ ✹ ✐✏ ✗☞✎
■❏
✳

✷✬❃✷ s✒✎✑✞✎✒❛✡ ❛✜✡ ☞☛✗☞❛❢✑ ♣✌✡☛☛✞✌✡ ❢✠ ♣✒☛✑✒✎☛ ✡▲✡✌❛✡✓ ✙✛ ✒ ☛☞✎✞❛❢☞✠ ♣✌✡♣✒✌✡✓

✙✛ ✓❢☛☛☞✎✘❢✠✏ ✪✳✾ ✏ ☞✟ ♣☞✎✛✗✡✌ ☞✟ ✗☞✎✒✌ ✗✒☛☛ ✪✸✽♦✾✾✾ ❢✠ ❜✽✾ ✗▼ ☞✟ ✍✒❛✡✌

✒❛ ✻❅❉s✳

◆◗❚❯ ❳❯❨❨❩ ❬❭❪❭❫❴❭ ❵❴❝❵❴❤❴ ❵❥❥❦❫❴ ❧♠❭♥ q

t❫❭❴❴❦❫❭ ✉q❫✈❭❫ ✇♠q♥ ✇♠❭ ❵❴❝❵✇❤❥

t❫❭❴❴❦❫❭ ❤❴ qtt✉❤❭① ✇❵ ✇♠❭ ❴❵✉❦✇❤❵♥②

✥✡ ✐✠☞✍ ❛✜✒❛ ❢☞✠❢✑ ✑☞✗♣☞✞✠✓☛ ✍✜✡✠ ✓❢☛☛☞✎✘✡✓ ❢✠ ✍✒❛✡✌ ✓❢☛☛☞✑❢✒❛✡ ❢✠❛☞

✑✒❛❢☞✠☛ ✒✠✓ ✒✠❢☞✠☛✳ ★☞✌ ✡▲✒✗♣✎✡♦ ❢✟ ✍✡ ✓❢☛☛☞✎✘✡ ☞✠✡ ✗☞✎✡ ☞✟ ✹s✎ ✿❅❜✳✽ ✏❂

❢✠ ✍✒❛✡✌♦ ✍✡ ✡▲♣✡✑❛ ☞✠✡ ✗☞✎✡ ✡✒✑✜ ☞✟ ✹
③
✒✠✓ s✎

➊
❢☞✠☛ ❛☞ ✙✡ ✌✡✎✡✒☛✡✓ ❢✠

❛✜✡ ☛☞✎✞❛❢☞✠✳ ④✟ ❛✜❢☛ ✜✒♣♣✡✠☛♦ ❛✜✡✌✡ ✍☞✞✎✓ ✙✡ ❛✍☞ ✗☞✎✡☛ ☞✟ ♣✒✌❛❢✑✎✡☛ ❢✠

❛✜✡ ☛☞✎✞❛❢☞✠✳ ④✟ ✍✡ ❢✏✠☞✌✡ ❢✠❛✡✌❢☞✠❢✑ ✒❛❛✌✒✑❛❢☞✠☛♦ ☞✠✡ ✗☞✎✡ ☞✟ ✹s✎ ❢✠

☞✠✡ ✐✏ ☞✟ ✍✒❛✡✌ ✍☞✞✎✓ ✙✡ ✡▲♣✡✑❛✡✓ ❛☞ ❢✠✑✌✡✒☛✡ ❛✜✡ ✙☞❢✎❢✠✏ ♣☞❢✠❛ ✙✛

✩ ⑤ ✾✳✽✩ ✹ ❍ ✪✳✾❜ ✹✳ ❀☞✍ ❢✟ ✍✡ ✓❢✓ ✠☞❛ ✐✠☞✍ ✒✙☞✞❛ ❛✜✡ ✓✡✏✌✡✡ ☞✟

72.7 aoAbnormal
olaolaMolarMolar
a sMassessaMasses



✺�❈✁✂✄☎✆✝✞✟

✷ ✠✡✸✠☛☛✡ ☞ ✥✠✡✸✠☛☛✡✌✍

❞✎✏✏✑✒✎✓✔✎✑✕✖ ✗✘ ✒✑✙✚❞ ✛✘ ✚✘❞ ✔✑ ✒✑✕✒✚✙❞✘ ✔✜✓✔ ✔✜✘ ✢✓✏✏ ✑✣ ✷ ✢✑✚ ✤✓✦✔✎✒✚✘✏

✎✏ ✐✧★✩ ✪ ✓✕❞ ✔✜✘ ✢✓✏✏ ✑✣ ✑✕✘ ✢✑✚✘ ✑✣ ✫✠✚ ✗✑✙✚❞ ✛✘ ✬✐★✷✩ ✪★ ✭✜✎✏

✛✦✎✕✪✏ ✎✕✔✑ ✚✎✪✜✔ ✔✜✘ ✦✙✚✘ ✔✜✓✔✖ ✗✜✘✕ ✔✜✘✦✘ ✎✏ ❞✎✏✏✑✒✎✓✔✎✑✕ ✑✣ ✏✑✚✙✔✘ ✎✕✔✑

✎✑✕✏✖ ✔✜✘ ✘✮✤✘✦✎✢✘✕✔✓✚✚✯ ❞✘✔✘✦✢✎✕✘❞ ✢✑✚✓✦ ✢✓✏✏ ✎✏ ✓✚✗✓✯✏ ✚✑✗✘✦ ✔✜✓✕

✔✜✘ ✔✦✙✘ t✓✚✙✘★

▼✑✚✘✒✙✚✘✏ ✑✣ ✘✔✜✓✕✑✎✒ ✓✒✎❞ ✥✓✒✘✔✎✒ ✓✒✎❞✌ ❞✎✢✘✦✎✏✘ ✎✕

✛✘✕❜✘✕✘ ❞✙✘ ✔✑ ✜✯❞✦✑✪✘✕ ✛✑✕❞✎✕✪★ ✭✜✎✏ ✕✑✦✢✓✚✚✯ ✜✓✤✤✘✕✏

✎✕ ✏✑✚t✘✕✔✏ ✑✣ ✚✑✗ ❞✎✘✚✘✒✔✦✎✒ ✒✑✕✏✔✓✕✔★ ✰✕ ✔✜✎✏ ✒✓✏✘ ✔✜✘ ✕✙✢✛✘✦

✑✣ ✤✓✦✔✎✒✚✘✏ ✎✏ ✦✘❞✙✒✘❞ ❞✙✘ ✔✑ ❞✎✢✘✦✎✏✓✔✎✑✕★ ♦✏✏✑✒✎✓✔✎✑✕ ✑✣

✢✑✚✘✒✙✚✘✏ ✎✏ ❞✘✤✎✒✔✘❞ ✓✏ ✣✑✚✚✑✗✏♠

✰✔ ✒✓✕ ✛✘ ✙✕❞✑✙✛✔✘❞✚✯ ✏✔✓✔✘❞ ✜✘✦✘ ✔✜✓✔ ✎✣ ✓✚✚ ✔✜✘ ✢✑✚✘✒✙✚✘✏ ✑✣ ✘✔✜✓✕✑✎✒

✓✒✎❞ ✓✏✏✑✒✎✓✔✘ ✎✕ ✛✘✕❜✘✕✘✖ ✔✜✘✕ ✱❚✲ ✑✦ ✱❚❢ ✣✑✦ ✘✔✜✓✕✑✎✒ ✓✒✎❞ ✗✎✚✚ ✛✘ ✜✓✚✣

✑✣ ✔✜✘ ✕✑✦✢✓✚ t✓✚✙✘★ ✭✜✘ ✢✑✚✓✦ ✢✓✏✏ ✒✓✚✒✙✚✓✔✘❞ ✑✕ ✔✜✘ ✛✓✏✎✏ ✑✣ ✔✜✎✏ ✱❚✲
✑✦ ✱❚❢ ✗✎✚✚✖ ✔✜✘✦✘✣✑✦✘✖ ✛✘ ✔✗✎✒✘ ✔✜✘ ✘✮✤✘✒✔✘❞ t✓✚✙✘★ ✳✙✒✜ ✓ ✢✑✚✓✦ ✢✓✏✏

✔✜✓✔ ✎✏ ✘✎✔✜✘✦ ✚✑✗✘✦ ✑✦ ✜✎✪✜✘✦ ✔✜✓✕ ✔✜✘ ✘✮✤✘✒✔✘❞ ✑✦ ✕✑✦✢✓✚ t✓✚✙✘ ✎✏ ✒✓✚✚✘❞

✓✏ ❛✴✵✶✹✻❛✼ ✻✶✼❛✹ ✻❛✽✽✾

✰✕ ■✿✿❀ t✓✕❁✔ ✡✑✣✣ ✎✕✔✦✑❞✙✒✘❞ ✓ ✣✓✒✔✑✦ ❂✖ ❃✕✑✗✕ ✓✏ ✔✜✘ t✓✕❁✔ ✡✑✣✣

✣✓✒✔✑✦✖ ✔✑ ✓✒✒✑✙✕✔ ✣✑✦ ✔✜✘ ✘✮✔✘✕✔ ✑✣ ❞✎✏✏✑✒✎✓✔✎✑✕ ✑✦ ✓✏✏✑✒✎✓✔✎✑✕★ ✭✜✎✏

✣✓✒✔✑✦ ❂ ✎✏ ❞✘✣✎✕✘❞ ✓✏♠

◆❄r❅❆❧ ❅❄❧❆r ❅❆❇❇

❉❊♥❄r❅❆❧ ❅❄❧❆r ❅❆❇❇
❋●

☛✛✏✘✦t✘❞ ✒✑✚✚✎✪✓✔✎t✘ ✤✦✑✤✘✦✔✯

✠✓✚✒✙✚✓✔✘❞ ✒✑✚✚✎✪✓✔✎t✘ ✤✦✑✤✘✦✔✯
❍

✭✑✔✓✚ ✕✙✢✛✘✦ ✑✣ ✢✑✚✘✏ ✑✣ ✤✓✦✔✎✒✚✘✏ ✓✣✔✘✦ ✓✏✏✑✒✎✓✔✎✑✕❏❞✎✏✏✑✒✎✓✔✎✑✕

❑✙✢✛✘✦ ✑✣ ✢✑✚✘✏ ✑✣ ✤✓✦✔✎✒✚✘✏ ✛✘✣✑✦✘ ✓✏✏✑✒✎✓✔✎✑✕❏❞✎✏✏✑✒✎✓✔✎✑✕
❍❂

✡✘✦✘ ✓✛✕✑✦✢✓✚ ✢✑✚✓✦ ✢✓✏✏ ✎✏ ✔✜✘ ✘✮✤✘✦✎✢✘✕✔✓✚✚✯ ❞✘✔✘✦✢✎✕✘❞ ✢✑✚✓✦

✢✓✏✏ ✓✕❞ ✒✓✚✒✙✚✓✔✘❞ ✒✑✚✚✎✪✓✔✎t✘ ✤✦✑✤✘✦✔✎✘✏ ✓✦✘ ✑✛✔✓✎✕✘❞ ✛✯ ✓✏✏✙✢✎✕✪

✔✜✓✔ ✔✜✘ ✕✑✕▲t✑✚✓✔✎✚✘ ✏✑✚✙✔✘ ✎✏ ✕✘✎✔✜✘✦ ✓✏✏✑✒✎✓✔✘❞ ✕✑✦ ❞✎✏✏✑✒✎✓✔✘❞★ ✰✕

✒✓✏✘ ✑✣ ✓✏✏✑✒✎✓✔✎✑✕✖ t✓✚✙✘ ✑✣ ❂ ✎✏ ✚✘✏✏ ✔✜✓✕ ✙✕✎✔✯ ✗✜✎✚✘ ✣✑✦ ❞✎✏✏✑✒✎✓✔✎✑✕ ✎✔

✎✏ ✪✦✘✓✔✘✦ ✔✜✓✕ ✙✕✎✔✯★ ❖✑✦ ✘✮✓✢✤✚✘✖ ✔✜✘ t✓✚✙✘ ✑✣ ❂ ✣✑✦ ✓P✙✘✑✙✏ ✫✠✚

✏✑✚✙✔✎✑✕ ✎✏ ✒✚✑✏✘ ✔✑ ✷✖ ✗✜✎✚✘ ✔✜✘ t✓✚✙✘ ✣✑✦ ✘✔✜✓✕✑✎✒ ✓✒✎❞ ✎✕ ✛✘✕❜✘✕✘ ✎✏

✕✘✓✦✚✯ ❀★✩★

✰✕✒✚✙✏✎✑✕ ✑✣ t✓✕❁✔ ✡✑✣✣ ✣✓✒✔✑✦ ✢✑❞✎✣✎✘✏ ✔✜✘ ✘P✙✓✔✎✑✕✏ ✣✑✦ ✒✑✚✚✎✪✓✔✎t✘

✤✦✑✤✘✦✔✎✘✏ ✓✏ ✣✑✚✚✑✗✏♠

❘✘✚✓✔✎t✘ ✚✑✗✘✦✎✕✪ ✑✣ t✓✤✑✙✦ ✤✦✘✏✏✙✦✘ ✑✣ ✏✑✚t✘✕✔✖

◗
❙ ❙ ❯

◗
❙❙

❱
★❍

♣ ♣ ❲
❂

❲♣

❳✚✘t✓✔✎✑✕ ✑✣ ❨✑✎✚✎✕✪ ✤✑✎✕✔✖ ✱❚✲ ❩ ❂ ❬✲ ❭

❪✘✤✦✘✏✏✎✑✕ ✑✣ ❖✦✘✘❜✎✕✪ ✤✑✎✕✔✖ ✱❚❢ ❩ ❂ ❬❢ ❭

☛✏✢✑✔✎✒ ✤✦✘✏✏✙✦✘ ✑✣ ✏✑✚✙✔✎✑✕✖ ð ❩ ❂ ❲✍ ❫ ❚ ❏ ❴
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✷ ✞ ✟✠ ✡☛☞✌✟✍✎ ✏✎✍✑ ✒✓✻❍✔✓❈❈❍✕ ✑✍✖✖✟✗✘☛✑ ✍☞ ✷✙ ✞ ✟✠ ✡☛☞✌☛☞☛ ✖✚✟✛✖ ✏

✑☛❞✜☛✖✖✍✟☞ ✍☞ ✠✜☛☛✌✍☞✞ ❞✟✍☞✢ ☛✣✤✏✗ ✢✟ ✥✦✧✷ ★✦ ✩✟✗✏✗ ✑☛❞✜☛✖✖✍✟☞ ✎✟☞✖✢✏☞✢

✠✟✜ ✡☛☞✌☛☞☛ ✍✖ ❢✦✪ ★ ✫✞ ✬✟✗
➊✭
✦ ✳✚✏✢ ✍✖ ✢✚☛ ❞☛✜✎☛☞✢✏✞☛ ✏✖✖✟✎✍✏✢✍✟☞ ✟✠ ✏✎✍✑

✍✠ ✍✢ ✠✟✜✬✖ ✑✍✬☛✜ ✍☞ ✖✟✗✤✢✍✟☞✐

❚✚☛ ✞✍✘☛☞ ✣✤✏☞✢✍✢✍☛✖ ✏✜☛✮ ✇✯ ✰ ✷ ✞✱ ❑✲ ✰ ❢✦✪ ★ ✫✞ ✬✟✗
➊✭
✱ ✇✭ ✰ ✷✙ ✞❂

Ä✴✲ ✰ ✥✦✧✷ ★

✵✤✡✖✢✍✢✤✢✍☞✞ ✢✚☛✖☛ ✘✏✗✤☛✖ ✍☞ ☛✣✤✏✢✍✟☞ ✒✷✦✶✧✕ ✛☛ ✞☛✢✮

▼✯ ✰

✸✹ ✸✹
✽✾✿ ❀ ❦❁ ❃♦❧ ❄ ❅ ❁ ❄ ❆❇❇❇ ❁ ❦❁

❅❉ ❁ ❄ ❆✾❊❅ ❀
✰ ✷❢✥✦✪❋ ✞ ✬✟✗

➊✭

❚✚✤✖❂ ☛●❞☛✜✍✬☛☞✢✏✗ ✬✟✗✏✜ ✬✏✖✖ ✟✠ ✡☛☞✌✟✍✎ ✏✎✍✑ ✍☞ ✡☛☞✌☛☞☛ ✍✖

✰ ✷❢✥✦✪❋ ✞ ✬✟✗
➊✭

◆✟✛ ✎✟☞✖✍✑☛✜ ✢✚☛ ✠✟✗✗✟✛✍☞✞ ☛✣✤✍✗✍✡✜✍✤✬ ✠✟✜ ✢✚☛ ✏✎✍✑✮

✷ ✓✻❍✔✓❈❈❍ ■ ✒✓✻❍✔✓❈❈❍✕✯

❏✠ ① ✜☛❞✜☛✖☛☞✢✖ ✢✚☛ ✑☛✞✜☛☛ ✟✠ ✏✖✖✟✎✍✏✢✍✟☞ ✟✠ ✢✚☛ ✖✟✗✤✢☛ ✢✚☛☞ ✛☛ ✛✟✤✗✑

✚✏✘☛ ✒✥ ❤ ① ✕ ✬✟✗ ✟✠ ✡☛☞✌✟✍✎ ✏✎✍✑ ✗☛✠✢ ✍☞ ✤☞✏✖✖✟✎✍✏✢☛✑ ✠✟✜✬ ✏☞✑

✎✟✜✜☛✖❞✟☞✑✍☞✞✗❝
▲

❖
✏✖ ✏✖✖✟✎✍✏✢☛✑ ✬✟✗☛✖ ✟✠ ✡☛☞✌✟✍✎ ✏✎✍✑ ✏✢ ☛✣✤✍✗✍✡✜✍✤✬✦

❚✚☛✜☛✠✟✜☛❂ ✢✟✢✏✗ ☞✤✬✡☛✜ ✟✠ ✬✟✗☛✖ ✟✠ ❞✏✜✢✍✎✗☛✖ ✏✢ ☛✣✤✍✗✍✡✜✍✤✬ ✍✖✮

P P
▲ ▲

◗ ❘ ❯ ◗
❖ ❖

❖

❚✚✤✖❂ ✢✟✢✏✗ ☞✤✬✡☛✜ ✟✠ ✬✟✗☛✖ ✟✠ ❞✏✜✢✍✎✗☛✖ ✏✢ ☛✣✤✍✗✍✡✜✍✤✬ ☛✣✤✏✗✖ ✘✏☞❱✢ ❍✟✠✠

✠✏✎✢✟✜ ❲✦

❳✤✢
❨❩r❬❛❭ ❬❩❭❛r ❬❛ss

❪❜♥❩r❬❛❭ ❬❩❭❛r ❬❛ss
❫❴

  p  E  2 1Example 2.12

l i nSolution

❚✏✡✗☛ ✷✦❢ ✑☛❞✍✎✢✖ ✘✏✗✤☛✖ ✟✠ ✢✚☛ ✠✏✎✢✟✜❂ ❲ ✠✟✜ ✖☛✘☛✜✏✗ ✖✢✜✟☞✞ ☛✗☛✎✢✜✟✗❝✢☛✖✦

❵✟✜ ★✓✗❂ ◆✏✓✗ ✏☞✑ ✩✞✵❈❡❂ ❲ ✏❞❞✜✟✏✎✚ ✷ ✏✖ ✢✚☛ ✖✟✗✤✢✍✟☞ ✡☛✎✟✬☛✖ ✘☛✜❝

✑✍✗✤✢☛✦ ❣✖ ☛●❞☛✎✢☛✑❂ ✢✚☛ ✘✏✗✤☛ ✟✠ ❲ ✞☛✢✖ ✎✗✟✖☛ ✢✟ ✶ ✠✟✜ ★✯✵❈❡✦

❥♠♣q

t✉♠♣✈②③ ④⑤ ⑥ ⑦♠⑧⑨q ⑩④⑤⑤ ❶♠❷q④❸ ⑥ ⑤④❸ ❷④❹❺♣②q②

❻❼❽ ❹ ❻❼❻❽ ❹ ❻❼❻❻❽ ❹
❾❿③③④❷❿♠q❿④⑧ ④⑤ ③④♣✈q②

➀➁➂✁ ➃➄➅✼ ➃➄➆➇ ➃➄➆✼ ➈➄➉➉

➋➂✁ ➃➄➅✺ ➃➄➆➇ ➃➄➆➅ ➈➄➉➉

➌➍❙➎➏ ➃➄➈➃ ➃➄✺➐ ➃➄➅➈ ➈➄➉➉

➋➑❙➎➏ ➈➄➐➈ ➈➄✼➉ ➈➄➅➇ ➐➄➉➉

➒ ➓➔→➓➔➣➔↔↕ ➙ ➛➜➝➞➔➣ ➟➠➓ ➡↔➢➠➤→➝➔↕➔ ➥➡➣➣➠➢➡➜↕➡➠↔➦

➧➨➩➫➭ ➯➲➳➵ ➸➨➫➺➭➻ ➼➽ ➸➨➾➚➪ ➶➼➽➽ ➽➨➹➪➼➘➴ ➷➴ ➨➪ ➸➨➘➬➼➺➻ ➮➼➾➹➭➾➪➘➨➪➬➼➾➻

➽➼➘ ➱➨➮➫➴ ✃➮➫➴ ❐❒❮❰Ï ➨➾Ð ✃Ñ❮❰Ï➲
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E a l  2x  1Exa l  2 1Example 2.13Example 2.13

❂

✶

✶

✠✡✡ ❣♠☛❧

✡✹✠☞✾✌ ❣♠☛❧

✍

✍

☛♦
✷

①
❂

✎✷✷
✎ ✎ ✵✏✑✵✒ ✵✏✒✓✻

✷✒✎✏✓✽
✔ ✕ ✔ ✕

☛♦ ✖ ❂ ✡ ✗ ✘ ☞✹✾✙ ❂ ✘☞✾✾✡

❚✚✛♦✛✜☛♦✛✢ ✣✛❣♦✛✛ ☛✜ ✤✥✥☛✦✧✤★✧☛✩ ☛✜ ✪✛✩✫☛✧✦ ✤✦✧✣ ✧✩ ✪✛✩✫✛✩✛ ✧✥ ✾✾☞✡ ✬☞

✘☞✙ ♠✭ ☛✜ ✤✦✛★✧✦ ✤✦✧✣ ✮✯✰✸✯✱✱✰✲✢ ✚✤✳✧✩❣ ✣✛✩✥✧★✴ ✠☞✘✙ ❣ ♠✭
➊✼
✢ ✧✥

✣✧✥✥☛❧✳✛✣ ✧✩ ✠ ❧✧★♦✛ ☛✜ ❞✤★✛♦☞ ❚✚✛ ✣✛✿♦✛✥✥✧☛✩ ✧✩ ✜♦✛✛✫✧✩❣ ✿☛✧✩★

☛✪✥✛♦✳✛✣ ✜☛♦ ★✚✧✥ ✥★♦✛✩❣★✚ ☛✜ ✤✦✧✣ ❞✤✥ ✘☞✘✡✘❀❁✯☞ ✯✤❧✦❃❧✤★✛ ★✚✛ ✳✤✩❄★
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✞✌☛ ❞☛✌✖ ✁✞✌✡☛ ✞✆❝ ✄✟☛ �✄✟☛✌ ✎✟�✝☛ ❡✞✌✄☎✑✁☛✝ ✞✌☛ ❞☛✌✖ ✝✠✞✁✁✒ ❅✟✞✄ ❇☎✆❝ �✍ ✝�✁☎❝

✝�✁✂✄☎�✆ ☎✝ ✄✟☎✝ ✁☎❇☛✁✖ ✄� ✏☛♠

❂❃❈ ❉☛✍☎✆☛ ✄✟☛ ✍�✁✁�✎☎✆✡ ✄☛✌✠✝❛

❊☎❋ ✱�✁☛ ✍✌✞✑✄☎�✆ ❊☎☎❋ ✱�✁✞✁☎✄✖ ❊☎☎☎❋ ✱�✁✞✌☎✄✖ ❊☎❞❋ ✱✞✝✝ ❡☛✌✑☛✆✄✞✡☛✒

❂❃● ❤�✆✑☛✆✄✌✞✄☛❝ ✆☎✄✌☎✑ ✞✑☎❝ ✂✝☛❝ ☎✆ ✁✞✏�✌✞✄�✌✖ ✎�✌❇ ☎✝ ■❏❑ ✆☎✄✌☎✑ ✞✑☎❝ ✏✖ ✠✞✝✝ ☎✆

✞✔✂☛�✂✝ ✝�✁✂✄☎�✆✒ ❅✟✞✄ ✝✟�✂✁❝ ✏☛ ✄✟☛ ✠�✁✞✌☎✄✖ �✍ ✝✂✑✟ ✞ ✝✞✠❡✁☛ �✍ ✄✟☛ ✞✑☎❝ ☎✍

✄✟☛ ❝☛✆✝☎✄✖ �✍ ✄✟☛ ✝�✁✂✄☎�✆ ☎✝ ▲✒✺▼◆ ✡ ✠❖
➊P
♠

rcie sExercises



✻�❈✁✂✄☎✆✝✞✟

✷✠✡ ❆ ✆☛☞✌✝☎☛✍ ☛✎ ✏☞✌✑☛✆✂ ☎✍ ✒✓✝✂✞ ☎✆ ☞✓✔✂☞☞✂✕ ✓✆ ✖�✗ ✒✘✒✙ ✒✁✓✝ ✒☛✌☞✕ ✔✂ ✝✁✂

✄☛☞✓☞☎✝✟ ✓✍✕ ✄☛☞✂ ✎✞✓✑✝☎☛✍ ☛✎ ✂✓✑✁ ✑☛✄♠☛✍✂✍✝ ☎✍ ✝✁✂ ✆☛☞✌✝☎☛✍✚ ✛✎ ✝✁✂ ✕✂✍✆☎✝✟ ☛✎

✆☛☞✌✝☎☛✍ ☎✆ ✖s✜ ✏ ✄✢
➊✣
✙ ✝✁✂✍ ✒✁✓✝ ✆✁✓☞☞ ✔✂ ✝✁✂ ✄☛☞✓✞☎✝✟ ☛✎ ✝✁✂ ✆☛☞✌✝☎☛✍✚

✷✠✤ ❍☛✒ ✄✓✍✟ ✄✢ ☛✎ �s✖ ✥ ❍❈☞ ✓✞✂ ✞✂✦✌☎✞✂✕ ✝☛ ✞✂✓✑✝ ✑☛✄♠☞✂✝✂☞✟ ✒☎✝✁ ✖ ✏ ✄☎✧✝✌✞✂

☛✎ ♦✓★❈✩✸ ✓✍✕ ♦✓❍❈✩✸ ✑☛✍✝✓☎✍☎✍✏ ✂✦✌☎✄☛☞✓✞ ✓✄☛✌✍✝✆ ☛✎ ✔☛✝✁✚

✷✠✪ ❆ ✆☛☞✌✝☎☛✍ ☎✆ ☛✔✝✓☎✍✂✕ ✔✟ ✄☎✧☎✍✏ ✫�� ✏ ☛✎ ✜✬✗ ✆☛☞✌✝☎☛✍ ✓✍✕ ✭�� ✏ ☛✎ ✭�✗

✆☛☞✌✝☎☛✍ ✔✟ ✄✓✆✆s ❈✓☞✑✌☞✓✝✂ ✝✁✂ ✄✓✆✆ ♠✂✞✑✂✍✝✓✏✂ ☛✎ ✝✁✂ ✞✂✆✌☞✝☎✍✏ ✆☛☞✌✝☎☛✍s

✷✠✮ ❆✍ ✓✍✝☎✎✞✂✂✯✂ ✆☛☞✌✝☎☛✍ ☎✆ ♠✞✂♠✓✞✂✕ ✎✞☛✄ ✜✜✜s✻ ✏ ☛✎ ✂✝✁✟☞✂✍✂ ✏☞✟✑☛☞ ✰❈★❍✱✩★✲ ✓✍✕

✜�� ✏ ☛✎ ✒✓✝✂✞s ❈✓☞✑✌☞✓✝✂ ✝✁✂ ✄☛☞✓☞☎✝✟ ☛✎ ✝✁✂ ✆☛☞✌✝☎☛✍s ✛✎ ✝✁✂ ✕✂✍✆☎✝✟ ☛✎ ✝✁✂

✆☛☞✌✝☎☛✍ ☎✆ ✖s�✳✜ ✏ ✄✢
➊✣
✙ ✝✁✂✍ ✒✁✓✝ ✆✁✓☞☞ ✔✂ ✝✁✂ ✄☛☞✓✞☎✝✟ ☛✎ ✝✁✂ ✆☛☞✌✝☎☛✍✚

✷✠✴ ❆ ✆✓✄♠☞✂ ☛✎ ✕✞☎✍✵☎✍✏ ✒✓✝✂✞ ✒✓✆ ✎☛✌✍✕ ✝☛ ✔✂ ✆✂✶✂✞✂☞✟ ✑☛✍✝✓✄☎✍✓✝✂✕ ✒☎✝✁

✑✁☞☛✞☛✎☛✞✄ ✰❈❍❈☞✸✲ ✆✌♠♠☛✆✂✕ ✝☛ ✔✂ ✓ ✑✓✞✑☎✍☛✏✂✍s ✹✁✂ ☞✂✶✂☞ ☛✎ ✑☛✍✝✓✄☎✍✓✝☎☛✍

✒✓✆ ✖✬ ♠♠✄ ✰✔✟ ✄✓✆✆✲✇

✰☎✲ ✂✧♠✞✂✆✆ ✝✁☎✆ ☎✍ ♠✂✞✑✂✍✝ ✔✟ ✄✓✆✆

✰☎☎✲ ✕✂✝✂✞✄☎✍✂ ✝✁✂ ✄☛☞✓☞☎✝✟ ☛✎ ✑✁☞☛✞☛✎☛✞✄ ☎✍ ✝✁✂ ✒✓✝✂✞ ✆✓✄♠☞✂s

✷✠✺✼ ❲✁✓✝ ✞☛☞✂ ✕☛✂✆ ✝✁✂ ✄☛☞✂✑✌☞✓✞ ☎✍✝✂✞✓✑✝☎☛✍ ♠☞✓✟ ☎✍ ✓ ✆☛☞✌✝☎☛✍ ☛✎ ✓☞✑☛✁☛☞ ✓✍✕ ✒✓✝✂✞✚

✷✠✺✺ ❲✁✟ ✕☛ ✏✓✆✂✆ ✓☞✒✓✟✆ ✝✂✍✕ ✝☛ ✔✂ ☞✂✆✆ ✆☛☞✌✔☞✂ ☎✍ ☞☎✦✌☎✕✆ ✓✆ ✝✁✂ ✝✂✄♠✂✞✓✝✌✞✂

☎✆ ✞✓☎✆✂✕✚

✷✠✺✷ ❙✝✓✝✂ ❍✂✍✞✟✽✆ ☞✓✒ ✓✍✕ ✄✂✍✝☎☛✍ ✆☛✄✂ ☎✄♠☛✞✝✓✍✝ ✓♠♠☞☎✑✓✝☎☛✍✆✚

✷✠✺✾ ✹✁✂ ♠✓✞✝☎✓☞ ♠✞✂✆✆✌✞✂ ☛✎ ✂✝✁✓✍✂ ☛✶✂✞ ✓ ✆☛☞✌✝☎☛✍ ✑☛✍✝✓☎✍☎✍✏ ✻s✬✻ ❚ ✖�
➊✸
✏ ☛✎

✂✝✁✓✍✂ ☎✆ ✖ ✔✓✞s ✛✎ ✝✁✂ ✆☛☞✌✝☎☛✍ ✑☛✍✝✓☎✍✆ ✬s�� ❚ ✖�
➊★
✏ ☛✎ ✂✝✁✓✍✂✙ ✝✁✂✍ ✒✁✓✝

✆✁✓☞☞ ✔✂ ✝✁✂ ♠✓✞✝☎✓☞ ♠✞✂✆✆✌✞✂ ☛✎ ✝✁✂ ✏✓✆✚

✷✠✺✿ ❲✁✓✝ ☎✆ ✄✂✓✍✝ ✔✟ ♠☛✆☎✝☎✶✂ ✓✍✕ ✍✂✏✓✝☎✶✂ ✕✂✶☎✓✝☎☛✍✆ ✎✞☛✄ ❀✓☛✌☞✝❁✆ ☞✓✒ ✓✍✕ ✁☛✒ ☎✆

✝✁✂ ✆☎✏✍ ☛✎ ❂❃❄❅❍ ✞✂☞✓✝✂✕ ✝☛ ♠☛✆☎✝☎✶✂ ✓✍✕ ✍✂✏✓✝☎✶✂ ✕✂✶☎✓✝☎☛✍✆ ✎✞☛✄ ❀✓☛✌☞✝❁✆ ☞✓✒✚

✷✠✺✡ ❆✍ ✓✦✌✂☛✌✆ ✆☛☞✌✝☎☛✍ ☛✎ ✜✗ ✍☛✍❇✶☛☞✓✝☎☞✂ ✆☛☞✌✝✂ ✂✧✂✞✝✆ ✓ ♠✞✂✆✆✌✞✂ ☛✎ ✖s��✭ ✔✓✞

✓✝ ✝✁✂ ✍☛✞✄✓☞ ✔☛☎☞☎✍✏ ♠☛☎✍✝ ☛✎ ✝✁✂ ✆☛☞✶✂✍✝s ❲✁✓✝ ☎✆ ✝✁✂ ✄☛☞✓✞ ✄✓✆✆ ☛✎ ✝✁✂ ✆☛☞✌✝✂✚

✷✠✺✤ ❍✂♠✝✓✍✂ ✓✍✕ ☛✑✝✓✍✂ ✎☛✞✄ ✓✍ ☎✕✂✓☞ ✆☛☞✌✝☎☛✍s ❆✝ ✫✳✫ ❑✙ ✝✁✂ ✶✓♠☛✌✞ ♠✞✂✆✆✌✞✂✆ ☛✎

✝✁✂ ✝✒☛ ☞☎✦✌☎✕ ✑☛✄♠☛✍✂✍✝✆ ✓✞✂ ✖�✬s✜ ✵t✓ ✓✍✕ ✭✻s❉ ✵t✓ ✞✂✆♠✂✑✝☎✶✂☞✟s ❲✁✓✝ ✒☎☞☞

✔✂ ✝✁✂ ✶✓♠☛✌✞ ♠✞✂✆✆✌✞✂ ☛✎ ✓ ✄☎✧✝✌✞✂ ☛✎ ✜✻s� ✏ ☛✎ ✁✂♠✝✓✍✂ ✓✍✕ ✫✬ ✏ ☛✎ ☛✑✝✓✍✂✚

✷✠✺✪ ✹✁✂ ✶✓♠☛✌✞ ♠✞✂✆✆✌✞✂ ☛✎ ✒✓✝✂✞ ☎✆ ✖✜s✫ ✵t✓ ✓✝ ✫�� ❑s ❈✓☞✑✌☞✓✝✂ ✶✓♠☛✌✞ ♠✞✂✆✆✌✞✂

☛✎ ✖ ✄☛☞✓☞ ✆☛☞✌✝☎☛✍ ☛✎ ✓ ✍☛✍❇✶☛☞✓✝☎☞✂ ✆☛☞✌✝✂ ☎✍ ☎✝s

✷✠✺✮ ❈✓☞✑✌☞✓✝✂ ✝✁✂ ✄✓✆✆ ☛✎ ✓ ✍☛✍❇✶☛☞✓✝☎☞✂ ✆☛☞✌✝✂ ✰✄☛☞✓✞ ✄✓✆✆ ✭� ✏ ✄☛☞
➊✣
✲ ✒✁☎✑✁

✆✁☛✌☞✕ ✔✂ ✕☎✆✆☛☞✶✂✕ ☎✍ ✖✖✭ ✏ ☛✑✝✓✍✂ ✝☛ ✞✂✕✌✑✂ ☎✝✆ ✶✓♠☛✌✞ ♠✞✂✆✆✌✞✂ ✝☛ ❉�✗s

✷✠✺✴ ❆ ✆☛☞✌✝☎☛✍ ✑☛✍✝✓☎✍☎✍✏ ✫� ✏ ☛✎ ✍☛✍❇✶☛☞✓✝☎☞✂ ✆☛☞✌✝✂ ✂✧✓✑✝☞✟ ☎✍ ❊� ✏ ☛✎ ✒✓✝✂✞ ✁✓✆ ✓

✶✓♠☛✌✞ ♠✞✂✆✆✌✞✂ ☛✎ ✜s❉ ✵t✓ ✓✝ ✜❊❉ ❑s ❋✌✞✝✁✂✞✙ ✖❉ ✏ ☛✎ ✒✓✝✂✞ ☎✆ ✝✁✂✍ ✓✕✕✂✕ ✝☛

✝✁✂ ✆☛☞✌✝☎☛✍ ✓✍✕ ✝✁✂ ✍✂✒ ✶✓♠☛✌✞ ♠✞✂✆✆✌✞✂ ✔✂✑☛✄✂✆ ✜s❊ ✵t✓ ✓✝ ✜❊❉ ❑s ❈✓☞✑✌☞✓✝✂✇

✰☎✲ ✄☛☞✓✞ ✄✓✆✆ ☛✎ ✝✁✂ ✆☛☞✌✝✂ ✰☎☎✲ ✶✓♠☛✌✞ ♠✞✂✆✆✌✞✂ ☛✎ ✒✓✝✂✞ ✓✝ ✜❊❉ ❑s

✷✠✷✼ ❆ ✬✗ ✆☛☞✌✝☎☛✍ ✰✔✟ ✄✓✆✆✲ ☛✎ ✑✓✍✂ ✆✌✏✓✞ ☎✍ ✒✓✝✂✞ ✁✓✆ ✎✞✂✂✯☎✍✏ ♠☛☎✍✝ ☛✎ ✜✳✖❑s

❈✓☞✑✌☞✓✝✂ ✝✁✂ ✎✞✂✂✯☎✍✏ ♠☛☎✍✝ ☛✎ ✬✗ ✏☞✌✑☛✆✂ ☎✍ ✒✓✝✂✞ ☎✎ ✎✞✂✂✯☎✍✏ ♠☛☎✍✝ ☛✎ ♠✌✞✂

✒✓✝✂✞ ☎✆ ✜✳✫s✖✬ ❑s

✷✠✷✺ ✹✒☛ ✂☞✂✄✂✍✝✆ ❆ ✓✍✕ ● ✎☛✞✄ ✑☛✄♠☛✌✍✕✆ ✁✓✶☎✍✏ ✎☛✞✄✌☞✓ ❆●★ ✓✍✕ ❆●■s ❲✁✂✍

✕☎✆✆☛☞✶✂✕ ☎✍ ✜� ✏ ☛✎ ✔✂✍✯✂✍✂ ✰❈✱❍✱✲✙ ✖ ✏ ☛✎ ❆●★ ☞☛✒✂✞✆ ✝✁✂ ✎✞✂✂✯☎✍✏ ♠☛☎✍✝ ✔✟

✜s✫ ❑ ✒✁✂✞✂✓✆ ✖s� ✏ ☛✎ ❆●■ ☞☛✒✂✞✆ ☎✝ ✔✟ ✖s✫ ❑s ✹✁✂ ✄☛☞✓✞ ✕✂♠✞✂✆✆☎☛✍ ✑☛✍✆✝✓✍✝

✎☛✞ ✔✂✍✯✂✍✂ ☎✆ ✬s✖ ❑ ✵✏ ✄☛☞
➊✣
s ❈✓☞✑✌☞✓✝✂ ✓✝☛✄☎✑ ✄✓✆✆✂✆ ☛✎ ❆ ✓✍✕ ●s



✻✶ ❙�✁✂✄☎�✆✝

✷✞✷✷ ❆✄ ✟✠✠ ✡☛ ✟✻ ☞ �✌ ☞✁✂✍�✝✎ ✏✑✎✝✎✆✄ ☎✆ ✒ ✁☎✄✑✎ �✌ ☎✄✝ ✝�✁✂✄☎�✆ ✓✒✝ ✒✆ �✝✔�✄☎✍ ✏✑✎✝✝✂✑✎
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Electrochemistry is the study of production of
electricity from energy released during spontaneous
chemical reactions  and the use of electrical energy to
bring about non-spontaneous chemical
transformations. The subject is of importance both
for theoretical and practical considerations. A large
number of metals, sodium hydroxide, chlorine,
fluorine and many other chemicals are produced by
electrochemical methods. Batteries and fuel cells
convert chemical energy into electrical energy and are
used on a large scale in various instruments and
devices. The reactions carried out electrochemically
can be energy efficient and less polluting. Therefore,
study of electrochemistry is important for creating new
technologies that are ecofriendly. The transmission of
sensory signals through cells to brain and vice versa
and communication between the cells are known to
have electrochemical origin. Electrochemistry, is
therefore, a very vast and interdisciplinary subject. In
this Unit, we will cover only some of its important
elementary aspects.

After studying this Unit, you will be
able to⑨ describe an electrochemical cell

and differentiate between galvanic
and electrolytic cells;⑨ apply Nernst equation for
calculating the emf of galvanic cell
and define standard potential of
the cell;⑨ derive relation between standard
potential of the cell, Gibbs energy
of cell reaction and its equilibrium
constant;⑨ define resistivity (✂), conductivity
(✄) and molar conductivity (�

m
) of

ionic solutions;⑨ differentiate between ionic
(electrolytic) and electronic
conductivity;⑨ describe the method for
measurement of conductivity of
electrolytic solutions and
calculation of their molar
conductivity;⑨ justify the variation of
conductivity and molar
conductivity of solutions with
change in their concentration and

define ➦m☎ (molar conductivity at

zero concentration or infinite
dilution);⑨ enunciate Kohlrausch law and
learn its applications;⑨ understand quantitative aspects
of electrolysis;⑨ describe the construction of some
primary and secondary batteries
and fuel cells;⑨ explain corrosion as an
electrochemical process.

❖✁✆✝✞✟✠✡✝☛
Chemical reactions can be used to produce electrical energy,

conversely, electrical energy can be used to carry out chemical

reactions that do not proceed spontaneously.

✸
❊☞✌✍✎✏☞❊☞ ✍✎☞✌ ✏♦✍ ✌❡✑✒✎✏✍❝ ❡ ✎♦✍ ✌❡ ✎✍❝ ❡✑✒✎✏②②

❯✓✠✟❯✓✠✟❯✓✠✟❯✓✠✟
✸

❊☞✌✍✎✏❊☞✌✍✎✏❊ ✍✎☞✌ ✏❊☞✌✍✎✏♦✍❝✌ ✑✒ ✏♦✍❝✌❡✑✒✎✏♦ ✌ ✏✍❝ ✑✒♦✍❝✌❡✑✒✎✏②②②②
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In Class XI, Unit 8, we had studied the construction and functioning
of Daniell cell (Fig. 3.1). This cell converts the chemical energy liberated
during the redox reaction

Zn(s) + Cu2+(aq) ✆ Zn2+(aq) + Cu(s) (3.1)

to electrical energy and has an
electrical potential equal to 1.1 V when
concentration of Zn2+ and Cu2+ ions is
unity ( 1 mol dm–3)*. Such a device is
called a galvanic or a voltaic cell.

If an external opposite potential is
applied [Fig. 3.2(a)] and increased slowly,
we find that the reaction continues to take
place till the opposing voltage reaches the
value 1.1 V [Fig. 3.2(b)] when, the reaction
stops altogether and no current flows
through the cell. Any further increase in
the external potential again starts the
reaction but in the opposite direction [Fig.
3.2(c)]. It now functions as an electrolytic
cell, a device for using electrical energy
to carry non-spontaneous chemical
reactions. Both types of cells are quite
important and we shall study some of
their salient features in the following
pages.

*Strictly speaking activity should be used instead of concentration. It is directly proportional to concentration. In dilute

solutions, it is equal to concentration. You will study more about it in higher classes.

✸ ✳ ✶ ❊�✁✂✄☎✝✂✞✁✟✠✂✡�

❈✁��☛

Fig. 3.1:  Daniell cell having electrodes of zinc and

copper dipping in the solutions of their

respective salts.
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As mentioned earlier (Class XI, Unit 8) a galvanic cell is an
electrochemical cell that converts the chemical energy of a spontaneous
redox reaction into electrical energy. In this device the Gibbs energy of
the spontaneous redox reaction is converted into electrical work which
may be used for running a motor or other electrical gadgets  like heater,
fan, geyser, etc.

Daniell cell discussed earlier is one such cell in which the following
redox reaction occurs.

Zn(s) + Cu2+(aq) ✆ Zn2+ (aq) + Cu(s)

This reaction is a combination of two half reactions whose addition
gives the overall cell reaction:

(i) Cu2+   +  2e–    ✆ Cu(s) (reduction half reaction) (3.2)

(ii) Zn(s)  ✆ Zn2+ + 2e– (oxidation half reaction) (3.3)

These reactions occur in two different portions of the Daniell cell.
The reduction half reaction occurs on the copper electrode while the
oxidation half reaction occurs on the zinc electrode. These two portions
of the cell are also called half-cells or redox couples. The copper
electrode may be called the reduction half cell and the zinc electrode,
the oxidation half-cell.

We can construct innumerable number of galvanic cells on the pattern
of Daniell cell by taking combinations of different half-cells. Each half-
cell consists of a metallic electrode dipped into an electrolyte. The two
half-cells are connected by a metallic wire through a voltmeter and a
switch externally. The electrolytes of the two half-cells are connected
internally through a salt bridge as shown in Fig. 3.1.  Sometimes, both
the electrodes dip in the same electrolyte solution and in such cases we
don’t require a salt bridge.

Fig. 3.2: Functioning of Daniell cell when external voltage Eext opposing the

cell potential is applied.

✸�✁ ✂✄☎✝✄✞✟✠ ✡☛☎☎☞
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At each electrode-electrolyte interface there is a tendency of metal
ions from the solution to deposit on the metal electrode trying to make
it positively charged. At the same time, metal atoms of the electrode
have a tendency to go into the solution as ions and leave behind the
electrons at the electrode trying to make it negatively charged. At
equilibrium, there is a separation of charges and depending on the
tendencies of the two opposing reactions, the electrode may be positively
or negatively charged with  respect to the solution. A potential difference
develops between the electrode and the electrolyte which is called
electrode potential. When the concentrations of all the species involved
in a half-cell is unity then the electrode potential is known as standard
electrode potential. According to IUPAC convention, standard
reduction potentials are now called standard electrode potentials. In a
galvanic cell, the half-cell in which oxidation takes place is called anode
and it has a negative potential with respect to the solution. The other
half-cell in which reduction takes place is called cathode and it has a
positive potential with respect to the solution. Thus, there exists a potential
difference between the two electrodes and as soon as the switch is in the
on position the electrons flow from negative electrode to positive electrode.
The direction of current flow is opposite to that of electron  flow.

The potential difference between the two electrodes of a galvanic cell
is called the cell potential and is measured in volts. The cell potential

is the difference between the electrode potentials (reduction potentials)
of the cathode and anode. It is called the cell electromotive force (emf)

of the cell when no current is drawn through the cell. It is now an
accepted convention that we keep the anode on the left and the cathode
on the right  while representing the galvanic cell. A galvanic cell is
generally represented by putting a vertical line between metal and
electrolyte solution and putting a double vertical line between the two
electrolytes connected by a salt bridge. Under this convention the emf
of the cell is positive and is given by the potential of the half-cell on the
right hand side minus the potential of the half-cell on the left hand side
i.e.

E
cell 

= E
right  

– E
left

This is illustrated by the following example:

Cell reaction:

Cu(s) + 2Ag+(aq) ✝� Cu2+(aq) + 2 Ag(s) (3.4)

Half-cell reactions:

Cathode (reduction):   2Ag+(aq) + 2e– � 2Ag(s) (3.5)

Anode (oxidation):    Cu(s)  � Cu2+(aq) + 2e– (3.6)

It can be seen that the sum of (3.5) and (3.6) leads to overall reaction
(3.4) in the cell and that silver electrode acts as a cathode and copper
electrode acts as an anode. The cell can be represented as:

Cu(s)|Cu2+(aq)||Ag+(aq)|Ag(s)

and we have E
cell

 = E
right

 – E
left

 = E
Ag+✞Ag

 – E
Cu2+✞Cu

(3.7)

The potential of individual half-cell cannot be measured. We can measure
only the difference between the two half-cell potentials that gives the emf
of the cell. If we arbitrarily choose the potential of one electrode (half-

3.2.1 Measurement
of Electrode
Potential
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cell) then that of the other can be determined with respect to this.
According to convention, a half-cell called standard hydrogen electrode
(Fig.3.3) represented by Pt(s)✞ H2

(g)✞ H+(aq), is assigned a zero potential
at all temperatures corresponding to the reaction

H+ (aq) + e– ✥  
1

2
H

2
(g)

The standard hydrogen electrode consists of a platinum electrode
coated with platinum black. The electrode is dipped in an acidic
solution and pure hydrogen gas is bubbled through it.  The
concentration of both the reduced and oxidised forms of hydrogen is
maintained at unity (Fig. 3.3). This implies
that the pressure of hydrogen gas is one
bar and the concentration of hydrogen ion
in the solution is one molar.

At 298 K the emf of the cell, standard
hydrogen electrode ✟✟second half-cell
constructed by taking standard hydrogen
electrode as anode (reference half-cell) and
the other half-cell  as cathode, gives the
reduction potential of the other half-cell.  If
the concentrations of the oxidised and the
reduced forms of the species in the right
hand half-cell are unity, then the cell
potential is equal to standard electrode
potential,E✂

R
 of the given half-cell.

E✂ = E✂
R
  - E✂

L

As E✂
L
 for standard hydrogen electrode

is zero.

E✂ =  E✂
R
  – 0  =  E✂

R

The measured emf of the cell :

Pt(s) ✞ H2
(g, 1 bar) ✞ H+ (aq, 1 M) ✟✟ Cu2+ (aq, 1 M)✞ Cu

is 0.34 V and it is also the value for the standard electrode potential
of the half-cell corresponding to the reaction :

Cu2+ (aq, 1M) + 2 e–  ✥  Cu(s)

Similarly, the measured emf of the cell :

Pt(s) ✞ H
2
(g, 1 bar) ✞ H+ (aq, 1 M) ✟✟ Zn2+ (aq, 1M) ✟ Zn

is -0.76 V corresponding to the standard electrode potential of the
half-cell reaction:

Zn2+ (aq, 1 M) + 2e– ✥  Zn(s)

The positive  value of the standard electrode potential in the first
case indicates that Cu2+ ions get reduced more easily than H+ ions.
The reverse process cannot occur, that is,  hydrogen ions cannot oxidise
Cu (or alternatively we can say that hydrogen gas can reduce copper
ion) under the standard conditions described above.  Thus, Cu does
not dissolve in HCl.  In nitric acid it is oxidised by nitrate ion and not
by hydrogen ion.  The negative value of the standard electrode potential
in the second case indicates that hydrogen ions can oxidise zinc (or
zinc can reduce hydrogen ions).

Fig. 3.3:  Standard Hydrogen Electrode (SHE).
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In view of this convention, the half reaction for the Daniell cell in
Fig. 3.1 can be written as:

Left electrode : Zn(s)  ✥   Zn2+ (aq, 1 M) + 2 e–

Right electrode: Cu2+ (aq, 1 M) + 2 e–  ✥  Cu(s)

The overall reaction of the cell is the sum of above two reactions
and we obtain the equation:

Zn(s) + Cu2+ (aq)  ✥  Zn2+ (aq) + Cu(s)

Emf of the cell  = 
0

cellE  = E0
R
  - E0

L

= 0.34V – (– 0.76)V = 1.10 V

Sometimes metals like platinum or gold are used as inert electrodes.
They do not participate in the reaction but provide their surface for
oxidation or reduction reactions and for the conduction of electrons.
For example, Pt is used in the following half-cells:

Hydrogen electrode:  Pt(s)|H
2
(g)| H+(aq)

With half-cell reaction:  H+ (aq)+ e– ✥ ½ H
2
(g)

Bromine electrode: Pt(s)|Br
2
(aq)| Br–(aq)

With half-cell reaction: ½ Br
2
(aq) + e– ✥ Br–(aq)

The standard electrode potentials are very important and we can
extract a lot of useful information from them.  The values of standard
electrode potentials for some selected half-cell reduction reactions are
given in Table 3.1.  If the standard electrode potential of an electrode
is greater than zero then its reduced form is more stable compared to
hydrogen gas.  Similarly, if the standard electrode potential is negative
then hydrogen gas is more stable than the reduced form of the species.
It can be seen that the standard electrode potential for fluorine is the
highest in the Table indicating that fluorine gas  (F

2
) has the maximum

tendency to get reduced to fluoride ions (F–) and therefore fluorine gas
is the strongest oxidising agent and fluoride ion is the weakest reducing
agent. Lithium has the lowest electrode potential indicating that lithium
ion is the weakest oxidising agent while lithium metal is the most
powerful reducing agent in an aqueous solution. It may be seen that
as we go from top to bottom in Table 3.1 the standard electrode
potential decreases and with this, decreases the oxidising power of
the species on the left and increases the reducing power of the species
on the right hand side of the reaction.  Electrochemical cells are
extensively used for determining the pH of solutions, solubility
product, equilibrium constant and other thermodynamic properties
and for potentiometric titrations.

■�✁✂✄✁ ☎✆✂✝✁✞✟�✝

3.1 How would you determine the standard electrode potential of the system Mg2+|Mg?

3.2 Can you store copper sulphate solutions in a zinc pot?

3.3 Consult the table of standard electrode potentials and suggest three substances
that can oxidise ferrous ions under suitable conditions.



69 Electrochemistry

F2(g) + 2e–
✆ 2F– 2.87

Co3+ + e–
✆ Co2+ 1.81

H2O2 + 2H+ + 2e–
✆ 2H2O 1.78

MnO4
– + 8H+ + 5e–

✆ Mn2+ + 4H2O 1.51

Au3+ + 3e–
✆ Au(s) 1.40

Cl2(g) + 2e–
✆ 2Cl– 1.36

Cr2O7
2– + 14H+ + 6e–

✆ 2Cr3+ + 7H2O 1.33

O2(g) + 4H+ + 4e–
✆ 2H2O 1.23

MnO2(s) + 4H+ + 2e–
✆ Mn2+ + 2H2O 1.23

Br2 + 2e–
✆ 2Br– 1.09

NO3
– + 4H+ + 3e–

✆ NO(g) + 2H2O 0.97

2Hg2+ + 2e–
✆ Hg2

2+ 0.92

Ag+ + e–
✆ Ag(s) 0.80

Fe3+ + e–
✆ Fe2+ 0.77

O2(g) + 2H+ + 2e–
✆ H2O2 0.68

I2 + 2e–
✆ 2I– 0.54

Cu+ + e–
✆ Cu(s) 0.52

Cu2+ + 2e–
✆ Cu(s) 0.34

AgCl(s) + e–
✆ Ag(s) + Cl– 0.22

AgBr(s) + e–
✆ Ag(s) + Br– 0.10

2H+ + 2e–
✆ H2(g) 0.00

Pb2+ + 2e–
✆ Pb(s) –0.13

Sn2+ + 2e–
✆ Sn(s) –0.14

Ni2+ + 2e–
✆ Ni(s) –0.25

Fe2+ + 2e–
✆ Fe(s) –0.44

Cr3+ + 3e–
✆ Cr(s) –0.74

Zn2+ + 2e–
✆ Zn(s) –0.76

2H2O + 2e–
� H2(g) + 2OH–(aq) –0.83

Al3+ + 3e–
✆ Al(s) –1.66

Mg2+ + 2e–
✁ Mg(s) –2.36

Na+ + e–
✆ Na(s) –2.71

Ca2+ + 2e–
✆ Ca(s) –2.87

K+ + e–
✆ K(s) –2.93

Li+ + e–
✆ Li(s) –3.05

Table 3.1 The standard electrode potentials at 298 K

Ions are present as aqueous species and H2O as liquid; gases and solids are shown by g and s.

Reaction (Oxidised form + ne–
� Reduced form) E✂/V
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1. A negative E✄ means that the redox couple is a stronger reducing agent than the H+/H2  couple.
2. A positive E✄ means that the redox couple is a weaker reducing agent than the H+/H2  couple.
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We have assumed in the previous section that the concentration of all
the species involved in the electrode reaction is unity. This need not be
always true. Nernst showed that for the electrode reaction:

Mn+(aq) + ne–✆ M(s)

the electrode potential at any concentration measured with respect to
standard hydrogen electrode can be represented by:

✭ � ✭ �n nM / M M /M
E E✰ ✰❂

❱
 –  

RT

nF
 ln

[M]

[M ]n+

but concentration of solid M is taken as unity and we have

✭ � ✭ �n nM / M M /M
E E✰ ✰❂

❱
 – 

RT

nF
ln n+

1

[M ]
(3.8)

✁ ✂nM /M
E ✰
✄

 has already been defined, R is gas constant (8.314

JK–1 mol–1), F is Faraday constant (96487 C mol–1), T is temperature in
kelvin and [Mn+] is the concentration of the species, Mn+.

In Daniell cell, the electrode potential for any given concentration of
Cu2+ and Zn2+ ions, we write

For Cathode:

☎ ✝2Cu /Cu
E ✞  = ✟ ✠2Cu /Cu

E ✰
✡

 – 
RT

F2
ln ☛ ☞2

1

Cu aq✌✍ ✎✏ ✑
(3.9)

For Anode:

✒ ✓2Zn /Zn
E ✞  = ✔ ✕2Zn / Zn

E ✰
✖

 – 
RT

F2
ln ✗ ✘2

1

Zn aq✌✙ ✚✛ ✜
(3.10)

The cell potential, E
(cell)

 = ✢ ✣2Cu /Cu
E ✞  – ✒ ✓2Zn /Zn

E ✞

= ✟ ✠2Cu /Cu
E ✰

✤
 –

RT

F2
 ln 2+

1

Cu (aq)✥ ✦✧ ★
- ✔ ✕2Zn / Zn

E ✰
✩

+
RT

F2
 ln 2+

1

Zn (aq)✪ ✫✬ ✮

= ✯ ✱2Cu /Cu
E ✰

✲
– ✔ ✕2Zn / Zn

E ✰
✩

–
RT

F2 ✳ ✴ ✳ ✴2+ 2+

1 1
ln  – ln

Cu aq Zn aq✵ ✶ ✵ ✶✷ ✸ ✷ ✸

E
(cell)

 = ✹ ✺cell
E
✻

 – 
RT

F2
ln

[ ]

+[ ]

2Zn

2Cu

✼
(3.11)

It can be seen that E
(cell)

 depends on the concentration of both Cu2+

and Zn2+ ions. It increases with increase in the concentration of Cu2+

ions and decrease in the concentration of Zn2+ ions.

By converting the natural logarithm in Eq. (3.11) to the base 10 and
substituting the values of R, F and T = 298 K, it reduces to

E
(cell)

 = ✹ ✺cell
E
✻

 –
0 059

2

2

2

. [ ]

[ ]

log
Zn

Cu

✽
✽ (3.12)

We should use the same number of electrons (n) for both the
electrodes and thus for the following cell

✾ ✿✾ ◆❀❁❃❄❅

❊❆❇❈❅❉❋❃
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Ni(s)✞ Ni2+(aq) ✞✞ Ag+(aq)✞ Ag

The cell reaction is Ni(s) + 2Ag+(aq) ✆Ni2+(aq) + 2Ag(s)

The Nernst equation can be written as

E
(cell)

 = ✭ �cell
E
❱

 –
RT

F2
 ln

[Ni ]

[Ag ]

2+

2✰

and for a general electrochemical reaction of the type:

a A + bB
ne✁ ✂✁✁  cC + dD

Nernst equation can be written as:

E
(cell)

= ✄ ☎cell
E
✝

 – 
RT

nF
1nQ

= ✄ ☎cell
E
✝

 – 
RT

nF
ln

[C] [D]

[A] [B]

c d

a b (3.13)

If the circuit in Daniell cell (Fig. 3.1) is closed then we note that the
reaction

Zn(s) + Cu2+(aq) ✆ Zn2+(aq) + Cu(s) (3.1)

takes place and as time passes, the concentration of Zn2+ keeps
on increasing while the concentration of Cu2+ keeps on decreasing.
At the same time voltage of the cell as read on the voltmeter keeps
on decreasing. After some time, we shall note that there is no change
in the concentration of Cu2+ and Zn2+ ions and at the same time,
voltmeter gives zero reading. This indicates that equilibrium has been
attained. In this situation the Nernst equation may be written as:

E
(cell)

 = 0 = ✄ ☎cell
E
✝

 – 
2.303

2
log

[Zn ]

[Cu ]

2

2

RT

F

✟
✟

or ✭ �cell
E
✠

 = 
2

2

2.303 [Zn ]
log

2 [Cu ]

RT

F

✡

✡

But at equilibrium,

3.3.1 Equilibrium
Constant
from Nernst
Equation

❊☛☞✌✍✎✏ ✑✒✓Represent the cell in which the following reaction takes place

Mg(s) + 2Ag+(0.0001M) ✆ Mg2+(0.130M) + 2Ag(s)

Calculate its E
(cell)

 if ✄ ☎cell
E
✝

 = 3.17 V.

The cell can be written as Mg✞Mg2+(0.130M)✞✞Ag+(0.0001M)✞Ag

✔ ✕ ✔ ✕

2

cell cell 2

MgRT
– ln

2F Ag
E E

✖

✖

✗ ✘✙ ✚❂
✗ ✘✙ ✚

✛

= 3.17 V – 
0 059

2 0 0001 2

.
log

( . )

V
 

0.130
 = 3.17 V – 0.21V = 2.96 V.

❙✜✎✢✣✤✜✥
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[ ]

[ ]

Zn

Cu

2

2

�
�  = K

c 
for the reaction 3.1

and at T = 298K the above equation can be written as

✭ ✁cell
E
❱

 =
0 059

2

.  V
 log K

C
 = 1.1 V         ( ✭ ✁cell

E
✂

= 1.1V)

log K
C
 = 

(1.1V × 2) 
37.288

0.059 V
❂

K
C
 = 2 × 1037 at 298K.

In general,

✭ ✁cell
E
✂

 =
2.303RT

nF
 log K

C
(3.14)

Thus, Eq. (3.14) gives a relationship between equilibrium constant
of the reaction and standard potential of the cell in which that reaction
takes place. Thus, equilibrium constants of the reaction, difficult to
measure otherwise, can be calculated from the corresponding E✄ value
of the cell.

Electrical work done in one second is equal to electrical potential
multiplied by total charge passed. If we want to obtain maximum
work from a galvanic cell then charge has to be passed reversibly. The
reversible work done by a galvanic cell is equal to decrease in its Gibbs
energy and therefore, if the emf of the cell is E and nF is the amount
of charge passed and ✠

r
G is the Gibbs energy of the reaction, then

✠
r
G = – nFE

(cell)
(3.15)

It may be remembered that E
(cell)

 is an intensive parameter but
✠

r
G is an extensive thermodynamic property and the value depends on

n. Thus, if we write the reaction

Zn(s) + Cu2+(aq) ✝☎ Zn2+(aq) + Cu(s) (3.1)

✠
r
G = -2FE

(cell)

but when we write the reaction

2 Zn (s) +2Cu2+(aq) ✝☎2 Zn2+(aq)+2Cu(s)

3.3.2 Electro-
chemical
Cell and
Gibbs
Energy of
the Reaction

Calculate the equilibrium constant of the reaction:

Cu(s) + 2Ag+(aq) ☎ Cu2+(aq) + 2Ag(s)

✆ ✞cell
E
✟

 = 0.46 V

✆ ✞cell
E
✟

=
0 059

2

.  V
 log K

C 
 = 0.46 V or

log K
C 

= 
0 46 2

0 059

.

.

 V

V

×
 = 15.6

K
C
 = 3.92 × 1015

❊✡☛☞✌✍✎ ✏✑✒

❙✓✍✔✕✖✓✗



73 Electrochemistry

■�✁✂✄✁ ☎✆✂✝✁✞✟�✝

3.4 Calculate the potential of hydrogen electrode in contact with a solution whose
pH is 10.

3.5 Calculate the emf of the cell  in which the following reaction takes place

Ni(s) + 2Ag+ (0.002 M) ✠ Ni2+ (0.160 M) + 2Ag(s)

Given that  (cell)E❱ = 1.05 V

3.6 The cell in which the following reaction occurs:

✭ ✡ ✭ ✡ ✭ ✡ ☛ ☞3 2
22Fe 2I 2Fe Iaq aq aq s

✰ ✌ ✰✍ ✠ ✍  has 
0

cellE  = 0.236 V at 298 K. Calculate

the standard Gibbs energy and the equilibrium constant of the cell reaction.

It is necessary to define a few terms before we consider the subject of
conductance of electricity through electrolytic solutions. The electrical
resistance is represented by the symbol ‘R’ and it is measured in ohm (✎)
which in terms of SI base units is equal to (kg m2)/(s3 A2). It can be
measured with the help of a Wheatstone bridge with which you are familiar

✸ ✳ ✹ ❈✏✑✒✓✔✕✖✑ ✔✗

✏♦ ✘✙✗✔✕✚✏✙✛✕✜✔

❙✏✙✓✕✜✏✑✢

✣r
G = –4FE

(cell)

If the concentration of all the reacting species is unity, then E
(cell)

= ✤ ✥cell
E

✦
 and we have

 ✣r
G✧ = –nF (cell)

★
E (3.16)

Thus, from the measurement of ✤ ✥cell
E

✦
 we can obtain an important

thermodynamic quantity, ✣
r
G✧, standard Gibbs energy of the reaction.

From the latter we can calculate equilibrium constant by the equation:

✣r
G✧ = –RT ln K.

The standard electrode potential for Daniell cell
is 1.1V. Calculate the standard Gibbs energy for the reaction:

Zn(s) + Cu2+(aq) ✩✠ Zn2+(aq) + Cu(s)

✣r
G✧ = – nF (cell)E✪

n in the above equation is 2, F = 96487 C mol–1 and

✤ ✥cell
E

✦
= 1.1 V

Therefore, ✣
r
G✧ = – 2 × 1.1V × 96487 C mol–1

   = –21227 J mol–1

   = –21.227 kJ mol–1

❊✄✫✬✮✯✂ ✱✲✱

✴✟✯✆✁✞✟�
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from your study of physics. The electrical resistance of any object is directly
proportional to its length, l, and inversely proportional to its area of cross
section, A. That is,

R ☛ 
l

A
 or R = ✂  

l

A
(3.17)

The constant of proportionality, ✂ (Greek, rho), is called resistivity
(specific resistance). Its SI units are ohm metre (✡ m) and quite often
its submultiple, ohm centimetre (✡ cm) is also used. IUPAC recommends
the use of the term resistivity over specific resistance and hence in the
rest of the book we shall use the term resistivity. Physically, the resistivity
for a substance is its resistance when it is one metre long and its area
of cross section is one m2. It can be seen that:

1 ✡ m = 100 ✡ cm or 1 ✡ cm = 0.01 ✡ m

The inverse of resistance, R, is called conductance, G, and we
have the relation:

G =  
1

R
= ❂

�l
✄

A A

l
(3.18)

The SI unit of conductance is siemens, represented by the symbol
‘S’ and is equal to ohm–1 (also known as mho) or ✡–1. The inverse of
resistivity, called conductivity (specific conductance) is represented by
the symbol, ✁ (Greek, kappa). IUPAC has recommended the use of term
conductivity over specific conductance and hence we shall use the term
conductivity in the rest of the book. The SI units of conductivity are S
m–1 but quite often, ✁ is expressed in S cm–1. Conductivity of a material
in S m–1 is its conductance when it is 1 m long and its area of cross
section is 1 m2. It may be noted that 1 S cm–1 = 100 S m–1.

It can be seen from Table 3.2  that the magnitude of conductivity

varies a great deal and depends on the nature of the material. It also

depends on the temperature and pressure at which the measurements

Table 3.2 The
values of
Conductivity of
some Selected
Materials at
298.15 K

Material Conductivity/ Material Conductivity/

S m–1 S m–1

Conductors Aqueous Solutions

Sodium 2.1×103 Pure water 3.5×10–5

Copper 5.9×103 0.1 M HCl 3.91

Silver 6.2×103 0.01M KCl 0.14

Gold 4.5×103 0.01M NaCl 0.12

Iron 1.0×103 0.1 M HAc 0.047

Graphite 1.2×10 0.01M HAc 0.016

Insulators Semiconductors

Glass 1.0×10–16 CuO 1×10–7

Teflon 1.0×10–18 Si 1.5×10–2

Ge 2.0
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are made. Materials are classified into conductors, insulators and

semiconductors depending on the magnitude of their conductivity.

Metals and their alloys have very large conductivity and are known as

conductors. Certain non-metals like carbon-black, graphite and some

organic polymers* are also electronically conducting. Substances like

glass, ceramics, etc., having very low conductivity are known as

insulators. Substances like silicon, doped silicon and gallium arsenide

having conductivity between conductors and insulators are called

semiconductors and are important electronic materials. Certain materials

called superconductors by definition have zero resistivity or infinite

conductivity. Earlier, only metals and their alloys at very low

temperatures (0 to 15 K) were known to behave as superconductors,

but nowadays a number of ceramic materials and mixed oxides are

also known to show superconductivity at temperatures as high as

150 K.

Electrical conductance through metals is called metallic or electronic

conductance and is due to the movement of electrons. The electronic

conductance depends on

(i) the nature and structure of the metal

(ii) the number of valence electrons per atom

(iii) temperature (it decreases with increase of temperature).

As the electrons enter at one end and go out through the other end,

the composition of the metallic conductor remains unchanged. The

mechanism of conductance through semiconductors is more complex.

We already know (Class XI, Unit 7) that even very pure water has

small amounts of hydrogen and hydroxyl ions (~10–7M) which lend it

very low conductivity (3.5 × 10–5 S m–1). When electrolytes are dissolved

in water, they furnish their own ions in the solution hence its conductivity

also increases. The conductance of electricity by ions present in the

solutions is called electrolytic or ionic conductance. The conductivity of

electrolytic (ionic) solutions depends on:

(i) the nature of the electrolyte added

(ii) size of the ions produced and their solvation

(iii) the nature of the solvent and its viscosity

(iv) concentration of the electrolyte

(v) temperature (it increases with the increase of temperature).

Passage of direct current through ionic solution over a prolonged

period can lead to change in its composition due to electrochemical

reactions (Section 3.4.1).

* Electronically conducting polymers – In 1977 MacDiarmid, Heeger and Shirakawa discovered that acetylene gas can

be polymerised to produce a polymer, polyacetylene when exposed to vapours of iodine acquires metallic lustre and

conductivity. Since then several organic conducting polymers have been made such as polyaniline, polypyrrole and

polythiophene. These organic metals, being composed wholly of elements like carbon, hydrogen and occasionally

nitrogen, oxygen or sulphur, are much lighter than normal metals and can be used for making light-weight batteries.

Besides, they have the mechanical properties of polymers such as flexibility so that one can make electronic devices

such as transistors that can bend like a sheet of plastic. For the discovery of conducting polymers, MacDiarmid,

Heeger and Shirakawa were awarded the Nobel Prize in Chemistry for the year 2000.



76Chemistry

We know that accurate measurement of an unknown resistance can be
performed on a Wheatstone bridge. However, for measuring the resistance
of an ionic solution we face two problems. Firstly, passing direct current
(DC) changes the composition of the solution. Secondly, a solution  cannot
be connected to the bridge like a metallic wire or other solid conductor.
The first difficulty is resolved by using an alternating current (AC) source
of power. The second problem is solved by using a specially designed
vessel called conductivity cell. It is available in several designs and two
simple ones are shown in Fig. 3.4.

3.4.1

Measurement of
the Conductivity
of Ionic Solutions

Fig. 3.4: Two different types of conductivity cells.

Basically it consists of two platinum electrodes coated with platinum
black (finely divided metallic Pt is deposited on the electrodes
electrochemically). These have area of cross section equal to ‘A’ and are
separated by distance ‘l’. Therefore, solution confined between these
electrodes is a column of length l and area of cross section A. The
resistance of such a column of solution is then given by the equation:

R = ✂  
l

A
=  

l

A✄
(3.17)

The quantity l/A is called cell constant denoted by the symbol, G*.
It depends on the distance between the electrodes and their area of
cross-section and has the dimension of length–1 and can be calculated
if we know l and A. Measurement of l and A is not only inconvenient
but also unreliable. The cell constant is usually determined by measuring
the resistance of the cell containing a solution whose conductivity is
already known. For this purpose, we generally use KCl solutions whose
conductivity is known accurately at various concentrations (Table 3.3)
and at different temperatures. The cell constant, G*, is then given by the
equation:

G* =  
l

A
= R � (3.18)
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Once the cell constant is
determined, we can use it for
measuring the resistance or
conductivity of any solution.  The
set up for the measurement of the
resistance is shown in Fig. 3.5.

It consists of two resistances R
3

and R
4
, a variable resistance R

1
 and

the conductivity cell having the
unknown resistance R

2
. The

Wheatstone bridge is fed by an
oscillator O (a source of a.c. power
in the audio frequency range 550
to 5000 cycles per second). P is a
suitable detector (a headphone or
other electronic device) and the
bridge is balanced when no current passes through the detector. Under
these conditions:

Unknown resistance R
2
 = 1 4

3

R  R

R
(3.19)

These days, inexpensive conductivity meters are available which
can directly read the conductance or resistance of the solution in the
conductivity cell. Once the cell constant and the resistance of the solution
in the cell is determined, the conductivity of the solution is given by the
equation:

cell constant G*

R R
✄ � � (3.20)

The conductivity of solutions of different electrolytes in the same
solvent and at a given temperature differs due to charge and size of the
ions in which they dissociate, the concentration of ions or ease with
which the ions move under a potential gradient. It, therefore, becomes
necessary to define a physically more meaningful quantity called molar
conductivity denoted by the symbol ☎

m
 (Greek, lambda). It is related

to the conductivity of the solution by the equation:

Molar conductivity = ☎
m

=
c

✁
(3.21)

In the above equation, if ✂ is expressed in S m–1 and the concentration,

Table 3.3
Conductivity and
Molar conductivity
of KCl solutions at
298.15K

Fig. 3.5: Arrangement

for measurement of

resistance of a

solution of an

electrolyte.

mol L–1 mol m–3 S cm–1 S m–1 S cm2mol–1 S m2 mol–1

1.000 1000 0.1113 11.13 111.3 111.3×10–4

0.100 100.0 0.0129 1.29 129.0 129.0×10–4

0.010 10.00 0.00141 0.141 141.0 141.0×10–4

Molarity Concentration Conductivity   Molar Conductivity



78Chemistry

c in mol m–3 then the units of ☎
m
 are in S m2 mol–1. It may be noted

that:

1 mol m–3 = 1000(L/m3) × molarity (mol/L), and hence

☎
m
(S m2 mol–1) = 

1

3 1

 (S m )

1000 L m  × molarity (mol L )

❾

❾ ❾
✄

If we use S cm–1 as the units for � and mol cm–3, the units of
concentration, then the units for Ë

m
 are S cm2 mol–1. It can be calculated

by using the equation:

Lm (Scm mol )
 (Scm ) 1000 cm /L)

molarity (mol/L)

2 1
1 3

✁
✁

❂
×✂ (

Both type of units are used in literature and are related to each
other by the equations:

1 S m2mol–1 = 104 S cm2mol–1 or

1 S cm2mol–1 =10–4 S m2mol–1.

Resistance of a conductivity cell filled with 0.1 mol L–1 KCl solution
is 100 ✡. If the resistance of the same cell when filled with 0.02 mol L–1 KCl
solution is 520 ✡, calculate the conductivity and molar conductivity of 0.02 mol
L–1 KCl solution. The conductivity of 0.1 mol L–1 KCl solution is 1.29 S/m.

The cell constant is given by the equation:

Cell constant = G* = conductivity × resistance

= 1.29 S/m × 100 ✡ = 129 m–1 = 1.29 cm–1

Conductivity of 0.02 mol L–1  KCl solution = cell constant / resistance

 = 

*G

R
= 

–1129 m  

520 ✆
= 0.248 S m–1

Concentration = 0.02 mol L–1

      = 1000 × 0.02 mol m–3

      = 20 mol m–3

Molar conductivity = ✝m
c

✞
✟

  = 
–3 –1

–3

248 × 10  S m

20 mol m

  = 124 × 10–4 S m2mol–1

Alternatively, 
–11.29 cm

 = 
520 ✡

✠

        = 0.248 × 10–2 S cm–1

and ☎m
 = ☛ × 1000 cm3 L–1 molarity–1

❊☞✌✍✎✏✑ ✒✓✔

❙✕✏✖✗✘✕✙
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–2 –1 3 –1

–1

0.248×10  S cm ×1000 cm L
=

0.02 mol L

    = 124 S cm2 mol–1

The electrical resistance of a column of 0.05 mol L–1  NaOH solution
of diameter 1 cm and length 50 cm is 5.55 × 103 ohm. Calculate its resistivity,
conductivity and molar conductivity.

A = ☞ r2 = 3.14 × 0.52 cm2 = 0.785 cm2 = 0.785 × 10–4 m2

 l = 50 cm = 0.5 m

 
 = 

l
R

A

✂
    or �

× ✁ ×
❂ ❂

3 25.55 10 0.785cm

50cm

RA
 

l
   = 87.135 ✡ cm

Conductivity = ✄ ☎

1
 = = (

1

87.135
 ) S cm–1

   = 0.01148 S cm–1

Molar conductivity, 
 × 1000

 = 
c

m✆
✝

 cm3 L–1

–1 3 –1

–1

0.01148 S cm  ×1000 cm L
= 

0.05 mol L

= 229.6 S cm2 mol–1

If we want to calculate the values of different quantities in terms of ‘m’ instead of
‘cm’,

✞ ✟
RA

l

= 
3 –4 25.55 × 10   × 0.785×10  m

0.5 m

✠

= 87.135 ×10–2 ✡ m

1
 = ✄

☎  = 
100

 m
87.135 

☛  = 1.148 S m–1

and    = m
c

✌
✆  = 

–1

–3

1.148 S m
 

50 mol m

                = 229.6 × 10–4 S m2 mol–1.

❊✍✎✏✑✒✓ ✔✕✖

❙✗✒✘✙✚✗✛

Both conductivity and molar conductivity change with the
concentration of the electrolyte. Conductivity always decreases with
decrease in concentration both, for weak and strong electrolytes.
This can be explained by the fact that the number of ions per unit
volume that carry the current in a solution decreases on dilution.
The conductivity of a solution at any given concentration is the
conductance of one unit volume of solution kept between two

3.4.2 Variation of
Conductivity
and Molar
Conductivity
with
Concentration
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platinum electrodes with unit area of cross section and at a distance
of unit length. This is clear from the equation:

 =  = 
A

G
✄

✄
l

 (both A and l are unity in their appropriate units in

m or cm)

Molar conductivity of a solution at a given concentration is the
conductance of the volume V of solution containing one mole of
electrolyte kept between two electrodes with area of cross section A and
distance of unit length. Therefore,

= =
�

�☎
m

A

l
Since l = 1 and A = V ( volume containing 1 mole of electrolyte)

✁
m
 = ✂ V (3.22)

Molar conductivity increases with decrease in concentration. This
is because the total volume, V, of solution containing one mole of
electrolyte also increases. It has been found that decrease in ✂ on
dilution of a solution is more than compensated by increase in its
volume. Physically, it means that at a given concentration, ✁

m
 can be

defined as the conductance of the electrolytic solution kept between
the electrodes of a conductivity cell at unit distance but having area
of cross section large enough to accommodate sufficient volume of
solution that contains one mole of the electrolyte. When concentration
approaches zero, the molar conductivity is known as limiting molar
conductivity and is represented by the symbol Ë

m 
➦. The variation in

✁
m
 with concentration is different (Fig. 3.6) for strong and weak

electrolytes.

For strong electrolytes, ✁ increases slowly with dilution and can be
represented by the equation:

✁
m
 = Ë

m 
➦ – A c ½ (3.23)

It can be seen
that if we plot (Fig.
3.12) ✁

m
 against

c1/2, we obtain a
straight line with
intercept equal to
Ë

m 
➦ and slope equal

to ‘–A’. The value of
the constant ‘A’ for
a given solvent and
t e m p e r a t u r e
depends on the
type of electrolyte
i.e., the charges on
the cation and
anion produced on
the dissociation of
the electrolyte in

Strong Electrolytes

Fig. 3.6:  Molar

conductivity versus

c½ for acetic acid

(weak electrolyte)

and potassium

chloride (strong

electrolyte) in

aqueous solutions.
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the solution. Thus, NaCl, CaCl
2
, MgSO

4 
are known as 1-1, 2-1 and 2-

2 electrolytes respectively. All electrolytes of a particular type have the
same value for ‘A’.

The molar conductivity of KCl solutions at different concentrations at

298 K are given below:

c/mol L–1  ☎m
/S cm2 mol–1

0.000198 148.61

0.000309 148.29

0.000521 147.81

0.000989 147.09

Show that a plot between Ë
m
 and c1/2 is a straight line. Determine the values

of Ë
m 
➦ and A for KCl.

Taking the square root of concentration we obtain:

c1/2/ (mol L–1 )1/2 ☎m
/S cm2mol–1

0.01407 148.61

0.01758 148.29

0.02283 147.81

0.03145 147.09

A plot of ☎
m
( y-axis) and c1/2 (x-axis) is shown in (Fig. 3.7).

It can be seen that it is nearly a straight line. From the intercept (c1/2 = 0),

we find that Ë
m 
➦= 150.0 S cm2 mol–1 and

A = – slope  = 87.46 S cm2 mol–1/(mol/L–1)1/2.

❊�✁✂✄✆✝ ✞✟✠

❙✡✆☛☞✌✡✍

Fig. 3.7: Variation

of  Ë
m
 against c½.
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Kohlrausch examined Ë
m 
➦  values for a number of strong electrolytes

and observed certain regularities. He noted that the difference in Ë
m 
➦ of

the electrolytes NaX and KX for any X is nearly constant. For example
at 298 K:

Ë
m 
➦ 

(KCl) 
– Ë

m 
➦ 

(NaCl)
= Ë

m 
➦ 

(KBr) 
– Ë

m 
➦ 

(NaBr)

= Ë
m 
➦ 

(KI) 
– Ë

m 
➦ 

(NaI) 
✂ 23.4 S cm2 mol–1

and similarly it was found that

Ë
m 
➦ 

(NaBr)
– Ë

m 
➦ 

(NaCl)
= Ë

m 
➦ 

(KBr) 
– Ë

m 
➦ 

(KCl)
 ✂ 1.8 S cm2 mol–1

On the basis of the above observations he enunciated Kohlrausch
law of independent migration of ions. The law states that limiting

molar conductivity of an electrolyte can be represented as the sum of

the individual contributions of the anion and cation of the electrolyte.

Thus, if ✌°
Na+ 

and ✌°
Cl

– are limiting molar  conductivity of the sodium and
chloride ions respectively, then the limiting molar conductivity for sodium
chloride is given by the equation:

Ë
m 
➦ 

(NaCl)
 = ✌0

Na
+ + �0

Cl
– (3.24)

In general, if an electrolyte on dissociation gives v
+ 

cations and v
–

anions then its limiting molar conductivity is given by:

Ë
m 
➦ = ✍

+ ✌
0
+ 

+ ✍
–
 ✌0

–
(3.25)

Here,✁✰
0  and✁❾

0  are the limiting molar conductivities of the cation

and anion respectively. The values of ✌
0 for some cations and anions at

298 K are given in Table 3.4.

Table 3.4
Limiting molar
conductivity for
some ions in
water at 298 K

Ion ✄0/(S cm2mol–1) Ion ✄ 0/(S cm2 mol–1)

H+ 349.6 OH– 199.1

Na+ 50.1 Cl– 76.3

K+ 73.5 Br– 78.1

Ca2+ 119.0 CH3COO– 40.9

Mg2+ 106.0 SO4
2☎

160.0

Weak electrolytes like acetic acid have lower degree of dissociation at
higher concentrations and hence for such electrolytes, the change in ✆

m

with dilution is due to increase in the degree of dissociation and
consequently the number of ions in total volume of solution that contains
1 mol of electrolyte. In such cases Ë

m
 increases steeply (Fig. 3.12) on

dilution, especially near lower concentrations. Therefore, Ë
m 
➦ cannot be

obtained by extrapolation of ✆m
 to zero concentration. At infinite dilution

(i.e., concentration c ✝ zero) electrolyte dissociates completely (✎ =1),
but at such low concentration the conductivity of the solution is so low
that it cannot be measured accurately. Therefore, Ë

m 
➦ for weak electrolytes

is obtained by using Kohlrausch law of independent migration of ions
(Example 3.8). At any concentration c, if ✎ is the degree of dissociation
then it can be approximated to the ratio of molar conductivity Ë

m
 at the

concentration c to limiting molar conductivity, Ë
m 
➦. Thus we have:

Weak electrolytes
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°
 ❂ m

m

☎
✎

☎ (3.26)

But we know that for a weak electrolyte like acetic acid (Class XI,
Unit 7),

✭ � ✁ ✂

2 22

2

  
a 1

1
✏ ✏

✏
✏

✄
✆ ✆ ✆

❾ ✄ ✝ ✞ ❾
❾✟ ✠

✡ ☛

m m

m m mm
m

m

c cc
K

☞ ☞

☞ ☞ ☞☞
☞

☞
(3.27)

Using Kohlrausch law of independent migration of ions, it is possible to
calculate Ë

m 
➦ for any electrolyte from the ✌o of individual ions. Moreover,

for weak electrolytes like acetic acid it is possible to determine the value
of its dissociation constant once we know the Ë

m 
➦ and ✍

m
 at a given

concentration c.

Applications of
Kohlrausch law

❊✑✒✓✔✕✖ ✗✘✙

❙✚✕✛✜✢✚✣

Calculate Ë
m 
➦ for CaCl

2
 and MgSO

4
 from the data given in Table 3.4.

We know from Kohlrausch law that

✤ ✥ 2+ –
2CaCl Ca Cl

2✦ ✦ ✦✧ ★ ✰ ★
m

✩ = 119.0 S cm2 mol–1 + 2(76.3) S cm2 mol–1

 = (119.0 + 152.6) S cm2 mol–1

 = 271.6 S cm2 mol–1

✪ ✫ 2–2+
4 4

MgSO Mg SO

✬ ✬ ✬✮ ✯ ✱ ✯
m

✲ = 106.0 S cm2 mol–1 + 160.0 S cm2 mol–1

 = 266 S cm2 mol–1 .

Ë
m 
➦ for NaCl, HCl and NaAc are 126.4, 425.9 and 91.0 S cm2 mol–1

respectively. Calculate ✍o for HAc.

✳ ✴ + –HAc H Ac

✵ ✵ ✵✶ ✷ ✸ ✷m✹ + – – + – +H Cl Ac Na Cl Na

✵ ✵ ✵ ✵ ✵ ✵✶ ✷ ✸ ✷ ✸ ✷ ✸ ✷ ✺ ✷ ✺ ✷

✻ ✼ ✻ ✼ ✻ ✼HCl NaAc NaCl

✽ ✽ ✽❂ ✾ ✿m m m☎ ☎ ☎

= (425.9 + 91.0 – 126.4 ) S cm2 mol –1

= 390.5 S cm2 mol–1 .

The conductivity of 0.001028 mol L–1 acetic acid is 4.95 × 10–5 S
cm–1. Calculate its dissociation constant if Ë

m 
➦ for acetic acid is 390.5 S cm2 mol–1.

.
.

.

5 1 3
2 1

1

4 95 10 Scm 1000cm
48 15 Scm mol

0 001028mol L L
 

❀ ❀
❀

❀
×

❁ ❁ × ❁
❃

❄m
c

2 1
m

2 1
m

48.15 Scm mol
0.1233

390.5 Scm mol

❅
❆ ❅❇ ❈ ❈ ❈❉

❉

❋ ●
. ( . )c

.
1 .

❍
❍

■❏❈ ❈ ❈ ❏
❑ ❑

–1 22
50001028molL 01233

178 10
1 01233

K mol L–1

❊✑✒✓✔✕✖ ✗✘▲

❙✚✕✛✜✢✚ ✣

❊✑✒✓✔✕✖ ✗✘▼

❙✚✕✛✜✢✚ ✣
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In an electrolytic cell external source of voltage is used to bring about
a chemical reaction. The electrochemical processes are of great importance
in the laboratory and the chemical industry. One of the simplest electrolytic
cell consists of two copper strips dipping in an aqueous solution of
copper sulphate. If a DC voltage is applied to the two electrodes, then
Cu 2+ ions discharge at the cathode (negatively charged) and the following
reaction takes place:

Cu2+(aq) + 2e– ✥  Cu (s) (3.28)

Copper metal is deposited on the cathode. At the anode, copper is
converted into Cu2+ ions by the reaction:

Cu(s) ✥ Cu2+(s) + 2e– (3.29)

Thus copper is dissolved (oxidised) at anode and deposited
(reduced) at cathode. This is the basis for an industrial process in
which impure copper is converted into copper of high purity. The
impure copper is made an anode that dissolves on passing current
and pure copper is deposited at the cathode. Many metals like Na, Mg,
Al, etc. are produced on large scale by electrochemical reduction of
their respective cations where no suitable chemical reducing agents
are available for this purpose.

Sodium and magnesium metals are produced by the electrolysis of
their fused chlorides and aluminium is produced (Class XII, Unit 6) by

electrolysis of aluminium oxide in presence of cryolite.

Michael Faraday was the first scientist who described the quantitative
aspects of electrolysis. Now Faraday’s laws also flow from what has
been discussed earlier.

After his extensive investigations on electrolysis of solutions and melts
of electrolytes, Faraday published his results during 1833-34 in the
form of the following well known Faraday’s two laws of electrolysis:

The amount of chemical reaction which occurs at any electrode during
electrolysis by a current is proportional to the quantity of electricity
passed through the electrolyte (solution or melt).

The amounts of different substances liberated by the same quantity of
electricity passing through the electrolytic solution are proportional to
their chemical equivalent weights (Atomic Mass of Metal�  Number of
electrons required to reduce the cation).

■✁✂✄☎✂ ✆✝✄✞✂✟✠✁✞

3.7 Why does the conductivity of a solution decrease with dilution?

3.8 Suggest a way to determine the ✡m 
➦ value of water.

3.9 The molar conductivity of 0.025 mol L–1 methanoic acid is 46.1 S cm2 mol–1.
Calculate its degree of dissociation and dissociation constant. Given ✌✵(H+)
= 349.6 S cm2 mol–1 and ✌✵(HCOO–) = 54.6 S cm2 mol–1

✸ ✳✺ ❊☛☞✍✎✏✑☛✒✎✓✍

❈☞☛☛✔ ✕✖✗

❊☛☞✍✎✏✑☛✒✔✓✔

Faraday’s Laws
of Electrolysis

1. First Law

2. Second Law

Quantitative
Aspects of
Electrolysis
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There were no constant current sources available during Faraday’s
times. The general practice was to put a coulometer (a standard
electrolytic cell) for determining the quantity of electricity  passed from
the amount of metal (generally silver or copper) deposited or consumed.
However, coulometers are now obsolete and we now have constant
current (I) sources available and the quantity of electricity Q, passed
is given by

Q = It

Q is in coloumbs when I is in ampere and t is in second.

The amount of electricity (or charge) required for oxidation or
reduction depends on the stoichiometry of the electrode reaction. For
example, in the reaction:

Ag +(aq) + e– ✆ Ag(s) (3.30)

One mole of the electron is required for the reduction of one mole
of silver ions. We know that charge on one electron is equal to 1.6021×
10–19C. Therefore, the charge on one mole of electrons is equal to:

N
A 

× 1.6021 × 10–19 C = 6.02 × 1023 mol–1 × 1.6021 × 10–19

C = 96487 C mol–1

This quantity of electricity is called Faraday and is represented by
the symbol F.

For approximate calculations we use 1F ✂ 96500 C mol–1.

For the electrode reactions:

Mg2+(l) + 2e– ✝✆ Mg(s) (3.31)

Al3+(l) + 3e– ✝✆ Al(s) (3.32)

It is obvious that one mole of Mg2+ and Al3+  require 2 mol of
electrons (2F) and 3 mol of electrons (3F) respectively. The charge
passed through the electrolytic cell during electrolysis is equal to the
product of current in amperes and time in seconds. In commercial
production of metals, current as high as 50,000 amperes are used
that amounts to about 0.518 F per second.

A solution of CuSO
4
 is electrolysed for 10 minutes with a current of

1.5 amperes. What is the mass of copper deposited at the cathode?

t = 600 s  charge = current × time = 1.5 A × 600 s = 900 C

According to the reaction:

Cu2+(aq) + 2e– = Cu(s)

We require 2F or 2 × 96487 C to deposit 1 mol or 63 g of Cu.

For 900 C, the mass of Cu deposited = (63 g mol–1 × 900 C)/(2 × 96487 C mol–1)
= 0.2938 g.

❊�✁✄☎✞✟ ✠✡☛☞

❙✌✞✍✎✏✌✑

Products of electrolysis depend on the nature of material being
electrolysed and the type of electrodes being used. If the electrode is
inert (e.g., platinum or gold), it does not participate in the chemical
reaction and acts only as source or sink for electrons. On the other
hand, if the electrode is reactive, it participates in the electrode reaction.
Thus, the products of electrolysis may be different for reactive and inert

3.5.1 Products of
Electrolysis
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electrodes.The products of electrolysis depend on the different oxidising
and reducing species present in the electrolytic cell and their standard
electrode potentials. Moreover, some of the electrochemical processes
although feasible, are so slow kinetically that at lower voltages these
don’t seem to take place and extra potential (called overpotential) has
to be applied, which makes such process more difficult to occur.

For example, if we use molten NaCl, the products of electrolysis are
sodium metal and Cl

2
 gas. Here we have only one cation (Na+) which is

reduced at the cathode (Na+ + e– ✆ Na) and one anion (Cl–) which is
oxidised at the anode (Cl–✆ ½Cl

2
+e– ) . During the electrolysis of aqueous

sodium chloride solution, the products are NaOH, Cl
2
 and H

2
. In this

case besides Na+ and Cl– ions we also have H+ and OH– ions along with
the solvent molecules, H

2
O.

At the cathode there is competition between the following reduction
reactions:

Na+ (aq) + e– ✆ Na (s)
✭ �cell

❱
E  = – 2.71 V

H+ (aq) + e– ✆ ½ H
2
 (g)

✭ �cell

❱
E  = 0.00 V

The reaction with higher value of E✂ is preferred and, therefore, the
reaction at the cathode during electrolysis is:

H+ (aq) + e– ✆ ½ H
2
 (g) (3.33)

but H+ (aq) is produced by the dissociation of H
2
O, i.e.,

H
2
O (l ) ✆ H+ (aq) + OH– (aq) (3.34)

Therefore, the net reaction at the cathode may be written as the sum
of (3.33) and (3.34) and we have

H
2
O (l ) + e– ✆ ½H

2
(g) + OH– (3.35)

At the anode the following oxidation reactions are possible:

Cl– (aq) ✆ ½ Cl
2
 (g) + e– 

✭ �cell

❱
E  = 1.36 V (3.36)

2H
2
O (l )✆ O

2
(g) + 4H+(aq) + 4e– 

✭ �cell

❱
E = 1.23 V (3.37)

The reaction at anode with lower value of E✂ is preferred and
therefore, water should get oxidised in preference to Cl– (aq). However,
on account of overpotential of oxygen, reaction (3.36) is preferred. Thus,
the net reactions may be summarised as:

NaCl (aq) 
H O2

✝ ✁✝✝✝  Na+ (aq) + Cl– (aq)

Cathode: H
2
O(l ) + e– ✆ ½ H

2
(g) + OH– (aq)

Anode: Cl– (aq) ✆ ½ Cl
2
(g) + e–

Net reaction:

NaCl(aq) + H
2
O(l ) ✆ Na+(aq) + OH–(aq) + ½H

2
(g) + ½Cl

2
(g)

The standard electrode potentials are replaced by electrode potentials
given by Nernst equation (Eq. 3.8) to take into account the concentration
effects. During the electrolysis of sulphuric acid, the following processes
are possible at the anode:

2H
2
O(l )✆ O

2
(g) + 4H+(aq) + 4e–     

✭ �cell
E
❱

= +1.23 V, (3.38)
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■�✁✂✄✁ ☎✆✂✝✁✞✟�✝

3.10 If a current of 0.5 ampere flows through a metallic wire for 2 hours, then how
many electrons would flow through the wire?

3.11 Suggest a list of metals that are extracted electrolytically.

3.12 Consider the reaction:

Cr
2
O

7
2– + 14H+ + 6e– ✠ 2Cr3+ + 8H

2
O

What is the quantity of electricity in coulombs needed to reduce 1 mol of
Cr

2
O

7
2–?

2SO
4
2– (aq) ✠ S

2
O

8
2– (aq) + 2e–    ✭ ✡cell

E
❱

 = 1.96 V (3.39)

For dilute sulphuric acid, reaction (3.38) is preferred but at higher
concentrations of H

2
SO

4
 process, reaction (3.39) is preferred.

Any battery (actually it may have one or more than one cell connected
in series) or cell that we use as a source of electrical energy is basically
a galvanic cell where the chemical energy of the redox reaction is
converted into electrical energy. However, for a battery to be of practical
use it should be reasonably light, compact and its voltage should not
vary appreciably during its use. There are mainly two types of batteries.

In the primary batteries, the reaction occurs only once and after use
over a period of time battery becomes dead and cannot be reused
again. The most familiar example of this type is the dry cell (known as
Leclanche cell after its discoverer) which is used commonly
in our transistors and clocks. The cell consists of a zinc
container that also acts as anode and the cathode is a
carbon (graphite) rod surrounded by powdered manganese
dioxide and carbon (Fig.3.8). The space between the
electrodes is filled by a moist paste of ammonium chloride
(NH

4
Cl) and zinc chloride (ZnCl

2
). The electrode reactions

are complex, but they can be written approximately as
follows :

Anode: Zn(s) ☛✠ Zn2+ + 2e–

Cathode: MnO
2
+ NH

4
++ e–☛✠ MnO(OH) + NH

3

In the reaction at cathode, manganese is reduced from
the + 4 oxidation state to the +3 state. Ammonia produced
in the reaction forms a complex with Zn2+ to give [Zn
(NH

3
)
4
]2+. The cell has a potential of nearly 1.5 V.

Mercury cell, (Fig. 3.9) suitable for low current devices
like hearing aids, watches, etc. consists of zinc – mercury
amalgam as anode and a paste of HgO and carbon as the
cathode. The electrolyte is a paste of KOH and ZnO. The
electrode reactions for the cell are given below:

Anode: Zn(Hg) + 2OH– ☛✠ ZnO(s) + H
2
O + 2e–

Cathode: HgO + H
2
O + 2e– ☛✠ Hg(l ) + 2OH–

✸☞✌ ✍✎✏✏✑✒✓✑✔

3.6.1 Primary
Batteries

Fig. 3.8: A commercial dry cell

consists of a graphite (carbon)

cathode in a zinc container; the

latter acts as the anode.
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The overall reaction is represented by

Zn(Hg) + HgO(s) ✝� ZnO(s) + Hg(l )

The cell potential is approximately 1.35 V
and remains constant during its life as the overall
reaction does not involve any ion in solution
whose concentration can change during its life
time.

3.6.2 Secondary Batteries

A secondary cell after use can be recharged by
passing current through it in the opposite
direction so that it can be used again. A good
secondary cell can undergo a large number of
discharging and charging cycles. The most
important secondary cell is the lead storage
battery (Fig. 3.10) commonly used in

automobiles and invertors. It consists of a lead anode and a grid of
lead packed with lead dioxide (PbO

2 
) as cathode. A 38% solution of

sulphuric acid is used as an electrolyte.

The cell reactions when the battery is in use are given below:

Anode: Pb(s) + SO
4
2–(aq) � PbSO

4
(s) + 2e–

Cathode: PbO
2
(s) + SO

4
2–(aq) + 4H+(aq) + 2e– � PbSO

4
 (s) + 2H

2
O (l )

i.e., overall cell reaction consisting of cathode and anode reactions
is:

Pb(s)+PbO
2
(s)+2H

2
SO

4
(aq)� 2PbSO

4
(s) + 2H

2
O(l)

On charging the battery the reaction is reversed and PbSO
4
(s) on

anode and cathode is converted into Pb and PbO
2
, respectively.

Fig. 3.9: Commonly used mercury cell.

The reducing agent is zinc and the

oxidising agent is mercury (II) oxide.

Fig. 3.10:  The Lead storage battery.
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A n o t h e r
important secondary
cell is the nickel-
cadmium cell (Fig.
3.11) which has
longer life than the
lead storage cell but
more expensive to
manufacture. We
shall not go into
details of working of
the cell and the
electrode reactions
during charging and
discharging. The
overall reaction
during discharge is:

Cd (s)+2Ni(OH)
3 

(s) ✆ CdO (s) +2Ni(OH)
2 

(s) +H
2
O(l )

Production of electricity by thermal plants is not a very efficient method
and is a major source of pollution. In such plants, the chemical energy
(heat of combustion) of fossil fuels (coal,
gas or oil) is first used for converting
water into high pressure steam. This is
then used to run a turbine to produce
electricity. We know that a galvanic cell
directly converts chemical energy into
electricity and is highly efficient. It is now
possible to make such cells in which
reactants are fed continuously to the
electrodes and products are removed
continuously from the electrolyte
compartment. Galvanic cells that are
designed to convert the energy of
combustion of fuels like hydrogen,
methane, methanol, etc. directly into
electrical energy are called fuel cells.

One of the most successful fuel cells
uses the reaction of hydrogen with oxygen
to form water (Fig. 3.12). The cell was used
for providing electrical power in the Apollo space programme. The water
vapours produced during the reaction were condensed and added to the
drinking water supply for the astronauts. In the cell, hydrogen and oxygen
are bubbled through porous carbon electrodes into concentrated aqueous
sodium hydroxide solution. Catalysts like finely divided platinum or
palladium metal are incorporated into the electrodes for increasing the rate
of electrode reactions. The electrode reactions are given below:

Cathode: O
2
(g) + 2H

2
O(l ) + 4e–✝✆ 4OH–(aq)

Anode: 2H
2
 (g) + 4OH–(aq) ✝✆ 4H

2
O(l) + 4e–

Fig. 3.11: A rechargeable

nickel-cadmium cell in a

jelly roll arrangement and

separated by a layer

soaked in moist sodium or

potassium hydroxide.

✸�✁ ✂✄☎✞ ✟☎✞✞✠

Fig. 3.12: Fuel cell using H2 and

O2 produces electricity.
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Overall reaction being:

2H
2
(g) + O

2
(g) ✝� 2 H

2
O(l )

The cell runs continuously as long as the reactants are supplied.
Fuel cells produce electricity with an efficiency of about 70 % compared
to thermal plants whose efficiency is about 40%. There has been
tremendous progress in the development of new electrode materials,
better catalysts and electrolytes for increasing the efficiency of fuel cells.
These have been used in automobiles on an experimental basis. Fuel
cells are pollution free and in view of their future importance, a variety
of fuel cells have been fabricated and tried.

Corrosion slowly coats the surfaces of metallic objects with oxides or
other salts of the metal. The rusting of iron, tarnishing of silver,
development of green coating on copper and bronze are some of the
examples of corrosion. It causes enormous damage to buildings, bridges,
ships and to all objects made of metals especially that of iron. We lose
crores of rupees every year on account of corrosion.

In corrosion, a metal is oxidised by loss of electrons to oxygen and
formation of oxides. Corrosion of iron (commonly known as rusting)
occurs in presence of water and air. The chemistry of corrosion is quite
complex but it may be considered essentially as an electrochemical
phenomenon. At a particular spot (Fig. 3.13) of an object made of iron,
oxidation takes place and that spot behaves as anode and we can write
the reaction

Anode: 2 Fe (s) ✝� 2 Fe2+ + 4 e– 
2+(Fe /Fe)

❱E  = – 0.44 V

Electrons released
at anodic spot move
through the metal
and go to another
spot on the metal and
reduce oxygen in
presence of H+ (which
is believed to be
available from H

2
CO

3

formed due to
dissolution of carbon
dioxide from air into
water. Hydrogen ion
in water may also be
available due to
dissolution of other

acidic oxides from the atmosphere). This spot behaves as cathode with
the reaction

Cathode: O
2
(g) + 4 H+(aq) + 4 e– ✝� 2 H

2
O (l ) +

2 2H O  H O
=1.23 V⑤ ⑤E✁

The overall reaction being:

2Fe(s)+O
2
(g) + 4H+(aq) ✝� 2Fe2 +(aq)+ 2 H

2
O (l )    (cell)

✂E =1.67 V

✸✄☎ ❈✆✞✞✆✟✠✆✡

Fig. 3.13:  Corrosion of iron in atmosphere.

Oxidation: Fe (s)☛ Fe2+ (aq) +2e–

Reduction: O2
 (g) + 4H+(aq) +4e– ☛ 2H2O(l)

Atomospheric
oxidation : 2Fe2+(aq) + 2H2O(l) + ½O2(g) ☛ Fe2O3(s) + 4H+(aq)
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The ferrous ions are further oxidised by atmospheric oxygen to
ferric ions which come out as rust in the form of hydrated ferric oxide
(Fe

2
O

3
. x H

2
O) and with further production of hydrogen ions.

Prevention of corrosion is of prime importance. It not only saves
money but also helps in preventing accidents such as a bridge collapse
or failure of a key component due to corrosion. One of the simplest
methods of preventing corrosion is to prevent the surface of the metallic
object to come in contact with atmosphere. This can be done by covering
the surface with paint or by some chemicals (e.g. bisphenol). Another
simple method is to cover the surface by other metals (Sn, Zn, etc.) that
are inert or react to save the object. An electrochemical method is to
provide a sacrificial electrode of another metal (like Mg, Zn, etc.) which
corrodes itself but saves the object.

■�✁✂✄✁ ☎✆✂✝✁✞✟�✝

3.13 Write the chemistry of recharging the lead storage battery, highlighting all the
materials that are involved during recharging.

3.14 Suggest two materials other than hydrogen that can be used as fuels in fuel
cells.

3.15 Explain how rusting of iron is envisaged as setting up of an electrochemical cell.

❚✠✂ ✡☛☞✌✟✍✂� ✎✏✟�✟✑☛

At present the main source of energy that is driving our economy is fossil fuels such
as coal, oil and gas. As more people on the planet aspire to improve their standard
of living, their energy requirement will increase. In fact, the per capita consumption
of energy used is a measure of development. Of course, it is assumed that energy is
used for productive purpose and not merely wasted. We are already aware that carbon
dioxide produced by the combustion of fossil fuels is resulting in the ‘Greenhouse
Effect’. This is leading to a rise in the temperature of the Earth’s surface, causing
polar ice to melt and ocean levels to rise. This will flood low-lying areas along the coast
and some island nations such as Maldives face total submergence. In order to avoid
such a catastrope, we need to limit our use of carbonaceous fuels. Hydrogen provides
an ideal alternative as its combustion results in water only. Hydrogen production
must come from splitting water using solar energy. Therefore, hydrogen can be used
as a renewable and non polluting source of energy. This is the vision of the Hydrogen
Economy. Both the production of hydrogen by electrolysis of water and hydrogen
combustion in a fuel cell will be important in the future. And both these technologies
are based on electrochemical principles.

An electrochemical cell consists of two metallic electrodes dipping in electrolytic
solution(s). Thus an important component of the electrochemical cell is the ionic conductor
or electrolyte. Electrochemical cells are of two types. In galvanic cell, the chemical

❙ ♠♠❙✒♠♠✓✔✕❙ ♠♠❙✒♠♠✓✔✕
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energy of a spontaneous redox reaction is converted into electrical work, whereas in
an electrolytic cell, electrical energy is used to carry out a non-spontaneous redox
reaction. The standard electrode potential for any electrode dipping in an appropriate
solution is defined with respect to standard electrode potential of hydrogen electrode
taken as zero. The standard potential of the cell can be obtained by taking the difference

of the standard potentials of cathode and anode ( ✭ �cell

❱
E  = E

✁
cathode – E

✁
anode). The

standard potential of the cells are related to standard Gibbs energy (ÄrG
✁
 = –nF ✭ �cell

❱
E )

and equilibrium constant (ÄrG
✁
 = – RT ln K) of the reaction taking place in the cell.

Concentration dependence of the potentials of the  electrodes and the cells are given by
Nernst equation.

The conductivity, ✄, of an electrolytic solution depends on the concentration of the
electrolyte, nature of solvent and temperature. Molar conductivity, Ë

m
, is defined by

= ✂ /c where c is the concentration. Conductivity decreases but molar conductivity
increases with decrease in concentration.  It increases slowly with decrease in
concentration for strong electrolytes while the increase is very steep for weak electrolytes
in very dilute solutions. Kohlrausch found that molar conductivity at infinite dilution,
for an electrolyte is sum of the contribution of the molar conductivity of the ions in
which it dissociates. It is known as law of independent migration of ions and has
many applications. Ions conduct electricity through the solution but oxidation and
reduction of the ions take place at the electrodes in an electrochemical cell. Batteries
and fuel cells are very useful forms of galvanic cell. Corrosion of metals is essentially
an electrochemical phenomenon. Electrochemical principles are relevant to the
Hydrogen Economy.

3.1 Arrange the following metals in the order in which they displace each other from the

solution of their salts.

Al, Cu, Fe, Mg and Zn.

3.2 Given the standard electrode potentials,

K+/K = –2.93V, Ag+/Ag = 0.80V,

Hg2+/Hg = 0.79V

Mg2+/Mg = –2.37 V, Cr3+/Cr = – 0.74V

Arrange these metals in their increasing order of reducing power.

3.3 Depict the galvanic cell in which the reaction Zn(s)+2Ag+(aq) ✆Zn2+(aq)+2Ag(s)

takes place. Further show:

(i) Which of the electrode is negatively charged?

(ii) The carriers of the current in the cell.

(iii) Individual reaction at each electrode.

3.4 Calculate the standard cell potentials of galvanic cell in which the following reactions

take place:

(i) 2Cr(s) + 3Cd2+(aq)  ✆ 2Cr3+(aq) + 3Cd

(ii) Fe2+(aq) + Ag+(aq) ✆ Fe3+(aq) + Ag(s)

Calculate the ✠r
G☎ and equilibrium constant of the reactions.

3.5 Write the Nernst equation and emf of the following cells at 298 K:

(i) Mg(s)|Mg2+(0.001M)||Cu2+(0.0001 M)|Cu(s)

❡✝❊✞ s❡s❊✞❡✝ s❡s❊✞❡✝✟✡s❡s❊✞❡✝✟✡s❡s
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(ii) Fe(s)|Fe2+(0.001M)||H+(1M)|H
2
(g)(1bar)| Pt(s)

(iii) Sn(s)|Sn2+(0.050 M)||H+(0.020 M)|H
2
(g) (1 bar)|Pt(s)

(iv) Pt(s)|Br
2
(l )|Br–(0.010 M)||H+(0.030 M)| H

2
(g) (1 bar)|Pt(s).

3.6 In the button cells widely used in watches and other devices the following reaction

takes place:

Zn(s) + Ag
2
O(s) + H

2
O(l ) ✆ Zn2+(aq) + 2Ag(s) + 2OH–(aq)

Determine ✠
r
G✂ and E✂ for the reaction.

3.7 Define conductivity and molar conductivity for the solution of an electrolyte.

Discuss their variation with concentration.

3.8 The conductivity of 0.20 M solution of KCl at 298 K is 0.0248 S cm–1. Calculate

its molar conductivity.

3.9 The resistance of a conductivity cell containing 0.001M KCl solution at 298 K is

1500 ✡. What is the cell constant if conductivity of 0.001M KCl solution at 298

K is 0.146 × 10–3 S cm–1.

3.10 The conductivity of sodium chloride at 298 K has been determined at different

concentrations and the results are given below:

Concentration/M 0.001 0.010 0.020 0.050 0.100

102 × ✄/S m–1 1.237 11.85 23.15 55.53 106.74

Calculate �
m
 for all concentrations and draw a plot between �

m
 and c½. Find the

value of 0
m☎ .

3.11 Conductivity of 0.00241 M acetic acid is 7.896 × 10–5 S cm–1. Calculate its molar

conductivity and if 0
m✁  for acetic acid is 390.5 S cm2 mol–1, what is its dissociation

constant?

3.12 How much charge is required for the following reductions:

(i) 1 mol of Al3+ to Al.

(ii) 1 mol of Cu2+ to Cu.

(iii) 1 mol of MnO
4

– to Mn2+.

3.13 How much electricity in terms of Faraday is required to produce

(i) 20.0 g of Ca from molten CaCl
2
.

(ii) 40.0 g of Al from molten Al
2
O

3
.

3.14 How much electricity is required in coulomb for the oxidation of

(i) 1 mol of H
2
O to O

2
.

(ii) 1 mol of FeO to Fe
2
O

3
.

3.15 A solution of Ni(NO
3
)
2
 is electrolysed between platinum electrodes using  a current

of 5 amperes for 20 minutes. What mass of Ni is deposited at the cathode?

3.16 Three electrolytic cells A,B,C containing solutions of ZnSO
4
,
 
AgNO

3
 and CuSO

4
,

respectively are connected in series. A steady current of 1.5 amperes was passed

through them until 1.45 g of silver deposited at the cathode of cell B. How long

did the current flow? What mass of copper and zinc were deposited?

3.17 Using the standard electrode potentials given in Table 3.1, predict if the reaction

between the following is feasible:

(i) Fe3+(aq) and I–(aq)
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(ii) Ag+ (aq) and Cu(s)

(iii) Fe3+ (aq) and Br– (aq)

(iv) Ag(s) and Fe
 

3+ (aq)

(v) Br
2 

(aq)
 
and

 
Fe2+ (aq).

3.18 Predict the products of electrolysis in each of the following:

(i) An aqueous solution of AgNO
3
 with silver electrodes.

(ii) An aqueous solution of AgNO
3
with platinum electrodes.

(iii) A dilute solution of H
2
SO

4
with platinum electrodes.

(iv) An aqueous solution of CuCl
2
 with platinum electrodes.

Answers to Some Intext Questions

3.5E
(cell)

 = 0.91 V

3.6 1
rG 45.54 kJ mol❾✠ � ✁

❱ , K
c 

= 9.62 ×107

3.90.114, 3.67 ×10–4 mol L–1
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♦✒✎✷ ✌✺✍ ✔✎✓✔✍✓✌✒☞✌✬✎✓✱ ✎✏ q✉♣✈q✸ ✭✿✵✌✶✸ ✔✺✸✎✒✬❞✍✫ ☞✌ ❞✬✏✏✍✒✍✓✌ ✌✬✷✍✱ ✲✬✳✍✓

✿✍✸✎✹✮ ✔☞✸✔✵✸☞✌✍ ✌✺✍ ☞✳✍✒☞✲✍ ✒☞✌✍ ✎✏ ✌✺✍ ✒✍☞✔✌✬✎✓✇

q✉♣✈q✸ ① ♣②③ ④ q✉♣✈③♣ ① ♣q✸

❞✵✒✬✓✲ ❞✬✏✏✍✒✍✓✌ ✬✓✌✍✒✳☞✸✱ ✎✏ ✌✬✷✍✩

⑤⑥✱ ⑦ ⑧⑦ ✼⑦⑦ ✼⑧⑦ ✪⑦⑦ ⑨⑦⑦ ★⑦⑦ ⑩⑦⑦ ❶⑦⑦

❬q✉♣✈q✸✰⑥✷✎✸ ❧
➊✐
⑦✩✼⑦⑦ ⑦✩⑦❷⑦⑧ ⑦✩⑦❶✪⑦ ⑦✩⑦⑩★✼ ⑦✩⑦❸⑩✼ ⑦✩⑦⑧★❷ ⑦✩⑦★⑨❷ ⑦✩⑦✪✼⑦ ⑦✩⑦✼⑩

❹✍ ✔☞✓ ❞✍✌✍✒✷✬✓✍ ✌✺✍ ❞✬✏✏✍✒✍✓✔✍ ✬✓ ✔✎✓✔✍✓✌✒☞✌✬✎✓ ✎✳✍✒ ❞✬✏✏✍✒✍✓✌ ✬✓✌✍✒✳☞✸✱

✎✏ ✌✬✷✍ ☞✓❞ ✌✺✵✱ ❞✍✌✍✒✷✬✓✍ ✌✺✍ ☞✳✍✒☞✲✍ ✒☞✌✍ ✿✶ ❞✬✳✬❞✬✓✲ ❺❬❘✰ ✿✶ ❺⑤

✭❻☞✿✸✍ ★✩✼✫✩

❼❽

❼❾

❿➀➁➂

➃➂
➄➅➆➇

➈❾ ➈➈❽ ➉➋➌➍

➎➏➐➑

➎➏➐
➒➓➔ →

➣

↔➃

↕➣

➙➛ ➜➛ ➝➞ ➟
→

➠↕ ➡↕ ➢➤ ➥

➎➏➐
➒➦➧➨➩ → ↕

➫

➫
→ ➭➯➲➳➍

➵
➸
➺
➻
➼
➺
➽➾
➚
➽➪
➸
➺
➸
➶
➾➼
➚
➻
➽➚
➺
➽➹

➙➘➝

  xa  4 1 Example 4.1

nSolution



✾�❈✁✂✄☎✆✝✞✟

■✠ ✡☛☞ ✌✍✎✍✍☞ ✏✑☛✌✒✍ ✓✔✕✖ ✠✗☛✠ ✠✗✍ ☛✘✍✙☛✚✍ ✙☛✠✍ ✛☛✒✒✎ ✛✙✜✢✕✔✣✤ × ✤✲✥✢✜✒ ✦✲✧✎✲✧

✠✜ ✤✔✓ × ✕✤✲✥ ★ ✢✜✒ ✦✲✧✎✲✧✔ ✳✜✩✍✘✍✙✱ ☛✘✍✙☛✚✍ ✙☛✠✍ ✡☛☞☞✜✠ ✌✍ ✪✎✍✫ ✠✜ ✬✙✍✫❡✡✠
✠✗✍ ✙☛✠✍ ✜✛ ☛ ✙✍☛✡✠❡✜☞ ☛✠ ☛ ✬☛✙✠❡✡✪✒☛✙ ❡☞✎✠☛☞✠ ☛✎ ❡✠ ✩✜✪✒✫ ✌✍ ✡✜☞✎✠☛☞✠ ✛✜✙ ✠✗✍
✠❡✢✍ ❡☞✠✍✙✘☛✒ ✛✜✙ ✩✗❡✡✗ ❡✠ ❡✎ ✡☛✒✡✪✒☛✠✍✫✔ t✜✱ ✠✜ ✍✭✬✙✍✎✎ ✠✗✍ ✙☛✠✍ ☛✠ ☛ ✬☛✙✠❡✡✪✒☛✙
✢✜✢✍☞✠ ✜✛ ✠❡✢✍ ✩✍ ✫✍✠✍✙✢❡☞✍ ✠✗✍ ✐✮✯✰✴✮✰✴✮✵✶✷✯ ✸✴✰✵✔ ■✠ ❡✎ ✜✌✠☛❡☞✍✫ ✩✗✍☞
✩✍ ✡✜☞✎❡✫✍✙ ✠✗✍ ☛✘✍✙☛✚✍ ✙☛✠✍ ☛✠ ✠✗✍ ✎✢☛✒✒✍✎✠ ✠❡✢✍ ❡☞✠✍✙✘☛✒ ✎☛✇ ✫✹ ✏ ❡✔✍✔ ✩✗✍☞
✺✹ ☛✬✬✙✜☛✡✗✍✎ ✻✍✙✜✖✔ ✳✍☞✡✍✱ ✢☛✠✗✍✢☛✠❡✡☛✒✒✇ ✛✜✙ ☛☞ ❡☞✛❡☞❡✠✍✎❡✢☛✒✒✇ ✎✢☛✒✒
✫✹ ❡☞✎✠☛☞✠☛☞✍✜✪✎ ✙☛✠✍ ❡✎ ✚❡✘✍☞ ✌✇

✼ ✽ ✼ ✽✿❀ ❀
❁ ❁

❀ ❀❛❂
❘ ❃r
❄ ❄ ✏✓✔❅✖

❆✎ ❇✹ ❉ ✤ ✜✙
❊ ❋ ❊ ❋

●❍s❏
❞ ❞❑ ▲
❞ ❞

▼
◆ ◆

❖
P P

❚✴◗❙✵ ❯❱❲❳ ❨❩✵✸✴❬✵ ✸✴✰✵✯ ✶❭ ❪❫❴✸✶❙❫✯✐✯ ✶❭ ◗✷✰❫❙ ❵❪❙✶✸✐❴✵

❜❝❢❣❤❝❥❦❧♠ ♥ ❜❝❢❣❤❝❥❦❧♦ ♥ ♣q♥✉ ♣✈♥✉ ①②③ ④ ⑤⑥❢♥⑦⑧⑨ ⑩➊q✉➊q

⑦⑧⑨ ⑩➊q ⑦⑧⑨ ⑩➊q ❶ ❷ ❶ ❷ ❸ ❹❺ ❻❼ ❽ ❾ ❿➀ ➁
➂

➂ ➃ ➂ ➃ ➄ ➅➆ ➆➇ ➈ ➇➉ ➋ ➇ ➈ ➇➉ ➌ ➍ ➍ ➎➏

➐➑➒➐➐ ➐➑➐✾➐➓ ➐ ➓➐ ➒➑✾➐

➐➑➐✾➐➓ ➐➑➐➔→➐ ➓➐ ➒➐➐ ➒➑➣➐

➐➑➐➔→➐ ➐➑➐➣↔➒ ➒➐➐ ➒➓➐ ➒➑➓➔

➐➑➐➣↔➒ ➐➑➐�➣➒ ➒➓➐ →➐➐ ➒➑↔➐

➐➑➐�➣➒ ➐➑➐➓↔✾ →➐➐ ↕➐➐ ➒➑→→

➐➑➐➓↔✾ ➐➑➐↔↕✾ ↕➐➐ ↔➐➐ ➒➑➒➐

➐➑➐↔↕✾ ➐➑➐↕↕➓ ↔➐➐ ➓➐➐ ➒➑➐↔

➐➑➐→➒➐ ➐➑➐➒➣ ➣➐➐ ➔➐➐ ➐➑↔

➙➛➜ ➝➞➟
➠➡➢➤➥➡➤➥➡➦➧➨➢ ➩➥➤➦ ➧➫
➭➯➲➩➧➳➯➢➵➢ ➧➫ ➸➨➤➯➳
➺➭➳➧➩➵➲➦➻➼➽➾➚➼➳➪



✾� ❈✁✂✄☎✆✝✞ ✟☎✠✂✡☎✆☛

■☞ ✌✍✎ ✏✑ ✒✑☞✑✓✔✕✎✑✒ ✖✓✍✗✘✕✌✍✙✙✚ ✏✚ ✒✓✍✛✕✎✖ ✍ ☞✍✎✖✑✎☞ ✍☞ ☞✕✔✑ ☞ ✜✎

✑✕☞✘✑✓ ✜❡ ☞✘✑ ✌✢✓✣✑✤ ❡✜✓ ✌✜✎✌✑✎☞✓✍☞✕✜✎ ✜❡ ✥ ✍✎✒ ✦ ✣✤ ☞✕✔✑ ☞ ✍✎✒ ✌✍✙✌✢✙✍☞✕✎✖

✕☞✤ ✤✙✜✗✑ ✐✧✕✖★ ✩★✪✫★ ✬✜ ✕✎ ✗✓✜✏✙✑✔ ✩★✪✭ r✮✯✰✱ ✍☞ ❛✲✲✤ ❡✜✓ ✑✳✍✔✗✙✑✭ ✌✍✎ ✏✑

✌✍✙✌✢✙✍☞✑✒ ✏✚ ✗✙✜☞☞✕✎✖ ✌✜✎✌✑✎☞✓✍☞✕✜✎ ✜❡ ✏✢☞✚✙ ✌✘✙✜✓✕✒✑ ✍✤ ✍ ❡✢✎✌☞✕✜✎ ✜❡

☞✕✔✑★ t ☞✍✎✖✑✎☞ ✕✤ ✒✓✍✛✎ ☞✘✍☞ ☞✜✢✌✘✑✤ ☞✘✑ ✌✢✓✣✑ ✍☞ ✴ ✵ ❛✲✲ ✤ ✐✧✕✖★ ✩★✶✫★

❚✘✑ ✤✙✜✗✑ ✜❡ ☞✘✕✤ ☞✍✎✖✑✎☞ ✖✕✣✑✤ ☞✘✑ ✕✎✤☞✍✎☞✍✎✑✜✢✤ ✓✍☞✑★

✬✜✭ r✮✯✰✱ ✍☞ ❛✲✲ ✤ ✵ ✷ ✸

✹✺✹✻✼✽ ➊ ✹✺✹✿❀

❁✹✹ ➊ ❂✹✹ s

❃ ❄
❅ ❆❇ ❉

✔✜✙ ▲❊❋ ✵ ●★✪✶ ❍ ✪✲❊❏ ✔✜✙ ▲❊❋✤❊❋

t☞ ✴ ✵ ✶●✲ ✤ r✮✯✰✱ ✵ ✪★✶✶ ❍ ✪✲
❊❑ ✔✜✙ ▲❊❋✤❊❋

✴ ✵ ▼●✲ ✤ r✮✯✰✱ ✵ ✪★✲ ❍ ✪✲
❊❑ ✔✜✙ ▲❊❋✤❊❋

✴ ✵ ✩●✲ ✤ r✮✯✰✱ ✵ ❛★✩ ❍ ✪✲❊❏ ✔✜✙ ▲❊❋✤❊❋

◆✜✛ ✌✜✎✤✕✒✑✓ ✍ ✓✑✍✌☞✕✜✎

❖✖✐✙✫ P ◗✙❘ ✐✖✫ ❙❖✖◗✙❘✐✤✫

❲✘✑✓✑ ✤☞✜✕✌✘✕✜✔✑☞✓✕✌ ✌✜✑❡❡✕✌✕✑✎☞✤ ✜❡ ☞✘✑ ✓✑✍✌☞✍✎☞✤ ✍✎✒ ✗✓✜✒✢✌☞✤ ✍✓✑

✤✍✔✑✭ ☞✘✑✎ ✓✍☞✑ ✜❡ ☞✘✑ ✓✑✍✌☞✕✜✎ ✕✤ ✖✕✣✑✎ ✍✤

❯ ❱ ❯ ❱ ❯ ❱❳ ❳❖✖ ◗✙ ❖✖◗✙
✥✍☞✑ ✜❡ ✓✑✍✌☞✕✜✎ ✵ ❨ ❨

✴ ✴ ✴

❩ ❩ ❩
❬ ❬

❩ ❩ ❩

✕★✑★✭ ✓✍☞✑ ✜❡ ✒✕✤✍✗✗✑✍✓✍✎✌✑ ✜❡ ✍✎✚ ✜❡ ☞✘✑ ✓✑✍✌☞✍✎☞✤ ✕✤ ✤✍✔✑ ✍✤ ☞✘✑ ✓✍☞✑

✜❡ ✍✗✗✑✍✓✍✎✌✑ ✜❡ ☞✘✑ ✗✓✜✒✢✌☞✤★ ♦✢☞ ✕✎ ☞✘✑ ❡✜✙✙✜✛✕✎✖ ✓✑✍✌☞✕✜✎✭ ☞✛✜✔✜✙✑✤ ✜❡

❖■ ✒✑✌✜✔✗✜✤✑ ☞✜ ✗✓✜✒✢✌✑ ✜✎✑ ✔✜✙✑ ✑✍✌✘ ✜❡ ❖❘✍✎✒ ■❘❭

✶❖■✐✖✫ ❙ ❖❘✐✖✫ P ■❘✐✖✫

✧✜✓ ✑✳✗✓✑✤✤✕✎✖ ☞✘✑ ✓✍☞✑ ✜❡ ✤✢✌✘ ✍ ✓✑✍✌☞✕✜✎ ✛✘✑✓✑ ✤☞✜✕✌✘✕✜✔✑☞✓✕✌

✌✜✑❡❡✕✌✕✑✎☞✤ ✜❡ ✓✑✍✌☞✍✎☞✤ ✜✓ ✗✓✜✒✢✌☞✤ ✍✓✑ ✎✜☞ ✑❝✢✍✙ ☞✜ ✜✎✑✭ ✓✍☞✑ ✜❡

✒✕✤✍✗✗✑✍✓✍✎✌✑ ✜❡ ✍✎✚ ✜❡ ☞✘✑ ✓✑✍✌☞✍✎☞✤ ✜✓ ☞✘✑ ✓✍☞✑ ✜❡ ✍✗✗✑✍✓✍✎✌✑ ✜❡

✗✓✜✒✢✌☞✤ ✕✤ ✒✕✣✕✒✑✒ ✏✚ ☞✘✑✕✓ ✓✑✤✗✑✌☞✕✣✑ ✤☞✜✕✌✘✕✜✔✑☞✓✕✌ ✌✜✑❡❡✕✌✕✑✎☞✤★ ✬✕✎✌✑

✓✍☞✑ ✜❡ ✌✜✎✤✢✔✗☞✕✜✎ ✜❡ ❖■ ✕✤ ☞✛✕✌✑ ☞✘✑ ✓✍☞✑ ✜❡ ❡✜✓✔✍☞✕✜✎ ✜❡ ❖❘ ✜✓ ■❘✭ ☞✜

✔✍♠✑ ☞✘✑✔ ✑❝✢✍✙✭ ☞✘✑ ☞✑✓✔ ❪❫❖■❴ ✕✤ ✒✕✣✕✒✑✒ ✏✚ ✶★ ❚✘✑ ✓✍☞✑ ✜❡ ☞✘✕✤ ✓✑✍✌☞✕✜✎

✕✤ ✖✕✣✑✎ ✏✚

✥✍☞✑ ✜❡ ✓✑✍✌☞✕✜✎
❵ ❜ ❞ ❢ ❞ ❢❳ ❳❖ ■✪ ❖■

✶ ✴ ✴ ✴

❩ ❩❩
❬ ❣ ❬ ❬

❩ ❩ ❩

✬✕✔✕✙✍✓✙✚✭ ❡✜✓ ☞✘✑ ✓✑✍✌☞✕✜✎

● ♦✓❤ ✐✍❝✫ P ♦✓❥❦
❊ ✐✍❝✫ P ❛ ❖❧ ✐✍❝✫ ❙ ▼ ♦✓❘ ✐✍❝✫ P ▼ ❖❘❥ ✐✙✫

♥ ♣ ♥ ♣ q ✉ q ✉✈ ✇ ✇①②③ ①② ④ ③⑤ ⑤ ⑤ ⑤①② ④⑥⑦⑧⑨
⑩ ❶ ❷ ❷❸ ❸ ❸ ❸ ❸

❹❹ ❺❻ ❼❽ ❽ ❽❽ ❽❾ ❿
➀ ➁ ➀ ➁ ➀ ➁ ➀ ➀

❽ ❽ ❽ ❽ ❽

✧✜✓ ✍ ✖✍✤✑✜✢✤ ✓✑✍✌☞✕✜✎ ✍☞ ✌✜✎✤☞✍✎☞ ☞✑✔✗✑✓✍☞✢✓✑✭ ✌✜✎✌✑✎☞✓✍☞✕✜✎ ✕✤
✒✕✓✑✌☞✙✚ ✗✓✜✗✜✓☞✕✜✎✍✙ ☞✜ ☞✘✑ ✗✍✓☞✕✍✙ ✗✓✑✤✤✢✓✑ ✜❡ ✍ ✤✗✑✌✕✑✤ ✍✎✒ ✘✑✎✌✑✭ ✓✍☞✑
✌✍✎ ✍✙✤✜ ✏✑ ✑✳✗✓✑✤✤✑✒ ✍✤ ✓✍☞✑ ✜❡ ✌✘✍✎✖✑ ✕✎ ✗✍✓☞✕✍✙ ✗✓✑✤✤✢✓✑ ✜❡ ☞✘✑ ✓✑✍✌☞✍✎☞
✜✓ ☞✘✑ ✗✓✜✒✢✌☞★



✾�❈✁✂✄☎✆✝✞✟

  n  Q iI  tIntext Questions

✹✠✡ ❋☛☞ ✌✍✎ ☞✎❡✏✌✑☛✒ ✓✔✥✱ ✌✍✎ ✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ❡ ☞✎❡✏✌❡✒✌ ✏✍❡✒✖✎✗ ✕☞☛♦✘✙✘✚✛

✌☛ ✘✙✘t✛ ✑✒ t✜ ♦✑✒✢✌✎✗✙ ✣❡✤✏✢✤❡✌✎ ✌✍✎ ❡✦✎☞❡✖✎ ☞❡✌✎ ☛✕ ☞✎❡✏✌✑☛✒ ✢✗✑✒✖ ✢✒✑✌✗

☛✕ ✌✑♦✎ ✧☛✌✍ ✑✒ ♦✑✒✢✌✎✗ ❡✒★ ✗✎✏☛✒★✗✙

✹✠✩ ■✒ ❡ ☞✎❡✏✌✑☛✒✱ t✪ ✔ ✥☞☛★✢✏✌✗✱ ✌✍✎ ✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ✪ ★✎✏☞✎❡✗✎✗ ✕☞☛♦ ✘✙✜

♦☛✤ ♠➊✫ ✌☛ ✘✙✬ ♦☛✤ ♠➊✫ ✑✒ ✭✘ ♦✑✒✢✌✎✗✙ ✣❡✤✏✢✤❡✌✎ ✌✍✎ ☞❡✌✎ ★✢☞✑✒✖ ✌✍✑✗ ✑✒✌✎☞✦❡✤✮

✓❡✌✎ ☛✕ ☞✎❡✏✌✑☛✒ ★✎❘✎✒★✗ ✢❘☛✒ ✌✍✎ ✎✯❘✎☞✑♦✎✒✌❡✤ ✏☛✒★✑✌✑☛✒✗ ✗✢✏✍

❡✗ ✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ☞✎❡✏✌❡✒✌✗ ❛❘☞✎✗✗✢☞✎ ✑✒ ✏❡✗✎ ☛✕ ✖❡✗✎✗✰✱

✌✎♦❘✎☞❡✌✢☞✎ ❡✒★ ✏❡✌❡✤✲✗✌✙

❚✍✎ ☞❡✌✎ ☛✕ ❡ ✏✍✎♦✑✏❡✤ ☞✎❡✏✌✑☛✒ ❡✌ ❡ ✖✑✦✎✒ ✌✎♦❘✎☞❡✌✢☞✎ ♦❡✲ ★✎❘✎✒★ ☛✒

✌✍✎ ✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ☛✒✎ ☛☞ ♦☛☞✎ ☞✎❡✏✌❡✒✌✗ ❡✒★ ❘☞☛★✢✏✌✗✙ ❚✍✎

☞✎❘☞✎✗✎✒✌❡✌✑☛✒ ☛✕ ☞❡✌✎ ☛✕ ☞✎❡✏✌✑☛✒ ✑✒ ✌✎☞♦✗ ☛✕ ✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ✌✍✎

☞✎❡✏✌❡✒✌✗ ✑✗ r✒☛✳✒ ❡✗ ✴✵✶✷ ✸✵✺✙ ■✌ ✑✗ ❡✤✗☛ ✏❡✤✤✎★ ❡✗ ☞❡✌✎ ✎✻✢❡✌✑☛✒ ☛☞ ☞❡✌✎

✎✯❘☞✎✗✗✑☛✒✙

❚✍✎ ☞✎✗✢✤✌✗ ✑✒ ❚❡✧✤✎ ✬✙✭ ✏✤✎❡☞✤✲ ✗✍☛✳ ✌✍❡✌ ☞❡✌✎ ☛✕ ❡ ☞✎❡✏✌✑☛✒ ★✎✏☞✎❡✗✎✗ ✳✑✌✍

✌✍✎ ❘❡✗✗❡✖✎ ☛✕ ✌✑♦✎ ❡✗ ✌✍✎ ✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ☞✎❡✏✌❡✒✌✗ ★✎✏☞✎❡✗✎✙ ✣☛✒✦✎☞✗✎✤✲✱

☞❡✌✎✗ ✖✎✒✎☞❡✤✤✲ ✑✒✏☞✎❡✗✎ ✳✍✎✒ ☞✎❡✏✌❡✒✌ ✏☛✒✏✎✒✌☞❡✌✑☛✒✗ ✑✒✏☞✎❡✗✎✙ ✼☛✱ ☞❡✌✎ ☛✕

❡ ☞✎❡✏✌✑☛✒ ★✎❘✎✒★✗ ✢❘☛✒ ✌✍✎ ✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ☞✎❡✏✌❡✒✌✗✙

  mp   .Example 4.2

✹✠✩✠✩ ✽✵✶✷

❊✿❀✴✷❁❁❂❃❄

✵❄❅ ✽✵✶✷

❆❃❄❁✶✵❄✶

❚✍✎ ★✎✏☛♦❘☛✗✑✌✑☛✒ ☛✕ ❇❉❖● ✑✒ ✣✣✤❍ ❡✌ ✚✭❏❑ ✍❡✗ ✧✎✎✒ ✗✌✢★✑✎★ ✧✲
♦☛✒✑✌☛☞✑✒✖ ✌✍✎ ✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ❇❉❖● ✑✒ ✌✍✎ ✗☛✤✢✌✑☛✒✙ ■✒✑✌✑❡✤✤✲ ✌✍✎

✏☛✒✏✎✒✌☞❡✌✑☛✒ ☛✕ ❇❉❖● ✑✗ t✙✚✚ ♦☛✤ ♠
▲▼ ❡✒★ ❡✕✌✎☞ ✭❏✬♦✑✒✢✌✎✗✱ ✑✌ ✑✗ ☞✎★✢✏✎★

✌☛ t✙✘❏ ♦☛✤ ♠▲▼✙ ❚✍✎ ☞✎❡✏✌✑☛✒ ✌❡r✎✗ ❘✤❡✏✎ ❡✏✏☛☞★✑✒✖ ✌☛ ✌✍✎ ✎✻✢❡✌✑☛✒

t ❇❉❖● ❛✖✰ ✔ ✬ ❇❖❉ ❛✖✰ ◆ ❖❉ ❛✖✰

✣❡✤✏✢✤❡✌✎ ✌✍✎ ❡✦✎☞❡✖✎ ☞❡✌✎ ☛✕ ✌✍✑✗ ☞✎❡✏✌✑☛✒ ✑✒ ✌✎☞♦✗ ☛✕ ✍☛✢☞✗✱ ♦✑✒✢✌✎✗

❡✒★ ✗✎✏☛✒★✗✙ P✍❡✌ ✑✗ ✌✍✎ ☞❡✌✎ ☛✕ ❘☞☛★✢✏✌✑☛✒ ☛✕ ❇❖❉ ★✢☞✑✒✖ ✌✍✑✗ ❘✎☞✑☛★✮

✪✦✎☞❡✖✎ ✓❡✌✎
◗ ❙ ❯ ❱ ❲
❳ ❨❩ ❩ ❬❭❧ ❪❫ ❴ ❵❜❝❞ ❵❜❢❢

❵ ❵ ❩❞❣❬✐♥❤

❥❦ ♣q s✉ ✈
✇ ✇ ✈✈① ② ③ ④

✉⑤ ⑥ ⑦ ⑧

⑨ ⑩✙❶❷ ❸ ✭✘▲❍ ♦☛✤ ♠▲▼❹♦✑✒ ⑨ ❛⑩✙❶❷ ❸ ✭✘▲❍ ♦☛✤ ♠▲▼ ♦✑✒▲▼✰ ❸ ❛⑩✘ ♦✑✒❹✭✍✰

⑨ ✬✙✘❶ ❸ ✭✘▲❉ ♦☛✤ ♠▲▼❹✍

⑨ ⑩✙❶❷ ❸ ✭✘▲❍ ♦☛✤ ♠▲▼ ❸ ✭♦✑✒❹⑩✘✗

⑨ ✭✙✭✚ ❸ ✭✘▲● ♦☛✤ ♠▲▼✗▲▼

■✌ ♦❡✲ ✧✎ ☞✎♦✎♦✧✎☞✎★ ✌✍❡✌

❺ ❻❼❽ ❾❿
➀➁➂➃

➄ ➅

➆ ➇➈
➉ ➋ ➌

➈➍ ➎

➏ ➐➑❇❖

➒

➓
➔

➓
⑩✙❶❷ ❸ ✭✘▲❍ ❸ ✬ ♦☛✤ ♠▲▼ ♦✑✒▲▼ ⑨ t✙❶t ❸ ✭✘▲→ ♦☛✤ ♠▲▼♦✑✒▲▼

l i nSolutionl i nSolution

.4 .2   to  uencc  lFactors Influencing
      te f a ta    i nRate of a Reaction

✹✠✩✠✡ ➣✷❀✷❄❅✷❄↔✷

❃↕ ✽✵✶✷ ❃❄

❆❃❄↔✷❄✶✴✵✶❂❃❄



✾✾ ❈�✁✂✄☎✆✝ ✞✄✟✁✠✄☎✡

☛☞✌✍✎✏✑✒ ✓ ✔✑✌✑✒✓✕ ✒✑✓✖✗✎☞✌

✓❛ ✘ ✙✚ ✛ ✖☛ ✘ ✏✥

✇✜✑✒✑ ✓✢ ✙✢ ✖ ✓✌✏ ✏ ✓✒✑ ✗✜✑ ✍✗☞✎✖✜✎☞✣✑✗✒✎✖ ✖☞✑✤✤✎✖✎✑✌✗✍ ☞✤ ✒✑✓✖✗✓✌✗✍

✓✌✏ ✦✒☞✏✧✖✗✍★

❚✜✑ ✒✓✗✑ ✑✩✦✒✑✍✍✎☞✌ ✤☞✒ ✗✜✎✍ ✒✑✓✖✗✎☞✌ ✎✍

❘✓✗✑ ✪ ✫❛✬
①
✫✚✬
②

✭✮★✮✯

✇✜✑✒✑ ✑✩✦☞✌✑✌✗✍ ✩ ✓✌✏ ✰ ✣✓✰ ☞✒ ✣✓✰ ✌☞✗ ✙✑ ✑✱✧✓✕ ✗☞ ✗✜✑

✍✗☞✎✖✜✎☞✣✑✗✒✎✖ ✖☞✑✤✤✎✖✎✑✌✗✍ ✭✓ ✓✌✏ ✙✯ ☞✤ ✗✜✑ ✒✑✓✖✗✓✌✗✍★ ❛✙☞s✑ ✑✱✧✓✗✎☞✌

✖✓✌ ✓✕✍☞ ✙✑ ✇✒✎✗✗✑✌ ✓✍

❘✓✗✑ ✲ ❦ ✫❛✬
①
✫✚✬
②

✭✮★✮✓✯

✳ ✴
✳ ✴ ✳ ✴
✵ ✶❞ ✷

❆ ❇
❞

✸
t

✹ ✺ ✭✮★✮✙✯

❚✜✎✍ ✤☞✒✣ ☞✤ ✑✱✧✓✗✎☞✌ ✭✮★✮ ✙✯ ✎✍ ✻✌☞✇✌ ✓✍ ✏✎✤✤✑✒✑✌✗✎✓✕ ✒✓✗✑ ✑✱✧✓✗✎☞✌✢

✇✜✑✒✑ ❦ ✎✍ ✓ ✦✒☞✦☞✒✗✎☞✌✓✕✎✗✰ ✖☞✌✍✗✓✌✗ ✖✓✕✕✑✏ r✼✽✿ ❀❁❂❃✽✼❂✽★ ❚✜✑ ✑✱✧✓✗✎☞✌

✕✎✻✑ ✭✮★✮✯✢ ✇✜✎✖✜ ✒✑✕✓✗✑✍ ✗✜✑ ✒✓✗✑ ☞✤ ✓ ✒✑✓✖✗✎☞✌ ✗☞ ✖☞✌✖✑✌✗✒✓✗✎☞✌ ☞✤ ✒✑✓✖✗✓✌✗✍

✎✍ ✖✓✕✕✑✏ ✒✓✗✑ ✕✓✇ ☞✒ ✒✓✗✑ ✑✩✦✒✑✍✍✎☞✌★ ❚✜✧✍✢ r✼✽✿ ❄✼❅ ❉❃ ✽❊✿ ✿❋●r✿❃❃❉❁❂

❉❂ ❅❊❉❀❊ r✿✼❀✽❉❁❂ r✼✽✿ ❉❃ ✐❉❍✿❂ ❉❂ ✽✿r■❃ ❁❏ ■❁❄✼r ❀❁❂❀✿❂✽r✼✽❉❁❂

❁❏ r✿✼❀✽✼❂✽❃ ❅❉✽❊ ✿✼❀❊ ✽✿r■ r✼❉❃✿♠ ✽❁ ❃❁■✿ ●❁❅✿r❑ ❅❊❉❀❊ ■✼▲

❁r ■✼▲ ❂❁✽ ♦✿ ❃✼■✿ ✼❃ ✽❊✿ ❃✽❁❉❀❊❉❁■✿✽r❉❀ ❀❁✿❏❏❉❀❉✿❂✽ ❁❏ ✽❊✿

r✿✼❀✽❉❂✐ ❃●✿❀❉✿❃ ❉❂ ✼ ♦✼❄✼❂❀✿♠ ❀❊✿■❉❀✼❄ ✿▼◆✼✽❉❁❂★ ❖☞✒ ✑✩✓✣✦✕✑P

◗❙❯✭✔✯ ✘ ❯❱✭✔✯ ✛ ◗❙❯❱ ✭✔✯

❲✑ ✖✓✌ ✣✑✓✍✧✒✑ ✗✜✑ ✒✓✗✑ ☞✤ ✗✜✎✍ ✒✑✓✖✗✎☞✌ ✓✍ ✓ ✤✧✌✖✗✎☞✌ ☞✤ ✎✌✎✗✎✓✕

✖☞✌✖✑✌✗✒✓✗✎☞✌✍ ✑✎✗✜✑✒ ✙✰ ✻✑✑✦✎✌✔ ✗✜✑ ✖☞✌✖✑✌✗✒✓✗✎☞✌ ☞✤ ☞✌✑ ☞✤ ✗✜✑ ✒✑✓✖✗✓✌✗✍

✖☞✌✍✗✓✌✗ ✓✌✏ ✖✜✓✌✔✎✌✔ ✗✜✑ ✖☞✌✖✑✌✗✒✓✗✎☞✌ ☞✤ ✗✜✑ ☞✗✜✑✒ ✒✑✓✖✗✓✌✗ ☞✒ ✙✰

✖✜✓✌✔✎✌✔ ✗✜✑ ✖☞✌✖✑✌✗✒✓✗✎☞✌ ☞✤ ✙☞✗✜ ✗✜✑ ✒✑✓✖✗✓✌✗✍★ ❚✜✑ ✤☞✕✕☞✇✎✌✔ ✒✑✍✧✕✗✍

✓✒✑ ☞✙✗✓✎✌✑✏ ✭❚✓✙✕✑ ✮★◗✯★

❳✼♦❄✿ ❨❩❬❭ ❪❂❉✽❉✼❄ r✼✽✿ ❁❏ ❏❁r■✼✽❉❁❂ ❁❏ ❫❴❵

❜❝❡❢❣❤❥❢❧♥ ♣❧❤♥❤q✉ ✈③④⑤⑥ ❥⑦✉ ⑧
⑨⑩

♣❧❤♥❤q✉ ✈④❶⑤⑥ ❥⑦✉ ⑧
⑨⑩

♣❧❤♥❤q✉ ❣q♥❢ ⑦❷

❷⑦❣❥q♥❤⑦❧ ⑦❷ ③④❶⑥ ❥⑦✉ ⑧
⑨⑩
❸
⑨⑩

❹❺ ❻❺❼❻ ❻❺❼❻ ❻❺❻✾❽

❾❺ ❻❺❽❻ ❻❺❼❻ ❻❺❼❿➀

❼❺ ❻❺❼❻ ❻❺❽❻ ❻❺❹✾❾

➀❺ ❻❺❽❻ ❻❺❽❻ ❻❺➁❽❿

➂✗ ✎✍ ☞✙s✎☞✧✍✢ ✓✤✗✑✒ ✕☞☞✻✎✌✔ ✓✗ ✗✜✑ ✒✑✍✧✕✗✍✢ ✗✜✓✗ ✇✜✑✌ ✗✜✑ ✖☞✌✖✑✌✗✒✓✗✎☞✌

☞✤ ❙❯ ✎✍ ✏☞✧✙✕✑✏ ✓✌✏ ✗✜✓✗ ☞✤ ❯❱ ✎✍ ✻✑✦✗ ✖☞✌✍✗✓✌✗ ✗✜✑✌ ✗✜✑ ✎✌✎✗✎✓✕ ✒✓✗✑

✎✌✖✒✑✓✍✑✍ ✙✰ ✓ ✤✓✖✗☞✒ ☞✤ ✤☞✧✒ ✤✒☞✣ ➃★➃➄➅ ✗☞ ➃★➆➇✮ ✣☞✕ ➈
➊➉
✍
➊➉
★ ❚✜✎✍

✎✌✏✎✖✓✗✑✍ ✗✜✓✗ ✗✜✑ ✒✓✗✑ ✏✑✦✑✌✏✍ ✧✦☞✌ ✗✜✑ ✍✱✧✓✒✑ ☞✤ ✗✜✑ ✖☞✌✖✑✌✗✒✓✗✎☞✌ ☞✤

❙❯★ ❲✜✑✌ ✖☞✌✖✑✌✗✒✓✗✎☞✌ ☞✤ ❙❯ ✎✍ ✻✑✦✗ ✖☞✌✍✗✓✌✗ ✓✌✏ ✖☞✌✖✑✌✗✒✓✗✎☞✌ ☞✤

❯❱ ✎✍ ✏☞✧✙✕✑✏ ✗✜✑ ✒✓✗✑ ✓✕✍☞ ✔✑✗✍ ✏☞✧✙✕✑✏ ✎✌✏✎✖✓✗✎✌✔ ✗✜✓✗ ✒✓✗✑ ✏✑✦✑✌✏✍

☞✌ ✖☞✌✖✑✌✗✒✓✗✎☞✌ ☞✤ ❯❱ ✗☞ ✗✜✑ ✤✎✒✍✗ ✦☞✇✑✒★ ➋✑✌✖✑✢ ✗✜✑ ✒✓✗✑ ✑✱✧✓✗✎☞✌ ✤☞✒

✗✜✎✍ ✒✑✓✖✗✎☞✌ ✇✎✕✕ ✙✑

❘✓✗✑ ✲ ❦✫❙❯✬
➌
✫❯➌✬



✶��❈✁✂✄☎✆✝✞✟

❚✠✡ ☛☞✌✌✡✍✡✎✏☞✑✒ ✌✓✍✔ ✓✌ ✏✠☞✕ ✍✑✏✡ ✡✖✗✍✡✕✕☞✓✎ ☞✕ ✘☞✙✡✎ ✑✕

✚ ✛
✜ ✢ ✣ ✤

✷
✷

❞ ❘
❖◆❖

❞
❦

t
✥ ✦

✧✓★✩ ★✡ ✓✪✕✡✍✙✡ ✏✠✑✏ ✌✓✍ ✏✠☞✕ ✍✡✑✫✏☞✓✎ ☞✎ ✏✠✡ ✍✑✏✡ ✡✬✭✑✏☞✓✎ ☛✡✍☞✙✡☛

✌✍✓✔ ✏✠✡ ✡✖✗✡✍☞✔✡✎✏✑✒ ☛✑✏✑✩ ✏✠✡ ✡✖✗✓✎✡✎✏✕ ✓✌ ✏✠✡ ✫✓✎✫✡✎✏✍✑✏☞✓✎ ✏✡✍✔✕

✑✍✡ ✏✠✡ ✕✑✔✡ ✑✕ ✏✠✡☞✍ ✕✏✓☞✫✠☞✓✔✡✏✍☞✫ ✫✓✡✌✌☞✫☞✡✎✏✕ ☞✎ ✏✠✡ ✪✑✒✑✎✫✡☛

✫✠✡✔☞✫✑✒ ✡✬✭✑✏☞✓✎❝

❙✓✔✡ ✓✏✠✡✍ ✡✖✑✔✗✒✡✕ ✑✍✡ ✘☞✙✡✎ ✪✡✒✓★✮

✯✡✑✫✏☞✓✎ ❊✖✗✡✍☞✔✡✎✏✑✒ ✍✑✏✡ ✡✖✗✍✡✕✕☞✓✎

✰✱ ✲✳✲✒✸ ✴ ✲✒✵ ✹ ✲✲✒✺ ✴ ✳✲✒ ✯✑✏✡ ❂ ✻ ✼✲✳✲✒✸ ✽ ✼✲✒✵✽
✾✿✵

❀✱ ✲✳✸✲❁❁✲✵✳❃ ✴✳✵❁✹✲✳✸✲❁❁✳✴✲✵✳❃❁✳ ✯✑✏✡ ❂ ✻ ✼✲✳✸✲❁❁✲✵✳❃✽
✾ ✼✳✵❁✽

❄

■✎ ✏✠✡✕✡ ✍✡✑✫✏☞✓✎✕✩ ✏✠✡ ✡✖✗✓✎✡✎✏✕ ✓✌ ✏✠✡ ✫✓✎✫✡✎✏✍✑✏☞✓✎ ✏✡✍✔✕ ✑✍✡ ✎✓✏

✏✠✡ ✕✑✔✡ ✑✕ ✏✠✡☞✍ ✕✏✓☞✫✠☞✓✔✡✏✍☞✫ ✫✓✡✌✌☞✫☞✡✎✏✕❝ ❚✠✭✕✩ ★✡ ✫✑✎ ✕✑❅ ✏✠✑✏✮

❆❇❉❋ ●❇❍ ❏❑▲ ❇▼P ▲❋❇◗❉❯❑▼ ◗❇▼▼❑❉ ❱❋ ❲▲❋❳❯◗❉❋❳ ❱P ❨❋▲❋●P ●❑❑✻❯▼❩

❇❉ ❉❛❋ ❱❇●❇▼◗❋❳ ◗❛❋❨❯◗❇● ❋❬❭❇❉❯❑▼❪ ❯❫❋❫❪ ❉❛❋❑▲❋❉❯◗❇●●P ❱❭❉ ❨❭❴❉ ❱❋

❳❋❉❋▲❨❯▼❋❳ ❋♠❲❋▲❯❨❋▼❉❇●●P❝

■✎ ✏✠✡ ✍✑✏✡ ✡✬✭✑✏☞✓✎ ❵❜❝❜❡

✯✑✏✡ ❂ ✻ ✼❢✽① ✼❣✽②

✖ ✑✎☛ ❅ ☞✎☛☞✫✑✏✡ ✠✓★ ✕✡✎✕☞✏☞✙✡ ✏✠✡ ✍✑✏✡ ☞✕ ✏✓ ✏✠✡ ✫✠✑✎✘✡ ☞✎ ✫✓✎✫✡✎✏✍✑✏☞✓✎

✓✌ ❢ ✑✎☛ ❣❝ ❙✭✔ ✓✌ ✏✠✡✕✡ ✡✖✗✓✎✡✎✏✕✩ ☞❝✡❝✩ ✖ ✴ ❅ ☞✎ ❵❜❝❜❡ ✘☞✙✡✕ ✏✠✡ ✓✙✡✍✑✒✒

✓✍☛✡✍ ✓✌ ✑ ✍✡✑✫✏☞✓✎ ★✠✡✍✡✑✕ ✖ ✑✎☛ ❅ ✍✡✗✍✡✕✡✎✏ ✏✠✡ ✓✍☛✡✍ ★☞✏✠ ✍✡✕✗✡✫✏

✏✓ ✏✠✡ ✍✡✑✫✏✑✎✏✕ ❢ ✑✎☛ ❣ ✍✡✕✗✡✫✏☞✙✡✒❅❝

✳✡✎✫✡✩ ❤✐❥ ❧♥♦ ♣q r♣s❥✉❧ ♣q ❤✐❥ ✈♣✇✈❥✇❤✉③❤④♣✇ ♣q ❤✐❥ ✉❥③✈❤③✇❤❧

④✇ ❤✐❥ ✉③❤❥ ⑤③s ❥⑥r✉❥❧❧④♣✇ ④❧ ✈③⑤⑤❥⑦ ❤✐❥ ♣✉⑦❥✉ ♣q ❤✐③❤ ✈✐❥♦④✈③⑤

✉❥③✈❤④♣✇❝

❁✍☛✡✍ ✓✌ ✑ ✍✡✑✫✏☞✓✎ ✫✑✎ ✪✡ ⑧✩ ⑨✩ ⑩✩ ❶ ✑✎☛ ✡✙✡✎ ✑ ✌✍✑✫✏☞✓✎❝ ❢ ❷✡✍✓

✓✍☛✡✍ ✍✡✑✫✏☞✓✎ ✔✡✑✎✕ ✏✠✑✏ ✏✠✡ ✍✑✏✡ ✓✌ ✍✡✑✫✏☞✓✎ ☞✕ ☞✎☛✡✗✡✎☛✡✎✏ ✓✌ ✏✠✡

✫✓✎✫✡✎✏✍✑✏☞✓✎ ✓✌ ✍✡✑✫✏✑✎✏✕❝

❸❹❺❹❻ ❼✉⑦❥✉ ♣q ③

❽❥③✈❤④♣✇

✲✑✒✫✭✒✑✏✡ ✏✠✡ ✓✙✡✍✑✒✒ ✓✍☛✡✍ ✓✌ ✑ ✍✡✑✫✏☞✓✎ ★✠☞✫✠

✠✑✕ ✏✠✡ ✍✑✏✡ ✡✖✗✍✡✕✕☞✓✎

❵✑❡ ✯✑✏✡ ❂ ✻ ✼❢✽✾✿✵ ✼❣✽✸✿✵

❵✪❡ ✯✑✏✡ ❂ ✻ ✼❢✽✸✿✵ ✼❣✽➊✾

❵✑❡ ✯✑✏✡ ❂ ✻ ✼❢✽① ✼❣✽②

✓✍☛✡✍ ❂ ✖ ✴ ❅

❙✓ ✓✍☛✡✍ ❂ ⑨❾⑩ ✴ ❶❾⑩ ❂ ⑩✩ ☞❝✡❝✩ ✕✡✫✓✎☛ ✓✍☛✡✍

❵✪❡ ✓✍☛✡✍ ❂ ❶❾⑩ ✴ ❵❿⑨❡ ❂ ⑨❾⑩✩ ☞❝✡❝✩ ✠✑✒✌ ✓✍☛✡✍❝

  x  m e .Example 4.3

noSolution

❢ ✪✑✒✑✎✫✡☛ ✫✠✡✔☞✫✑✒ ✡✬✭✑✏☞✓✎ ✎✡✙✡✍ ✘☞✙✡✕ ✭✕ ✑ ✏✍✭✡ ✗☞✫✏✭✍✡ ✓✌ ✠✓★

✑ ✍✡✑✫✏☞✓✎ ✏✑➀✡✕ ✗✒✑✫✡ ✕☞✎✫✡ ✍✑✍✡✒❅ ✑ ✍✡✑✫✏☞✓✎ ✘✡✏✕ ✫✓✔✗✒✡✏✡☛ ☞✎ ✓✎✡

✕✏✡✗❝ ❚✠✡ ✍✡✑✫✏☞✓✎✕ ✏✑➀☞✎✘ ✗✒✑✫✡ ☞✎ ✓✎✡ ✕✏✡✗ ✑✍✡ ✫✑✒✒✡☛ ❥⑤❥♦❥✇❤③✉➁
✉❥③✈❤④♣✇❧❝ ➂✠✡✎ ✑ ✕✡✬✭✡✎✫✡ ✓✌ ✡✒✡✔✡✎✏✑✍❅ ✍✡✑✫✏☞✓✎✕ ❵✫✑✒✒✡☛ ✔✡✫✠✑✎☞✕✔❡

✘☞✙✡✕ ✭✕ ✏✠✡ ✗✍✓☛✭✫✏✕✩ ✏✠✡ ✍✡✑✫✏☞✓✎✕ ✑✍✡ ✫✑✒✒✡☛ ✈♣♦r⑤❥⑥ ✉❥③✈❤④♣✇❧❝



✶�✶ ❈✁✂✄☎✆✝✞ ✟☎✠✂✡☎✆☛

  mp  . 4 4Example 4.4

ut oSolution

❚☞✌✍✌ ✎✏✑ ✒✌ ✓✔✕✍✌✓✖✗✘✙✌ ✚✌✏✓✗✘✔✕✍ ✛✌✜✢✜✣ ✔✤✘✥✏✗✘✔✕ ✔✦ ✌✗☞✏✕✌ ✗✔ ✧★✷
✏✕✥ ❛✷★ ❖✏✍✍✌✍ ✗☞✚✔✖✢☞ ✏ ✍✌✚✘✌✍ ✔✦ ✘✕✗✌✚✎✌✥✘✏✗✌ ✍✗✌❖✍ ✘✕ ✩☞✘✓☞ ✏✪✓✔☞✔✪✣
✏✪✥✌☞✑✥✌ ✏✕✥ ✏✓✘✥ ✏✚✌ ✦✔✚✎✌✥✫✣ ✚✌✙✌✚✍✌ ✚✌✏✓✗✘✔✕✍ ✏✕✥ ✍✘✥✌ ✚✌✏✓✗✘✔✕✍
✛✌✜✢✜✣ ✕✘✗✚✏✗✘✔✕ ✔✦ ❖☞✌✕✔✪ ✑✘✌✪✥✍ ♦✲✕✘✗✚✔❖☞✌✕✔✪ ✏✕✥ ♣✲✕✘✗✚✔❖☞✌✕✔✪✫✜

❯✬✭✮✯ ✰✱ ✳✴✮✵ ✸✰✬✯✮✴✬✮

❋✔✚ ✏ ✢✌✕✌✚✏✪ ✚✌✏✓✗✘✔✕
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◆❁❯❲❳ P →❭➏ ❘ ◆❁❯❲❳❴ ❄❅❆➣❉
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✙ ✚

✙ ✚✵

❘
❧✏

❘
❦✛✜ ✢

✘✎
✣ ✤

✣ ✤

✥✦✧
★✩

✦
✪✫
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✭✬✮✯✰✱

❆✓ ✓✒✲✌ ✛✳ ❢✎✘✲ ✌✖✗✍✓✒✘✏ ✭✬✮✴✱

✷❧✏✸❘✹✳ ✺ ✻ ❦✛✳ ✼ ✷❧✏✸❘✹✽ ✭✬✮✯✯✱

❆✓ ✓✒✲✌ ✛✾

❧✏✸❘✹✾ ✺ ✻ ❦✛✾ ✼ ❧✏✸❘✹✽ ✭✬✮✯✿✱

✇✔✌✎✌❀ ✸❘✹✳ ✍✏❁ ✸❘✹✾ ✍✎✌ ✓✔✌ ❂✘✏❂✌✏✓✎✍✓✒✘✏✕ ✘❢ ✓✔✌ ✎✌✍❂✓✍✏✓✕ ✍✓ ✓✒✲✌

✛✳ ✍✏❁ ✛✾ ✎✌✕❃✌❂✓✒❄✌❧❅✮

❙✗❇✓✎✍❂✓✒✏✑ ✭✬✮✯✿✱ ❢✎✘✲ ✭✬✮✯✯✱

❧✏✸❘✹✳✻ ❧✏✸❘✹✾ ✺ ✻ ❦✛✳ ✻ ✭✻❦✛✾✱

✙ ✚

✙ ✚
❉ ❊❋
● ❋

●

❘
❧✏ ❍

❘
✛ ✛✢✜

■ ❏

❑ ▲

❑ ▲

▼

◆ ▼ ◆
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◗❚

P
❯

❱ ❱
❲

❳ ✭✬✮✯❨✱

❩✖✗✍✓✒✘✏ ✭✬✮❬✱ ❂✍✏ ✍❧✕✘ ❇✌ ✇✎✒✓✓✌✏ ✍✕

❭ ❪

❭ ❪
❫ ❴

❵

❛
❜❝

❛
❞❡

❣✍❍✒✏✑ ✍✏✓✒❧✘✑ ✘❢ ❇✘✓✔ ✕✒❁✌✕

✸❘✹ ✺ ✸❘✹✽ ✌
❤✐❥ ✭✬✮✯✬✱

♠✘✲❃✍✎✒✏✑ ✌✖✗✍✓✒✘✏ ✭✬✮❬✱ ✇✒✓✔ ❅ ✺ ✲♥ ✼ ❂❀ ✒❢ ✇✌ ❃❧✘✓ ❧✏ ✸❘✹ ✍✑✍✒✏✕✓

✛ ✭♦✒✑✮ ✬✮✬✱ ✇✌ ✑✌✓ ✍ ✕✓✎✍✒✑✔✓ ❧✒✏✌ ✇✒✓✔ ✕❧✘❃✌ ✺ ✻❦ ✍✏❁ ✒✏✓✌✎❂✌❃✓ ✌✖✗✍❧ ✓✘

❧✏ ✸❘✹✽
❣✔✌ ❢✒✎✕✓ ✘✎❁✌✎ ✎✍✓✌ ✌✖✗✍✓✒✘✏ ✭✬✮✯✰✱ ❂✍✏ ✍❧✕✘ ❇✌ ✇✎✒✓✓✌✏ ✒✏ ✓✔✌ ❢✘✎✲
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❘
❦

✛
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✉ ✈

✉ ✈
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✜
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❲❱❞ ③
➊④♦
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❷ ❸

❹

❺
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●
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➃
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➍
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❺ ❹
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➒ ➒

➒ ➒
➓

❾ ➓

▲
➔→➣↔↕↔

➙➛➜➝➣→➞➟➠
➝↕

➡

▼ ▲ ②♦②⑤②✇ ❲❩❬➢④

  E a l  x  .Example 4.5

noSolution

③❑❏ ⑨❨ ❯❱❬❨❩❛❑❜ ■ ❏➤❳❩❯■❞ ❭❩❜❨❏ ❱❜❛❑❜ ❥■❨ ❳❤■❨❑ ❜❑■❯❏❩❱❬

➥♣❥q ➦ ➧♣❥q t ⑩♣❥q

③❑❏ ➨➩ ➫❑ ❏❤❑ ❩❬❩❏❩■❞ ❳❜❑❨❨⑨❜❑ ❱❭ ➥ ■❬❛ ➨➭ ❏❤❑ ❏❱❏■❞ ❳❜❑❨❨⑨❜❑ ■❏

❏❩❲❑ ➯❽➲♦ ➳❬❏❑❥❜■❏❑❛ ❜■❏❑ ❑➵⑨■❏❩❱❬ ❭❱❜ ❨⑨❯❤ ■ ❜❑■❯❏❩❱❬ ❯■❬ ➫❑ ❛❑❜❩➸❑❛ ■❨

❣❱❏■❞ ❳❜❑❨❨⑨❜❑ ➨➭ ▲ ➨➺ t ➨➻ t ➨➼ ♣❳❜❑❨❨⑨❜❑ ⑨❬❩❏❨q
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■✚ ★ ✥✒✩ ✪✑ ✒✓✑ ✍✑✣✏✑✥✗✑ ✕✌ ✔✏✑✗✗✘✏✑ ✙✚ ✛ ✥✒ ✒✕✩✑ t ✥✌✍ ✙✌✑ ✩✙✖✑ ✑✥✣✓
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✪✑ ★ ✥✒✩ ✑✥✣✓✧

✛✬♦✭ ✮ ✜✬♦✭ ✯ ✢✬♦✭

✛✒ t ✰ ✲ ♣✐ ✥✒✩ ✲ ✥✒✩ ✲ ✥✒✩

✛✒ ✒✕✩✑ t ✬♣✐➊★✭ ✥✒✩ ★ ✥✒✩ ★ ✥✒✩

✫✓✑✏✑✱ ♣✳ ✕✗ ✒✓✑ ✕✌✕✒✕✥✖ ✔✏✑✗✗✘✏✑ ✥✒ ✒✕✩✑ t ✰ ✲✧

♣✴ ✰ ✬♣✐ ➊ ★✭ ✯ ★ ✯ ★ ✰ ♣✐ ✯ ★

★ ✰ ✬♣✴ ✵ ♣✐✭
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❱
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✍✑✣✙✩✔✙✗✕✒✕✙✌ ✙✚ ❞❩❬❭ ✬♦✭ ✥✒ ✣✙✌✗✒✥✌✒ ✤✙✖✘✩✑❪

❫ ❴ ❫ ❴ ❫ ❴❵ ❛ ❵ ❜ ❵❝ ❝ ❝❡❢ ❤ ❡❢ ❤ ❤❥ ♠
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u oS tS ut oSolutionSolution
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✚✖✤✢➐❝
➑➒➓➔→→→→➣ ✚ ✖✤✢ t ❀➐❜
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↔↕➙↕➛ ➜➝➝➞➟➠ ➡➝
➢➤➠➤➥➦➧➠
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S ut oSolutionu oS tSolution
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✹☞✫ ❋✎✍ ✡✁✂ ✍✂✝✆✡☎✎✠✬
✣✯ ✜ ✱ ✙ ✯✷✱

✡✁✂ ✍✝✡✂ ✚ ❦❬✯✛❬✱✛✷ ✓☎✡✁ ✳ ✚ ✣♦✴ ✵ ✶✴➊✻ ✄✎✞➊✷ ✼✷ ☛➊✽♦ ❈✝✞✆✾✞✝✡✂ ✡✁✂ ☎✠☎✡☎✝✞
✍✝✡✂ ✎✒ ✡✁✂ ✍✂✝✆✡☎✎✠ ✓✁✂✠ ❬✯✛ ✚ ✴♦✶ ✄✎✞ ✼➊✽✕ ❬✱✛ ✚ ✴♦✣ ✄✎✞ ✼➊✽♦ ❈✝✞✆✾✞✝✡✂
✡✁✂ ✍✝✡✂ ✎✒ ✍✂✝✆✡☎✎✠ ✝✒✡✂✍ ❬✯✛ ☎☛ ✍✂✖✾✆✂✖ ✡✎ ✴♦✴t ✄✎✞ ✼➊✽♦

✹☞✿ ❚✁✂ ✖✂✆✎✄✑✎☛☎✡☎✎✠ ✎✒ ✗❍✧ ✎✠ ✑✞✝✡☎✠✾✄ ☛✾✍✒✝✆✂ ☎☛ ❀✂✍✎ ✎✍✖✂✍ ✍✂✝✆✡☎✎✠♦ ❁✁✝✡
✝✍✂ ✡✁✂ ✍✝✡✂☛ ✎✒ ✑✍✎✖✾✆✡☎✎✠ ✎✒ ✗✷ ✝✠✖ ❍✷ ☎✒ ❦ ✚ ✣♦❂ ✵ ✶✴➊★ ✄✎✞➊✽ ✼ ☛➊✽❄
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❚✁✂ ✍✝✡✂ ✎✒ ✍✂✝✆✡☎✎✠ ☎☛ ✒✎✞✞✎✓✂✖ ❛❃ ☎✠✆✍✂✝☛✂ ☎✠ ✑✍✂☛☛✾✍✂ ☎✠ ✝ ✆✞✎☛✂✖
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✢✒ ✡✁✂ ✑✍✂☛☛✾✍✂ ☎☛ ✄✂✝☛✾✍✂✖ ☎✠ ❛✝✍ ✝✠✖ ✡☎✄✂ ☎✠ ✄☎✠✾✡✂☛✕ ✡✁✂✠ ✓✁✝✡ ✝✍✂
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✍✂✝✆✡✝✠✡ ☎☛ ✡✁✂ ✑✎✓✂✍ ✎✒ ☎✡☛ ✆✎✠✆✂✠✡✍✝✡☎✎✠ ✓✁☎✆✁ ✝✑✑✂✝✍☛ ☎✠ ✡✁✂ ✍✝✡✂ ✞✝✓ ✂✥✾✝✡☎✎✠♦
❚✁✂ ✎✍✖✂✍ ✎✒ ✝ ✍✂✝✆✡☎✎✠ ☎☛ ✡✁✂ ☛✾✄ ✎✒ ✝✞✞ ☛✾✆✁ ✑✎✓✂✍☛ ✎✒ ✆✎✠✆✂✠✡✍✝✡☎✎✠ ✎✒ ✡✂✍✄☛
✒✎✍ ✖☎✒✒✂✍✂✠✡ ✍✂✝✆✡✝✠✡☛♦ ❲❳❨❩ ❭❪❫❴❨❳❫❨ ☎☛ ✡✁✂ ✑✍✎✑✎✍✡☎✎✠✝✞☎✡❃ ✒✝✆✡✎✍ ☎✠ ✡✁✂ ✍✝✡✂ ✞✝✓♦
❘✝✡✂ ✆✎✠☛✡✝✠✡ ✝✠✖ ✎✍✖✂✍ ✎✒ ✝ ✍✂✝✆✡☎✎✠ ✆✝✠ ❛✂ ✖✂✡✂✍✄☎✠✂✖ ✒✍✎✄ ✍✝✡✂ ✞✝✓ ✎✍ ☎✡☛
☎✠✡✂✔✍✝✡✂✖ ✍✝✡✂ ✂✥✾✝✡☎✎✠♦ ❵❪❜❩❭❝❜❳❞❡❨❢ ☎☛ ✖✂✒☎✠✂✖ ✎✠✞❃ ✒✎✍ ✝✠ ✂✞✂✄✂✠✡✝✍❃ ✍✂✝✆✡☎✎✠♦
✢✡☛ ✪✝✞✾✂☛ ✝✍✂ ✞☎✄☎✡✂✖ ✒✍✎✄ ✶ ✡✎ ✸ ✓✁✂✍✂✝☛ ✎✍✖✂✍ ✆✝✠ ❛✂ ✴✕ ✶✕ ✣✕ ✸ ✎✍ ✂✪✂✠ ✝
✒✍✝✆✡☎✎✠♦ ❱✎✞✂✆✾✞✝✍☎✡❃ ✝✠✖ ✎✍✖✂✍ ✎✒ ✝✠ ✂✞✂✄✂✠✡✝✍❃ ✍✂✝✆✡☎✎✠ ✝✍✂ ☛✝✄✂♦

❚✂✄✑✂✍✝✡✾✍✂ ✖✂✑✂✠✖✂✠✆✂ ✎✒ ✍✝✡✂ ✆✎✠☛✡✝✠✡☛ ☎☛ ✖✂☛✆✍☎❛✂✖ ❛❃ ✯✍✍✁✂✠☎✾☛ ✂✥✾✝✡☎✎✠
✭❦ ✚ ❣✂➊❤✐✩❥❧✮♦ ♠✐ ✆✎✍✍✂☛✑✎✠✖☛ ✡✎ ✡✁✂ ❳❭❨❡♥❳❨❡❪❫ ❩❫❩❞q❢ ✝✠✖ ☎☛ ✔☎✪✂✠ ❛❃ ✡✁✂ ✂✠✂✍✔❃
✖☎✒✒✂✍✂✠✆✂ ❛✂✡✓✂✂✠ ✝✆✡☎✪✝✡✂✖ ✆✎✄✑✞✂✏ ✝✠✖ ✡✁✂ ✍✂✝✆✡✝✠✡ ✄✎✞✂✆✾✞✂☛✕ ✝✠✖ ❣ ✭✯✍✍✁✂✠☎✾☛
✒✝✆✡✎✍ ✎✍ ✑✍✂r✂✏✑✎✠✂✠✡☎✝✞ ✒✝✆✡✎✍✮ ✆✎✍✍✂☛✑✎✠✖☛ ✡✎ ✡✁✂ ✆✎✞✞☎☛☎✎✠ ✒✍✂✥✾✂✠✆❃♦ ❚✁✂
✂✥✾✝✡☎✎✠ ✆✞✂✝✍✞❃ ☛✁✎✓☛ ✡✁✝✡ ☎✠✆✍✂✝☛✂ ✎✒ ✡✂✄✑✂✍✝✡✾✍✂ ✎✍ ✞✎✓✂✍☎✠✔ ✎✒ s✐ ✓☎✞✞ ✞✂✝✖ ✡✎
✝✠ ☎✠✆✍✂✝☛✂ ☎✠ ✡✁✂ ✍✝✡✂ ✎✒ ✍✂✝✆✡☎✎✠ ✝✠✖ ✑✍✂☛✂✠✆✂ ✎✒ ✝ ✆✝✡✝✞❃☛✡ ✞✎✓✂✍☛ ✡✁✂ ✝✆✡☎✪✝✡☎✎✠
✂✠✂✍✔❃ ❛❃ ✑✍✎✪☎✖☎✠✔ ✝✠ ✝✞✡✂✍✠✝✡✂ ✑✝✡✁ ✒✎✍ ✡✁✂ ✍✂✝✆✡☎✎✠♦ ✯✆✆✎✍✖☎✠✔ ✡✎ ✆✎✞✞☎☛☎✎✠
✡✁✂✎✍❃✕ ✝✠✎✡✁✂✍ ✒✝✆✡✎✍ ✉ ✆✝✞✞✂✖ ☛✡✂✍☎✆ ✒✝✆✡✎✍ ✓✁☎✆✁ ✍✂✒✂✍☛ ✡✎ ✡✁✂ ✎✍☎✂✠✡✝✡☎✎✠ ✎✒
✄✎✞✂✆✾✞✂☛ ✓✁☎✆✁ ✆✎✞✞☎✖✂✕ ☎☛ ☎✄✑✎✍✡✝✠✡ ✝✠✖ ✆✎✠✡✍☎❛✾✡✂☛ ✡✎ ✂✒✒✂✆✡☎✪✂ ✆✎✞✞☎☛☎✎✠☛✕ ✡✁✾☛✕
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❚✦✧ ★✩✪✫✩✬✫✭✮ ✫✮ ✬✦✧ ✩✯✭✰✮✬ ✭✱ ✲✩✳ ✩✴✳✭✪✵✧✴ ✵✷ ✬✦✧ ✩✴✳✭✪✵✧✮✬ ✸✫✬✦♣✪✧✳✳✰✪✧ ✩✬ ✹✭✮✳✬✩✮✬ ✬✧✯♣✧✪✩✬✰✪✧ ✹✩✮ ✵✧ ✧✺♣✪✧✳✳✧✴ ✵✷ ✯✧✩✮✳ ✭✱ ✩✹✰✪★✧ ✬✧✪✯✧✴ ✩✳ ✻✼✽✾✿❀❁❃✾❄ ❃✽✾❁❅❆✿❇❈❋❉❡❊●❍■❏❑▼ ◆❍❘❯❉❱❲❏❯● ❏❘❯❲▼❡❉❩❬ ❭✪✧✰✮✴❪✫✹✦❫ ✫✮ ❴❵❞❵❫ ✲✩★✧ ✩✮✧✯♣✫✪✫✹✩❪ ✪✧❪✩✬✫✭✮✳✦✫♣ ✵✧✬✸✧✧✮ ✬✦✧ ❢✰✩✮✬✫✬✷ ✭✱ ✲✩✳ ✩✴✳✭✪✵✧✴ ✵✷ ✰✮✫✬✯✩✳✳ ✭✱ ✳✭❪✫✴ ✩✴✳✭✪✵✧✮✬ ✩✮✴ ♣✪✧✳✳✰✪✧ ✩✬ ✩ ♣✩✪✬✫✹✰❪✩✪ ✬✧✯♣✧✪✩✬✰✪✧❈ ❚✦✧✪✧❪✩✬✫✭✮✳✦✫♣ ✹✩✮ ✵✧ ✧✺♣✪✧✳✳✧✴ ✵✷ ✬✦✧ ✱✭❪❪✭✸✫✮✲ ✧❢✰✩✬✫✭✮r❣❩ ❤ ❦❈✐❥❧♦ q● s t✉ ❈❈❈ q✈❈❴✉✸✦✧✪✧ ❣ ✫✳ ✬✦✧ ✯✩✳✳ ✭✱ ✬✦✧ ✲✩✳ ✩✴✳✭✪✵✧✴ ✭✮ ✯✩✳✳ ❩ ✭✱ ✬✦✧✩✴✳✭✪✵✧✮✬ ✩✬ ♣✪✧✳✳✰✪✧ ✐❫ ❦ ✩✮✴ ✮ ✩✪✧ ✹✭✮✳✬✩✮✬✳ ✸✦✫✹✦ ✴✧♣✧✮✴✭✮ ✬✦✧ ✮✩✬✰✪✧ ✭✱ ✬✦✧ ✩✴✳✭✪✵✧✮✬ ✩✮✴ ✬✦✧ ✲✩✳ ✩✬ ✩ ♣✩✪✬✫✹✰❪✩✪✬✧✯♣✧✪✩✬✰✪✧❈ ❚✦✧ ✪✧❪✩✬✫✭✮✳✦✫♣ ✫✳ ✲✧✮✧✪✩❪❪✷ ✪✧♣✪✧✳✧✮✬✧✴ ✫✮ ✬✦✧✱✭✪✯ ✭✱ ✩ ✹✰✪★✧ ✸✦✧✪✧ ✯✩✳✳ ✭✱ ✬✦✧ ✲✩✳ ✩✴✳✭✪✵✧✴ ♣✧✪ ✲✪✩✯ ✭✱✬✦✧ ✩✴✳✭✪✵✧✮✬ ✫✳ ♣❪✭✬✬✧✴ ✩✲✩✫✮✳✬ ♣✪✧✳✳✰✪✧ q❭✫✲❈ ✈❈❴✉❈ ❚✦✧✳✧ ✹✰✪★✧✳✫✮✴✫✹✩✬✧ ✬✦✩✬ ✩✬ ✩ ✱✫✺✧✴ ♣✪✧✳✳✰✪✧❫ ✬✦✧✪✧ ✫✳ ✩ ✴✧✹✪✧✩✳✧ ✫✮ ♣✦✷✳✫✹✩❪✩✴✳✭✪♣✬✫✭✮ ✸✫✬✦ ✫✮✹✪✧✩✳✧ ✫✮ ✬✧✯♣✧✪✩✬✰✪✧❈ ❚✦✧✳✧ ✹✰✪★✧✳ ✩❪✸✩✷✳✳✧✧✯ ✬✭ ✩♣♣✪✭✩✹✦ ✳✩✬✰✪✩✬✫✭✮ ✩✬ ✦✫✲✦ ♣✪✧✳✳✰✪✧❈❚✩✇✫✮✲ ❪✭✲✩✪✫✬✦✯ ✭✱ ✧❢❈ q✈❈❴✉
❪✭✲ ❣❩ ❤ ❪✭✲ ❦ ② ❴● ■❯③ ✐ ④④④ q✈❈⑤✉

❚✦✧ ★✩❪✫✴✫✬✷ ✭✱ ❭✪✧✰✮✴❪✫✹✦ ✫✳✭✬✦✧✪✯ ✹✩✮ ✵✧★✧✪✫✱✫✧✴ ✵✷ ♣❪✭✬✬✫✮✲ ❪✭✲ ❣❩ ✭✮ ⑦⑧✩✺✫✳ q✭✪✴✫✮✩✬✧✉✩✮✴ ❪✭✲ ✐ ✭✮ ❣⑧✩✺✫✳ q✩✵✳✹✫✳✳✩✉❈ ⑨✱ ✫✬ ✹✭✯✧✳ ✬✭ ✵✧✩ ✳✬✪✩✫✲✦✬ ❪✫✮✧❫ ✬✦✧ ❭✪✧✰✮✴❪✫✹✦ ✫✳✭✬✦✧✪✯ ✫✳ ★✩❪✫✴❫✭✬✦✧✪✸✫✳✧ ✮✭✬ q❭✫✲❈ ✈❈⑤✉❈ ❚✦✧ ✳❪✭♣✧ ✭✱ ✬✦✧✳✬✪✩✫✲✦✬ ❪✫✮✧ ✲✫★✧✳ ✬✦✧ ★✩❪✰✧ ✭✱ ❴● ❈ ❚✦✧ ✫✮✬✧✪✹✧♣✬✭✮ ✬✦✧ ⑦⑧✩✺✫✳ ✲✫★✧✳ ✬✦✧ ★✩❪✰✧ ✭✱ ❪✭✲ ❦❈❭✪✧✰✮✴❪✫✹✦ ✫✳✭✬✦✧✪✯ ✧✺♣❪✩✫✮✳ ✬✦✧ ✵✧✦✩★✫✭✰✪✭✱ ✩✴✳✭✪♣✬✫✭✮ ✫✮ ✩✮ ✩♣♣✪✭✺✫✯✩✬✧ ✯✩✮✮✧✪❈ ❚✦✧✱✩✹✬✭✪ ❴● ✹✩✮ ✦✩★✧ ★✩❪✰✧✳ ✵✧✬✸✧✧✮ ❞ ✩✮✴ ❴q♣✪✭✵✩✵❪✧ ✪✩✮✲✧ ❞❈❴ ✬✭ ❞❈✈✉❈ ❚✦✰✳❫ ✧❢✰✩✬✫✭✮ q✈❈⑤✉✦✭❪✴✳ ✲✭✭✴ ✭★✧✪ ✩ ❪✫✯✫✬✧✴ ✪✩✮✲✧ ✭✱ ♣✪✧✳✳✰✪✧❈

⑩❶❷❶❸ ❹✼✽✾✿❀❁❃✾❄❺✽✾❁❅❆✿❇✽

❻❼❽❾ ❿❾➀➁ ➂➃➄➅➆➇➈➉➊➋ ➉➌➍➎➋➄➃➏

➐➑ ➒✭✸ ✬✧✯♣✧✪✩✬✰✪✧ ✫✳ ✱✩★✭✰✪✩✵❪✧✱✭✪ ✩✴✳✭✪♣✬✫✭✮❈ ⑨✬ ✴✧✹✪✧✩✳✧✳✸✫✬✦ ✫✮✹✪✧✩✳✧ ✭✱ ✬✧✯♣✧✪✩✬✰✪✧❈➓➑ ➔✭ ✩♣♣✪✧✹✫✩✵❪✧ ✩✹✬✫★✩✬✫✭✮✧✮✧✪✲✷ ✫✳ ✮✧✧✴✧✴❈→➑ ⑨✬ ✴✧♣✧✮✴✳ ✭✮ ✬✦✧ ✳✰✪✱✩✹✧✩✪✧✩❈ ⑨✬ ✫✮✹✪✧✩✳✧✳ ✸✫✬✦ ✩✮✫✮✹✪✧✩✳✧ ✭✱ ✳✰✪✱✩✹✧ ✩✪✧✩❈➣➑ ⑨✬ ✪✧✳✰❪✬✳ ✫✮✬✭ ✯✰❪✬✫✯✭❪✧✹✰❪✩✪❪✩✷✧✪✳ ✭✮ ✩✴✳✭✪✵✧✮✬ ✳✰✪✱✩✹✧✰✮✴✧✪ ✦✫✲✦ ♣✪✧✳✳✰✪✧❈

➐➑ ↔✫✲✦ ✬✧✯♣✧✪✩✬✰✪✧ ✫✳ ✱✩★✭✰✪✩✵❪✧✱✭✪ ✩✴✳✭✪♣✬✫✭✮❈ ⑨✬ ✫✮✹✪✧✩✳✧✳ ✸✫✬✦✬✦✧ ✫✮✹✪✧✩✳✧ ✭✱ ✬✧✯♣✧✪✩✬✰✪✧❈➓➑ ↔✫✲✦ ✩✹✬✫★✩✬✫✭✮ ✧✮✧✪✲✷ ✫✳✳✭✯✧✬✫✯✧✳ ✮✧✧✴✧✴❈→➑ ⑨✬ ✩❪✳✭ ✴✧♣✧✮✴✳ ✭✮ ✬✦✧ ✳✰✪✱✩✹✧✩✪✧✩❈ ⑨✬ ✬✭✭ ✫✮✹✪✧✩✳✧✳ ✸✫✬✦ ✩✮✫✮✹✪✧✩✳✧ ✭✱ ✳✰✪✱✩✹✧ ✩✪✧✩❈➣➑ ⑨✬ ✪✧✳✰❪✬✳ ✫✮✬✭ ✰✮✫✯✭❪✧✹✰❪✩✪❪✩✷✧✪❈
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♠
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♥
✥ ✌✎
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✢ ✜✎ ✓✡☛ ✔✕✒✑✖✗✓✘✑☞ ✱✔✖✘☛✒ ✕✘✖☛✏✓❡✣

✇✘✓✡ ✗✖☛✒✒✚✖☛✛

❇✑✓✡ ✓✡☛ ✏✑☞✕✘✓✘✑☞✒ ✔✖☛ ✒✚✗✗✑✖✓☛✕ ✤✣ ☛✦✗☛✖✘✧☛☞✓✔❡ ✖☛✒✚❡✓✒✛

❚✡☛ ☛✦✗☛✖✘✧☛☞✓✔❡ ✘✒✑✓✡☛✖✧✒ ✔❡✇✔✣✒ ✒☛☛✧ ✓✑ ✔✗✗✖✑✔✏✡ ✒✔✓✚✖✔✓✘✑☞ ✔✓

✡✘❤✡ ✗✖☛✒✒✚✖☛✛ ❚✡✘✒ ✏✔☞☞✑✓ ✤☛ ☛✦✗❡✔✘☞☛✕ ✤✣ ★✖☛✚☞✕❡✘✏✡ ✘✒✑✓✡☛✖✧✛ ❚✡✚✒✎

✘✓ ✙✔✘❡✒ ✔✓ ✡✘❤✡ ✗✖☛✒✒✚✖☛✛

❙✑❡✘✕✒ ✏✔☞ ✔✕✒✑✖✤ ✒✑❡✚✓☛✒ ✙✖✑✧ ✒✑❡✚✓✘✑☞✒ ✔❡✒✑✛ ❲✡☛☞ ✔ ✒✑❡✚✓✘✑☞ ✑✙

✔✏☛✓✘✏ ✔✏✘✕ ✘☞ ✇✔✓☛✖ ✘✒ ✒✡✔❛☛☞ ✇✘✓✡ ✏✡✔✖✏✑✔❡✎ ✔ ✗✔✖✓ ✑✙ ✓✡☛ ✔✏✘✕ ✘✒

✔✕✒✑✖✤☛✕ ✤✣ ✓✡☛ ✏✡✔✖✏✑✔❡ ✔☞✕ ✓✡☛ ✏✑☞✏☛☞✓✖✔✓✘✑☞ ✑✙ ✓✡☛ ✔✏✘✕ ✕☛✏✖☛✔✒☛✒

✘☞ ✓✡☛ ✒✑❡✚✓✘✑☞✛ ❙✘✧✘❡✔✖❡✣✎ ✓✡☛ ❡✘✓✧✚✒ ✒✑❡✚✓✘✑☞ ✇✡☛☞ ✒✡✔❛☛☞ ✇✘✓✡ ✏✡✔✖✏✑✔❡

✤☛✏✑✧☛✒ ✏✑❡✑✚✖❡☛✒✒✛ ❚✡☛ ✗✖☛✏✘✗✘✓✔✓☛ ✑✙ ❜❤✩✪✫✬✷ ✔✓✓✔✘☞✒ ✤❡✚☛ ✏✑❡✑✚✖

✇✡☛☞ ✗✖☛✏✘✗✘✓✔✓☛✕ ✘☞ ✗✖☛✒☛☞✏☛ ✑✙ ✧✔❤☞☛✒✑☞ ✖☛✔❤☛☞✓✛ ❚✡☛ ✏✑❡✑✚✖ ✘✒ ✕✚☛

✓✑ ✔✕✒✑✖✗✓✘✑☞ ✑✙ ✧✔❤☞☛✒✑☞✛ ❚✡☛ ✙✑❡❡✑✇✘☞❤ ✑✤✒☛✖✱✔✓✘✑☞✒ ✡✔✱☛ ✤☛☛☞ ✧✔✕☛

✘☞ ✓✡☛ ✏✔✒☛ ✑✙ ✔✕✒✑✖✗✓✘✑☞ ✙✖✑✧ ✒✑❡✚✓✘✑☞ ✗✡✔✒☛✐

✩✘✬ ❚✡☛ ☛✦✓☛☞✓ ✑✙ ✔✕✒✑✖✗✓✘✑☞ ✕☛✏✖☛✔✒☛✒ ✇✘✓✡ ✔☞ ✘☞✏✖☛✔✒☛ ✘☞ ✓☛✧✗☛✖✔✓✚✖☛✛

✩✘✘✬ ❚✡☛ ☛✦✓☛☞✓ ✑✙ ✔✕✒✑✖✗✓✘✑☞ ✘☞✏✖☛✔✒☛✒ ✇✘✓✡ ✔☞ ✘☞✏✖☛✔✒☛ ✑✙ ✒✚✖✙✔✏☛ ✔✖☛✔

✑✙ ✓✡☛ ✔✕✒✑✖✤☛☞✓✛

✩✘✘✘✬ ❚✡☛ ☛✦✓☛☞✓ ✑✙ ✔✕✒✑✖✗✓✘✑☞ ✕☛✗☛☞✕✒ ✑☞ ✓✡☛ ✏✑☞✏☛☞✓✖✔✓✘✑☞ ✑✙ ✓✡☛ ✒✑❡✚✓☛

✘☞ ✒✑❡✚✓✘✑☞✛

✩✘✱✬ ❚✡☛ ☛✦✓☛☞✓ ✑✙ ✔✕✒✑✖✗✓✘✑☞ ✕☛✗☛☞✕✒ ✑☞ ✓✡☛ ☞✔✓✚✖☛ ✑✙ ✓✡☛ ✔✕✒✑✖✤☛☞✓

✔☞✕ ✓✡☛ ✔✕✒✑✖✤✔✓☛✛

❚✡☛ ✗✖☛✏✘✒☛ ✧☛✏✡✔☞✘✒✧ ✑✙ ✔✕✒✑✖✗✓✘✑☞ ✙✖✑✧ ✒✑❡✚✓✘✑☞ ✘✒ ☞✑✓ ❛☞✑✇☞✛

★✖☛✚☞✕❡✘✏✡❋✒ ☛✭✚✔✓✘✑☞ ✔✗✗✖✑✦✘✧✔✓☛❡✣ ✕☛✒✏✖✘✤☛✒ ✓✡☛ ✤☛✡✔✱✘✑✚✖ ✑✙

✔✕✒✑✖✗✓✘✑☞ ✙✖✑✧ ✒✑❡✚✓✘✑☞ ✇✘✓✡ ✔ ✕✘✙✙☛✖☛☞✏☛ ✓✡✔✓ ✘☞✒✓☛✔✕ ✑✙ ✗✖☛✒✒✚✖☛✎

✏✑☞✏☛☞✓✖✔✓✘✑☞ ✑✙ ✓✡☛ ✒✑❡✚✓✘✑☞ ✘✒ ✓✔❛☛☞ ✘☞✓✑ ✔✏✏✑✚☞✓✎ ✘✛☛✛✎

①

♠
✥ ❦✮

✯✰✲
✛✛✛✩✳✛✴✬

✩✮ ✘✒ ✓✡☛ ☛✭✚✘❡✘✤✖✘✚✧ ✏✑☞✏☛☞✓✖✔✓✘✑☞✎ ✘✛☛✛✎ ✇✡☛☞ ✔✕✒✑✖✗✓✘✑☞ ✘✒ ✏✑✧✗❡☛✓☛✬✛

✪☞ ✓✔❛✘☞❤ ❡✑❤✔✖✘✓✡✧ ✑✙ ✓✡☛ ✔✤✑✱☛ ☛✭✚✔✓✘✑☞✎ ✇☛ ✡✔✱☛

❡✑❤
①

♠
✥ ❡✑❤❦ ✵

✌

♥
❡✑❤✮ ✸✸✸✩✳✛✹✬

P❡✑✓✓✘☞❤ ❡✑❤
①

♠
✔❤✔✘☞✒✓ ❡✑❤ ✮ ✔ ✒✓✖✔✘❤✡✓ ❡✘☞☛ ✘✒ ✑✤✓✔✘☞☛✕ ✇✡✘✏✡

✒✡✑✇✒ ✓✡☛ ✱✔❡✘✕✘✓✣ ✑✙ ★✖☛✚☞✕❡✘✏✡ ✘✒✑✓✡☛✖✧✛ ❚✡✘✒ ✏✔☞ ✤☛ ✓☛✒✓☛✕

☛✦✗☛✖✘✧☛☞✓✔❡❡✣ ✤✣ ✓✔❛✘☞❤ ✒✑❡✚✓✘✑☞✒ ✑✙ ✕✘✙✙☛✖☛☞✓ ✏✑☞✏☛☞✓✖✔✓✘✑☞✒ ✑✙ ✔✏☛✓✘✏

✔✏✘✕✛ ✺✭✚✔❡ ✱✑❡✚✧☛✒ ✑✙ ✒✑❡✚✓✘✑☞✒ ✔✖☛ ✔✕✕☛✕ ✓✑ ☛✭✚✔❡ ✔✧✑✚☞✓✒ ✑✙

✏✡✔✖✏✑✔❡ ✘☞ ✕✘✙✙☛✖☛☞✓ ✙❡✔✒❛✒✛ ❚✡☛ ✙✘☞✔❡ ✏✑☞✏☛☞✓✖✔✓✘✑☞ ✘✒ ✕☛✓☛✖✧✘☞☛✕ ✘☞

☛✔✏✡ ✙❡✔✒❛ ✔✙✓☛✖ ✔✕✒✑✖✗✓✘✑☞✛ ❚✡☛ ✕✘✙✙☛✖☛☞✏☛ ✘☞ ✓✡☛ ✘☞✘✓✘✔❡ ✔☞✕ ✙✘☞✔❡

✏✑☞✏☛☞✓✖✔✓✘✑☞✒ ❤✘✱☛ ✓✡☛ ✱✔❡✚☛ ✑✙ ①✛ ✻✒✘☞❤ ✓✡☛ ✔✤✑✱☛ ☛✭✚✔✓✘✑☞✎ ✱✔❡✘✕✘✓✣

✑✙ ★✖☛✚☞✕❡✘✏✡ ✘✒✑✓✡☛✖✧ ✏✔☞ ✤☛ ☛✒✓✔✤❡✘✒✡☛✕✛

❚✡☛ ✗✡☛☞✑✧☛☞✑☞ ✑✙ ✔✕✒✑✖✗✓✘✑☞ ✙✘☞✕✒ ✔ ☞✚✧✤☛✖ ✑✙ ✔✗✗❡✘✏✔✓✘✑☞✒✛

■✧✗✑✖✓✔☞✓ ✑☞☛✒ ✔✖☛ ❡✘✒✓☛✕ ✡☛✖☛✐

✩✘✬ ✜✼✽✾✿❀❁❂✽♥ ✽❃ ❄❂❅❄ ❆❉❀✿✿♠✐ ❚✡☛ ✖☛✧✔✘☞✘☞❤ ✓✖✔✏☛✒ ✑✙ ✔✘✖ ✏✔☞ ✤☛

✔✕✒✑✖✤☛✕ ✤✣ ✏✡✔✖✏✑✔❡ ✙✖✑✧ ✔ ✱☛✒✒☛❡ ☛✱✔✏✚✔✓☛✕ ✤✣ ✔ ✱✔✏✚✚✧ ✗✚✧✗

✓✑ ❤✘✱☛ ✔ ✱☛✖✣ ✡✘❤✡ ✱✔✏✚✚✧✛

❊●❍●❊ ❏❑▲▼◆❖◗❘▼❯

❢◆▼❱

❳▼❨❩◗❘▼❯

❬❭❪▲❫

❊●❍●❴ ❏❖❖❨❘❵❪◗❘▼❯▲

▼❢

❏❑▲▼◆❖◗❘▼❯



✶�✁ ❙✂✄☎✆✝✞ ✟✠✞✡☛☞✌✄✍

✭✎✎✏ ●✑✒ ✓✑✒✔✒✿ ✕✖✗ ✘✖✗✙ ✭✖ ✚✛✜✎✢✛ ✣✤✎✢✤ ✢✥✦✗✎✗✧✗ ✥★ ✖✢✧✎✜✖✧✛✚ ✢✤✖✩✢✥✖✪

✥✩ ✘✎♦✧✫✩✛ ✥★ ✖✚✗✥✩✬✛✦✧✗✏ ✎✗ ✫✗✫✖✪✪✮ ✫✗✛✚ ★✥✩ ✬✩✛✖✧✤✎✦✯ ✎✦ ✢✥✖✪

✘✎✦✛✗ ✧✥ ✖✚✗✥✩✬ ♠✥✎✗✥✦✥✫✗ ✯✖✗✛✗✰

✭✎✎✎✏ ❈✱✲✳✴✱✵ ✱✷ ✸✹✓✺✻✺✳✼✿ ✽✎✪✎✢✖ ✖✦✚ ✖✪✫✘✎✦✎✫✘ ✯✛✪✗ ✖✩✛ ✫✗✛✚ ✖✗

✖✚✗✥✩✬✛✦✧✗ ★✥✩ ✩✛✘✥✜✎✦✯ ✘✥✎✗✧✫✩✛ ✖✦✚ ✢✥✦✧✩✥✪✪✎✦✯ ✤✫✘✎✚✎✧✮✰

✭✎✜✏ ❘✾✓✱❀✑✵ ✱✷ ❁✱✵✱✹✴✺✲❂ ✓✑✳✳✾✴ ✷✴✱✓ ✒✱✵✹✳✺✱✲✒✿ ❃✦✎✘✖✪ ✢✤✖✩✢✥✖✪

✩✛✘✥✜✛✗ ✢✥✪✥✫✩✗ ✥★ ✗✥✪✫✧✎✥✦✗ ✬✮ ✖✚✗✥✩✬✎✦✯ ✢✥✪✥✫✩✛✚ ✎✘♠✫✩✎✧✎✛✗✰

✭✜✏ ❍✾✳✾✴✱❂✾✲✾✱✹✒ ❁✑✳✑✵✼✒✺✒✿ ❃✚✗✥✩♠✧✎✥✦ ✥★ ✩✛✖✢✧✖✦✧✗ ✥✦ ✧✤✛ ✗✥✪✎✚

✗✫✩★✖✢✛ ✥★ ✧✤✛ ✢✖✧✖✪✮✗✧✗ ✎✦✢✩✛✖✗✛✗ ✧✤✛ ✩✖✧✛ ✥★ ✩✛✖✢✧✎✥✦✰ s✤✛✩✛ ✖✩✛

✘✖✦✮ ✯✖✗✛✥✫✗ ✩✛✖✢✧✎✥✦✗ ✥★ ✎✦✚✫✗✧✩✎✖✪ ✎✘♠✥✩✧✖✦✢✛ ✎✦✜✥✪✜✎✦✯ ✗✥✪✎✚

✢✖✧✖✪✮✗✧✗✰ ❝✖✦✫★✖✢✧✫✩✛ ✥★ ✖✘✘✥✦✎✖ ✫✗✎✦✯ ✎✩✥✦ ✖✗ ✖ ✢✖✧✖✪✮✗✧❄

✘✖✦✫★✖✢✧✫✩✛ ✥★ ❅❆✽❇❉ ✬✮ ✢✥✦✧✖✢✧ ♠✩✥✢✛✗✗ ✖✦✚ ✫✗✛ ✥★ ★✎✦✛✪✮ ✚✎✜✎✚✛✚

✦✎✢✙✛✪ ✎✦ ✧✤✛ ✤✮✚✩✥✯✛✦✖✧✎✥✦ ✥★ ✥✎✪✗ ✖✩✛ ✛♦✢✛✪✪✛✦✧ ✛♦✖✘♠✪✛✗ ✥★

✤✛✧✛✩✥✯✛✦✛✥✫✗ ✢✖✧✖✪✮✗✎✗✰

✭✜✎✏ ❊✾❋✑✴✑✳✺✱✲ ✱✷ ✺✲✾✴✳ ❂✑✒✾✒✿ ■✫✛ ✧✥ ✧✤✛ ✚✎★★✛✩✛✦✢✛ ✎✦ ✚✛✯✩✛✛ ✥★ ✖✚✗✥✩♠✧✎✥✦
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✖✚✗✥✩♠✧✎✥✦ ✥✦ ✢✥✢✥✦✫✧ ✢✤✖✩✢✥✖✪ ✖✧ ✚✎★★✛✩✛✦✧ ✧✛✘♠✛✩✖✧✫✩✛✗✰

✭✜✎✎✏ ❏✲ ❁✹✴✺✲❂ ✻✺✒✾✑✒✾✒✿ ❃ ✦✫✘✬✛✩ ✥★ ✚✩✫✯✗ ✖✩✛ ✫✗✛✚ ✧✥ ✙✎✪✪ ✯✛✩✘✗ ✬✮

✯✛✧✧✎✦✯ ✖✚✗✥✩✬✛✚ ✥✦ ✧✤✛✘✰

✭✜✎✎✎✏ ❑✴✱✳✸ ✷✵✱✑✳✑✳✺✱✲ ❋✴✱❁✾✒✒✿ ❃ ✪✥✣ ✯✩✖✚✛ ✗✫✪♠✤✎✚✛ ✥✩✛ ✎✗ ✢✥✦✢✛✦✧✩✖✧✛✚

✬✮ ✗✛♠✖✩✖✧✎✦✯ ✎✧ ★✩✥✘ ✗✎✪✎✢✖ ✖✦✚ ✥✧✤✛✩ ✛✖✩✧✤✮ ✘✖✧✧✛✩ ✬✮ ✧✤✎✗ ✘✛✧✤✥✚

✫✗✎✦✯ ♠✎✦✛ ✥✎✪ ✖✦✚ ★✩✥✧✤✎✦✯ ✖✯✛✦✧ ✭✗✛✛ ✉✦✎✧ ▲✏✰

✭✎♦✏ ▼✻✒✱✴❋✳✺✱✲ ✺✲✻✺❁✑✳✱✴✒✿ ✽✫✩★✖✢✛✗ ✥★ ✢✛✩✧✖✎✦ ♠✩✛✢✎♠✎✧✖✧✛✗ ✗✫✢✤ ✖✗

✗✎✪✜✛✩ ✤✖✪✎✚✛✗ ✤✖✜✛ ✧✤✛ ♠✩✥♠✛✩✧✮ ✥★ ✖✚✗✥✩✬✎✦✯ ✗✥✘✛ ✚✮✛✗ ✪✎✙✛ ✛✥✗✎✦❄

★✪✫✥✩✛✗✢✛✎✦❄ ✛✧✢✰ ✖✦✚ ✧✤✛✩✛✬✮ ♠✩✥✚✫✢✎✦✯ ✖ ✢✤✖✩✖✢✧✛✩✎✗✧✎✢ ✢✥✪✥✫✩ ✖✧

✧✤✛ ✛✦✚ ♠✥✎✦✧✰

✭♦✏ ❈✸✴✱✓✑✳✱❂✴✑❋✸✺❁ ✑✲✑✵✼✒✺✒✿ ◆✤✩✥✘✖✧✥✯✩✖♠✤✎✢ ✖✦✖✪✮✗✎✗ ✬✖✗✛✚ ✥✦

✧✤✛ ♠✤✛✦✥✘✛✦✥✦ ✥★ ✖✚✗✥✩♠✧✎✥✦ ★✎✦✚✗ ✖ ✦✫✘✬✛✩ ✥★ ✖♠♠✪✎✢✖✧✎✥✦✗ ✎✦

✖✦✖✪✮✧✎✢✖✪ ✖✦✚ ✎✦✚✫✗✧✩✎✖✪ ★✎✛✪✚✗✰

t t u s nIntext Questionst  u nt sIntext Questions
❖P◗ ❲✤✮ ✖✩✛ ✗✫✬✗✧✖✦✢✛✗ ✪✎✙✛ ♠✪✖✧✎✦✫✘ ✖✦✚ ♠✖✪✪✖✚✎✫✘ ✥★✧✛✦ ✫✗✛✚ ★✥✩ ✢✖✩✩✮✎✦✯

✥✫✧ ✛✪✛✢✧✩✥✪✮✗✎✗ ✥★ ✖❚✫✛✥✫✗ ✗✥✪✫✧✎✥✦✗❯

❖P❱ ❲✤✮ ✚✥✛✗ ♠✤✮✗✎✗✥✩♠✧✎✥✦ ✚✛✢✩✛✖✗✛ ✣✎✧✤ ✧✤✛ ✎✦✢✩✛✖✗✛ ✥★ ✧✛✘♠✛✩✖✧✫✩✛❯

❖P❳ ❲✤✮ ✖✩✛ ♠✥✣✚✛✩✛✚ ✗✫✬✗✧✖✦✢✛✗ ✘✥✩✛ ✛★★✛✢✧✎✜✛ ✖✚✗✥✩✬✛✦✧✗ ✧✤✖✦ ✧✤✛✎✩

✢✩✮✗✧✖✪✪✎✦✛ ★✥✩✘✗❯

❨✥✧✖✗✗✎✫✘ ✢✤✪✥✩✖✧✛❄ ✣✤✛✦ ✤✛✖✧✛✚ ✗✧✩✥✦✯✪✮ ✚✛✢✥✘♠✥✗✛✗ ✗✪✥✣✪✮ ✯✎✜✎✦✯

✚✎✥♦✮✯✛✦✰ s✤✛ ✚✛✢✥✘♠✥✗✎✧✎✥✦ ✥✢✢✫✩✗ ✎✦ ✧✤✛ ✧✛✘♠✛✩✖✧✫✩✛ ✩✖✦✯✛ ✥★

▲❩❬❭❪❫❬❴✰

❵❴◆✪❇❛ ❜ ❵❴◆✪ ❞ ❬❇❆

❅✥✣✛✜✛✩❄ ✣✤✛✦ ✖ ✪✎✧✧✪✛ ✥★ ✘✖✦✯✖✦✛✗✛ ✚✎✥♦✎✚✛ ✎✗ ✖✚✚✛✚❄ ✧✤✛

✚✛✢✥✘♠✥✗✎✧✎✥✦ ✧✖✙✛✗ ♠✪✖✢✛ ✖✧ ✖ ✢✥✦✗✎✚✛✩✖✬✪✮ ✪✥✣✛✩ ✧✛✘♠✛✩✖✧✫✩✛ ✩✖✦✯✛❄

✎✰✛✰❄ ✐❫❬❭▲❬❬❴ ✖✦✚ ✖✪✗✥ ✖✧ ✖ ✘✫✢✤ ✖✢✢✛✪✛✩✖✧✛✚ ✩✖✧✛✰ s✤✛ ✖✚✚✛✚

✘✖✦✯✖✦✛✗✛ ✚✎✥♦✎✚✛ ✩✛✘✖✎✦✗ ✫✦✢✤✖✦✯✛✚ ✣✎✧✤ ✩✛✗♠✛✢✧ ✧✥ ✎✧✗ ✘✖✗✗ ✖✦✚

✢✥✘♠✥✗✎✧✎✥✦✰ ❡✦ ✖ ✗✎✘✎✪✖✩ ✘✖✦✦✛✩❄ ✧✤✛ ✩✖✧✛✗ ✥★ ✖ ✦✫✘✬✛✩ ✥★ ✢✤✛✘✎✢✖✪

✩✛✖✢✧✎✥✦✗ ✢✖✦ ✬✛ ✖✪✧✛✩✛✚ ✬✮ ✧✤✛ ✘✛✩✛ ♠✩✛✗✛✦✢✛ ✥★ ✖ ★✥✩✛✎✯✦ ✗✫✬✗✧✖✦✢✛✰
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✶�✁❈✂✄☎✆✝✞✟✠

❚✡☛ ☞✌☞✍☛✎✏✍✑✒ ☞✍✓✔✌ ✕✖ ✍✡☛ ☛✖✖☛✒✍ ✕✖ ✗✏✘✑✕✓☞ ✖✕✘☛✑✙✚ ☞✓✛☞✍✏✚✒☛☞ ✕✚ ✍✡☛

✘✏✍☛☞ ✕✖ ✒✡☛✎✑✒✏r ✘☛✏✒✍✑✕✚☞ ✜✏☞ ✖✑✘☞✍ ✎✏✔☛ ✛✌ ✢☛✘✣☛r✑✓☞✤ ✑✚ ✥✦✧★✩ ✪☛

☞✓✙✙☛☞✍☛✔ ✍✡☛ ✍☛✘✎ ❝✫✬✫✭✮✯✬ ✖✕✘ ☞✓✒✡ ☞✓✛☞✍✏✚✒☛☞✩

❙✓✛☞✍✏✚✒☛☞✤ ✜✡✑✒✡ ✏r✍☛✘ ✍✡☛ ✘✏✍☛ ✕✖ ✏ ✒✡☛✎✑✒✏r ✘☛✏✒✍✑✕✚ ✏✚✔

✍✡☛✎☞☛r✗☛☞ ✘☛✎✏✑✚ ✒✡☛✎✑✒✏rr✌ ✏✚✔ t✓✏✚✍✑✍✏✍✑✗☛r✌ ✓✚✒✡✏✚✙☛✔ ✏✖✍☛✘ ✍✡☛

✘☛✏✒✍✑✕✚✤ ✏✘☛ ✰✚✕✜✚ ✏☞ ✒✏✍✏r✌☞✍☞✤ ✏✚✔ ✍✡☛ ✱✡☛✚✕✎☛✚✕✚ ✑☞ ✰✚✕✜✚ ✏☞

✒✏✍✏r✌☞✑☞✩ ✲✕✓ ✡✏✗☛ ✏r✘☛✏✔✌ ☞✍✓✔✑☛✔ ✏✛✕✓✍ ✒✏✍✏r✌☞✍☞ ✏✚✔ ✑✍☞ ✖✓✚✒✍✑✕✚✑✚✙

✑✚ ❙☛✒✍✑✕✚ ✐✩★✩

P✳✴✵✴✷✸✳✹ ✺✻✼ ✽✴✾✹✴✻✹

✿✘✕✎✕✍☛✘☞ ✏✘☛ ☞✓✛☞✍✏✚✒☛☞ ✍✡✏✍ ☛✚✡✏✚✒☛ ✍✡☛ ✏✒✍✑✗✑✍✌ ✕✖ ✏ ✒✏✍✏r✌☞✍ ✜✡✑r☛

✱✕✑☞✕✚☞ ✔☛✒✘☛✏☞☛ ✍✡☛ ✏✒✍✑✗✑✍✌ ✕✖ ✏ ✒✏✍✏r✌☞✍✩ ♣✕✘ ☛❀✏✎✱r☛✤ ✑✚ ✪✏✛☛✘❁☞

✱✘✕✒☛☞☞ ✖✕✘ ✎✏✚✓✖✏✒✍✓✘☛ ✕✖ ✏✎✎✕✚✑✏✤ ✎✕r✌✛✔☛✚✓✎ ✏✒✍☞ ✏☞ ✏ ✱✘✕✎✕✍☛✘

✖✕✘ ✑✘✕✚ ✜✡✑✒✡ ✑☞ ✓☞☛✔ ✏☞ ✏ ✒✏✍✏r✌☞✍✩

◆❂❃✙❄ ❅ ✧✪❂❃✙❄
Fe(s)

Mo(s)
❆◆✪❇❃✙❄

❉✏✍✏r✌☞✑☞ ✒✏✚ ✛☛ ✛✘✕✏✔r✌ ✔✑✗✑✔☛✔ ✑✚✍✕ ✍✜✕ ✙✘✕✓✱☞❊

❋✺● ❍✴✵✴■✸✻✸✴❏✹ ❑✺✷✺▲▼✹✾✹

❲✡☛✚ ✍✡☛ ✘☛✏✒✍✏✚✍☞ ✏✚✔ ✍✡☛ ✒✏✍✏r✌☞✍ ✏✘☛ ✑✚ ✍✡☛ ☞✏✎☛ ✱✡✏☞☛ ❃✑✩☛✩✤

r✑t✓✑✔ ✕✘ ✙✏☞❄✤ ✍✡☛ ✱✘✕✒☛☞☞ ✑☞ ☞✏✑✔ ✍✕ ✛☛ ✡✕✎✕✙☛✚☛✕✓☞ ✒✏✍✏r✌☞✑☞✩ ❚✡☛

✖✕rr✕✜✑✚✙ ✏✘☛ ☞✕✎☛ ✕✖ ✍✡☛ ☛❀✏✎✱r☛☞ ✕✖ ✡✕✎✕✙☛✚☛✕✓☞ ✒✏✍✏r✌☞✑☞❊

❃✑❄ ❖❀✑✔✏✍✑✕✚ ✕✖ ☞✓r✱✡✓✘ ✔✑✕❀✑✔☛ ✑✚✍✕ ☞✓r✱✡✓✘ ✍✘✑✕❀✑✔☛ ✜✑✍✡ ✔✑✕❀✌✙☛✚

✑✚ ✍✡☛ ✱✘☛☞☛✚✒☛ ✕✖ ✕❀✑✔☛☞ ✕✖ ✚✑✍✘✕✙☛✚ ✏☞ ✍✡☛ ✒✏✍✏r✌☞✍ ✑✚ ✍✡☛ r☛✏✔

✒✡✏✎✛☛✘ ✱✘✕✒☛☞☞✩

❆❙❖❂❃✙❄ ❅ ❖❂❃✙❄
NO(g)

❆❙❖❇❃✙❄

❚✡☛ ✘☛✏✒✍✏✚✍☞✤ ☞✓r✱✡✓✘ ✔✑✕❀✑✔☛ ✏✚✔ ✕❀✌✙☛✚✤ ✏✚✔ ✍✡☛ ✒✏✍✏r✌☞✍✤

✚✑✍✘✑✒ ✕❀✑✔☛✤ ✏✘☛ ✏rr ✑✚ ✍✡☛ ☞✏✎☛ ✱✡✏☞☛✩

❃✑✑❄ ✪✌✔✘✕r✌☞✑☞ ✕✖ ✎☛✍✡✌r ✏✒☛✍✏✍☛ ✑☞ ✒✏✍✏r✌☞☛✔ ✛✌ ✪
◗
✑✕✚☞ ✖✓✘✚✑☞✡☛✔

✛✌ ✡✌✔✘✕✒✡r✕✘✑✒ ✏✒✑✔✩

❉✪❇❉❖❖❉✪❇❃r❄ ❅ ✪❂❖❃r❄
HCI(l)

❉✪❇❉❖❖✪❃✏t❄ ❅ ❉✪❇❖✪❃✏t❄

✢✕✍✡ ✍✡☛ ✘☛✏✒✍✏✚✍☞ ✏✚✔ ✍✡☛ ✒✏✍✏r✌☞✍ ✏✘☛ ✑✚ ✍✡☛ ☞✏✎☛ ✱✡✏☞☛✩

❃✑✑✑❄ ✪✌✔✘✕r✌☞✑☞ ✕✖ ☞✓✙✏✘ ✑☞ ✒✏✍✏r✌☞☛✔ ✛✌ ✪
◗
✑✕✚☞ ✖✓✘✚✑☞✡☛✔ ✛✌

☞✓r✱✡✓✘✑✒ ✏✒✑✔✩

H SO (l)2

❘ ❯ ❱ ❳❨❩❬ ❭ ❘ ❯ ❱ ❳❨❩❬❪ ❫❴ ❪ ❪ ❫❴ ❪

❵❛❜❞❡❢❣ ❤❥❜❞❦❡❢❣

❧❡❛❜❦♠❡♥

❘ ❯ ❱ ❳❨❩❬ ❭ ❯ ❱❳❛❬❫❴ ❴❴ ❫❫ ❴

❧❡❛❜❦♠❡♥

✢✕✍✡ ✍✡☛ ✘☛✏✒✍✏✚✍☞ ✏✚✔ ✍✡☛ ✒✏✍✏r✌☞✍ ✏✘☛ ✑✚ ✍✡☛ ☞✏✎☛ ✱✡✏☞☛✩

❋♦● ❍✸✷✸✳✴■✸✻✸✴❏✹ ❑✺✷✺▲▼✹✾✹

❚✡☛ ✒✏✍✏r✌✍✑✒ ✱✘✕✒☛☞☞ ✑✚ ✜✡✑✒✡ ✍✡☛ ✘☛✏✒✍✏✚✍☞ ✏✚✔ ✍✡☛ ✒✏✍✏r✌☞✍ ✏✘☛ ✑✚

✔✑✖✖☛✘☛✚✍ ✱✡✏☞☛☞ ✑☞ ✰✚✕✜✚ ✏☞ ✡☛✍☛✘✕✙☛✚☛✕✓☞ ✒✏✍✏r✌☞✑☞✩ ❙✕✎☛ ✕✖ ✍✡☛

☛❀✏✎✱r☛☞ ✕✖ ✡☛✍☛✘✕✙☛✚☛✕✓☞ ✒✏✍✏r✌☞✑☞ ✏✘☛ ✙✑✗☛✚ ✛☛r✕✜❊

❃✑❄ ❖❀✑✔✏✍✑✕✚ ✕✖ ☞✓r✱✡✓✘ ✔✑✕❀✑✔☛ ✑✚✍✕ ☞✓r✱✡✓✘ ✍✘✑✕❀✑✔☛ ✑✚ ✍✡☛

✱✘☛☞☛✚✒☛ ✕✖ ✿✍✩
Pt(s)

qs✉ ✈✇①②qs✉ ✈✇①③

❚✡☛ ✘☛✏✒✍✏✚✍ ✑☞ ✑✚ ✙✏☞☛✕✓☞ ☞✍✏✍☛ ✜✡✑r☛ ✍✡☛ ✒✏✍✏r✌☞✍ ✑☞ ✑✚ ✍✡☛

☞✕r✑✔ ☞✍✏✍☛✩

④⑤⑥⑤⑦

⑧⑨⑩⑨❶❷❸❷⑨❹✯ ✫❸❺

⑧❷✬❷❻⑨❶❷❸❷⑨❹✯

❼✫✬✫✭✮✯❽✯



✶�✁ ❙✂✄☎✆✝✞ ✟✠✞✡☛☞✌✄✍

✭✎✎✏ ❈✑✒✓✎✔✕✖✎✑✔ ✓✗✖✘✗✗✔ ✙✎✔✎✖✚✑✛✗✔ ✕✔✙ ✙✎✜✢✙✚✑✛✗✔ ✖✑ ✣✑✚✒

✕✒✒✑✔✎✕ ✎✔ ✖✜✗ ❛✚✗✤✗✔✥✗ ✑✣ ✣✎✔✗✦✢ ✙✎✧✎✙✗✙ ✎✚✑✔ ✎✔ ★✕✓✗✚✩✤ ❛✚✑✥✗✤✤✪
Fe(s)

✷✫✬ ✮✯✰✸✫ ✮✯✰ ✱ ✲✬ ✮✯✰✳ ✳

❚✜✗ ✚✗✕✥✖✕✔✖✤ ✕✚✗ ✎✔ ✛✕✤✗✑✴✤ ✤✖✕✖✗ ✘✜✎✦✗ ✖✜✗ ✥✕✖✕✦✢✤✖ ✎✤ ✎✔ ✖✜✗

✤✑✦✎✙ ✤✖✕✖✗✪

✭✎✎✎✏ ❖✵✎✙✕✖✎✑✔ ✑✣ ✕✒✒✑✔✎✕ ✎✔✖✑ ✔✎✖✚✎✥ ✑✵✎✙✗ ✎✔ ✖✜✗ ❛✚✗✤✗✔✥✗ ✑✣

❛✦✕✖✎✔✴✒ ✛✕✴♣✗ ✎✔ ❖✤✖✘✕✦✙✩✤ ❛✚✑✥✗✤✤✪

Pt(s)
✹✺✻✼✽✾ ✿ ❀❁ ✻✼✽✾❂✹✺❁ ✼✽✾ ✿ ❃✻ ✼✽✾❄ ❂

❚✜✗ ✚✗✕✥✖✕✔✖✤ ✕✚✗ ✎✔ ✛✕✤✗✑✴✤ ✤✖✕✖✗ ✘✜✎✦✗ ✖✜✗ ✥✕✖✕✦✢✤✖ ✎✤ ✎✔ ✖✜✗

✤✑✦✎✙ ✤✖✕✖✗✪

✭✎✧✏ ★✢✙✚✑✛✗✔✕✖✎✑✔ ✑✣ ✧✗✛✗✖✕✓✦✗ ✑✎✦✤ ✎✔ ✖✜✗ ❛✚✗✤✗✔✥✗ ✑✣ ✣✎✔✗✦✢ ✙✎✧✎✙✗✙
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✢✎✓✎✏❝✓☞✢ ✎✢✓☞✡☞✓❝ ☞☛✢✙❡✎✌❡✌ ✣✙✗✍ ✺✙✗✒✜ ✻ ✓✗ ✺✙✗✒✜ ✼✼ ✍❡✓✎✏✌ ✘☞✓✖

✍✎✛☞✍✒✍ ✎✢✓☞✡☞✓❝ t❡☞☛✹ ✌✖✗✘☛ t❝ ✹✙✗✒✜✌ ♠✽✾ ❡✏❡✍❡☛✓✌ ✗✣ ✓✖❡

✜❡✙☞✗✚☞✢ ✓✎t✏❡ ♣✿✏✎✌✌ ❀✕✱ ❁☛☞✓ ❂❃✔

Pt
❄❅ ❖❇❉❊❋❄❅ ❇●❊ ❍ ❖ ❇●❊❋ ❋

✵❜✷ ❙✬✯✬✳★✰✸✰★✴

❚✖❡ ✌❡✏❡✢✓☞✡☞✓❝ ✗✣ ✎ ✢✎✓✎✏❝✌✓ ☞✌ ☞✓✌ ✎t☞✏☞✓❝ ✓✗ ✚☞✙❡✢✓ ✎ ✙❡✎✢✓☞✗☛ ✓✗ ❝☞❡✏✚

✎ ✜✎✙✓☞✢✒✏✎✙ ✜✙✗✚✒✢✓✔ ❛✗✙ ❡✛✎✍✜✏❡✱ ✌✓✎✙✓☞☛✹ ✘☞✓✖ ♦❏ ✎☛✚ ✿❑✱ ✎☛✚

✒✌☞☛✹ ✚☞✣✣❡✙❡☛✓ ✢✎✓✎✏❝✌✓✌✱ ✘❡ ✹❡✓ ✚☞✣✣❡✙❡☛✓ ✜✙✗✚✒✢✓✌✔
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✙❡✎✢✓☞✗☛ ✎☛✚ ☛✗✓ ✣✗✙ ✎✏✏ ✓✖❡ ✙❡✎✢✓☞✗☛✌✔ ✕✓ ✍❡✎☛✌ ✓✖✎✓ ✎ ✌✒t✌✓✎☛✢❡ ✘✖☞✢✖

✎✢✓✌ ✎✌ ✎ ✢✎✓✎✏❝✌✓ ☞☛ ✗☛❡ ✙❡✎✢✓☞✗☛ ✍✎❝ ✣✎☞✏ ✓✗ ✢✎✓✎✏❝✌❡ ✎☛✗✓✖❡✙ ✙❡✎✢✓☞✗☛✔

❚✖❡ ✢✎✓✎✏❝✓☞✢ ✙❡✎✢✓☞✗☛ ✓✖✎✓ ✚❡✜❡☛✚✌ ✒✜✗☛ ✓✖❡ ✜✗✙❡ ✌✓✙✒✢✓✒✙❡ ✗✣ ✓✖❡

✢✎✓✎✏❝✌✓ ✎☛✚ ✓✖❡ ✌☞▲❡ ✗✣ ✓✖❡ ✙❡✎✢✓✎☛✓ ✎☛✚ ✜✙✗✚✒✢✓ ✍✗✏❡✢✒✏❡✌ ☞✌ ✢✎✏✏❡✚

s▼◆P◗❘s◗❯◗❱❲❳❨◗ ❱◆❲◆❯❩s❳s❬ ❭❡✗✏☞✓❡✌ ✎✙❡ ✹✗✗✚ ✌✖✎✜❡✽✌❡✏❡✢✓☞✡❡ ✢✎✓✎✏❝✌✓✌

t❡✢✎✒✌❡ ✗✣ ✓✖❡☞✙ ✖✗☛❡❝✢✗✍t✽✏☞❪❡ ✌✓✙✒✢✓✒✙❡✌✔ ❚✖❡❝ ✎✙❡ ✍☞✢✙✗✜✗✙✗✒✌

❫ ❴ ❵❞

❴

❞

❢❣❤✐❥❦❧♥

q✉✈❣✐✇✈❣①

②❤❥❤✈③①❥ ①✇④⑤❤✐❣ ⑥❤⑦❦❧♥

⑤④❣❣ ⑦❤✈❣❧✐❦❣①

❴⑧①✉④⑨❥❦✉❧ ✉⑤

④❣❤✐❥❦❧♥ q✉✈❣✐✇✈❣①

❫ ❴ ⑩❞

❶

❷❸④✉⑧✇✐❥

②❤❥❤✈③①❥ ❹❧❥❣④q❣⑧❦❤❥❣

❴⑧①✉④⑨❥❦✉❧ ✉⑤

④❣❤✐❥❦❧♥ q✉✈❣✐✇✈❣①

❺❣①✉④⑨❥❦✉❧ ✉⑤

⑨④✉⑧✇✐❥ q✉✈❣✐✇✈❣①

❻✰❼❽ ❾❽❿

➀➁➂➃➄➅➆➇➃➈ ➃➉

➄➊➋➌➆➇➈➍

➎➃➏➊➌➐➏➊➂➑

➉➃➄➎➋➆➇➃➈ ➃➉

➇➈➆➊➄➎➊➁➇➋➆➊ ➋➈➁

➁➊➂➃➄➅➆➇➃➈ ➃➉

➅➄➃➁➐➌➆➂

➒❬➓❬➔ →▼◆P◗❘

→◗❯◗❱❲❳❨◗

➣◆❲◆❯❩s❳s ↔❩

↕◗➙❯❳❲◗s



✶�✶ ❙✁✂✄☎✆✝ ✞✟✝✠✡☛☞✂✌

❛✍✎✏✑✒✓✔✑✍✑✕❛✖✗✔ ✘✑✖✙ ✖✙✚✗✗ ✛✑✏✗✒✔✑✓✒❛✍ ✒✗✖✘✓✚✜ ✓✢ ✔✑✍✑✕❛✖✗✔ ✑✒ ✘✙✑✕✙

✔✓✏✗ ✔✑✍✑✕✓✒ ❛✖✓✏✔ ❛✚✗ ✚✗s✍❛✕✗✛ ✣✤ ❛✍✎✏✑✒✑✎✏ ❛✖✓✏✔ ✥✑✦✑✒✥

❆✍✧★✧✩✑ ✢✚❛✏✗✘✓✚✜✪ ✫✙✗ ✚✗❛✕✖✑✓✒✔ ✖❛✜✑✒✥ s✍❛✕✗ ✑✒ ✬✗✓✍✑✖✗✔ ✛✗s✗✒✛ ✎s✓✒

✖✙✗ ✔✑✬✗ ❛✒✛ ✔✙❛s✗ ✓✢ ✚✗❛✕✖❛✒✖ ❛✒✛ s✚✓✛✎✕✖ ✏✓✍✗✕✎✍✗✔ ❛✔ ✘✗✍✍ ❛✔ ✎s✓✒

✖✙✗ s✓✚✗✔ ❛✒✛ ✕❛✦✑✖✑✗✔ ✓✢ ✖✙✗ ✬✗✓✍✑✖✗✔✪ ✫✙✗✤ ❛✚✗ ✢✓✎✒✛ ✑✒ ✒❛✖✎✚✗ ❛✔ ✘✗✍✍

❛✔ ✔✤✒✖✙✗✔✑✔✗✛ ✢✓✚ ✕❛✖❛✍✤✖✑✕ ✔✗✍✗✕✖✑✦✑✖✤✪

❩✗✓✍✑✖✗✔ ❛✚✗ ✣✗✑✒✥ ✦✗✚✤ ✘✑✛✗✍✤ ✎✔✗✛ ❛✔ ✕❛✖❛✍✤✔✖✔ ✑✒ s✗✖✚✓✕✙✗✏✑✕❛✍

✑✒✛✎✔✖✚✑✗✔ ✢✓✚ ✕✚❛✕✜✑✒✥ ✓✢ ✙✤✛✚✓✕❛✚✣✓✒✔ ❛✒✛ ✑✔✓✏✗✚✑✔❛✖✑✓✒✪ ❆✒ ✑✏s✓✚✖❛✒✖

✬✗✓✍✑✖✗ ✕❛✖❛✍✤✔✖ ✎✔✗✛ ✑✒ ✖✙✗ s✗✖✚✓✍✗✎✏ ✑✒✛✎✔✖✚✤ ✑✔ ❩✩③✭✮✪ ✯✖ ✕✓✒✦✗✚✖✔

❛✍✕✓✙✓✍✔ ✛✑✚✗✕✖✍✤ ✑✒✖✓ ✥❛✔✓✍✑✒✗ ✰s✗✖✚✓✍✱ ✣✤ ✛✗✙✤✛✚❛✖✑✒✥ ✖✙✗✏ ✖✓ ✥✑✦✗ ❛

✏✑♠✖✎✚✗ ✓✢ ✙✤✛✚✓✕❛✚✣✓✒✔✪

❊✒✬✤✏✗✔ ❛✚✗ ✕✓✏s✍✗♠ ✒✑✖✚✓✥✗✒✓✎✔ ✓✚✥❛✒✑✕ ✕✓✏s✓✎✒✛✔ ✘✙✑✕✙ ❛✚✗

s✚✓✛✎✕✗✛ ✣✤ ✍✑✦✑✒✥ s✍❛✒✖✔ ❛✒✛ ❛✒✑✏❛✍✔✪ ✫✙✗✤ ❛✚✗ ❛✕✖✎❛✍✍✤ s✚✓✖✗✑✒

✏✓✍✗✕✎✍✗✔ ✓✢ ✙✑✥✙ ✏✓✍✗✕✎✍❛✚ ✏❛✔✔ ❛✒✛ ✢✓✚✏ ✕✓✍✍✓✑✛❛✍ ✔✓✍✎✖✑✓✒✔ ✑✒ ✘❛✖✗✚✪

✫✙✗✤ ❛✚✗ ✦✗✚✤ ✗✢✢✗✕✖✑✦✗ ✕❛✖❛✍✤✔✖✔❚ ✕❛✖❛✍✤✔✗ ✒✎✏✗✚✓✎✔ ✚✗❛✕✖✑✓✒✔✲ ✗✔s✗✕✑❛✍✍✤

✖✙✓✔✗ ✕✓✒✒✗✕✖✗✛ ✘✑✖✙ ✒❛✖✎✚❛✍ s✚✓✕✗✔✔✗✔✪ t✎✏✗✚✓✎✔ ✚✗❛✕✖✑✓✒✔ ✖✙❛✖ ✓✕✕✎✚

✑✒ ✖✙✗ ✣✓✛✑✗✔ ✓✢ ❛✒✑✏❛✍✔ ❛✒✛ s✍❛✒✖✔ ✖✓ ✏❛✑✒✖❛✑✒ ✖✙✗ ✍✑✢✗ s✚✓✕✗✔✔ ❛✚✗

✕❛✖❛✍✤✔✗✛ ✣✤ ✗✒✬✤✏✗✔✪ ✫✙✗ ✗✒✬✤✏✗✔ ❛✚✗✲ ✖✙✎✔✲ ✖✗✚✏✗✛ ❛✔ ❜✳✴✵✷✸✹✳✵✺✻

✵✺❝✺✻✼✽❝✽ ❛✒✛ ✖✙✗ s✙✗✒✓✏✗✒✓✒ ✑✔ ✜✒✓✘✒ ❛✔ ❜✳✴✵✷✸✹✳✵✺✻ ✵✺❝✺✻✼✽✳✽✪

③❛✒✤ ✗✒✬✤✏✗✔ ✙❛✦✗ ✣✗✗✒ ✓✣✖❛✑✒✗✛ ✑✒ s✎✚✗ ✕✚✤✔✖❛✍✍✑✒✗ ✔✖❛✖✗ ✢✚✓✏ ✍✑✦✑✒✥

✕✗✍✍✔✪ ✾✓✘✗✦✗✚✲ ✖✙✗ ✢✑✚✔✖ ✗✒✬✤✏✗ ✘❛✔ ✔✤✒✖✙✗✔✑✔✗✛ ✑✒ ✖✙✗ ✍❛✣✓✚❛✖✓✚✤ ✑✒ ✿❀❁❀✪

✫✙✗ ✢✓✍✍✓✘✑✒✥ ❛✚✗ ✔✓✏✗ ✓✢ ✖✙✗ ✗♠❛✏s✍✗✔ ✓✢ ✗✒✬✤✏✗✭✕❛✖❛✍✤✔✗✛ ✚✗❛✕✖✑✓✒✔❂

✰✑✱ ■❃❄❅❇❈❉❋❃ ❋● ❍❏❃❅ ❈❑▲❏❇❂ ✫✙✗ ✑✒✦✗✚✖❛✔✗ ✗✒✬✤✏✗ ✕✓✒✦✗✚✖✔ ✕❛✒✗ ✔✎✥❛✚

✑✒✖✓ ✥✍✎✕✓✔✗ ❛✒✛ ✢✚✎✕✖✓✔✗✪

✰✑✑✱ ▼❋❃❄❅❇❈❉❋❃ ❋● ▲◆❑❍❋❈❅ ❉❃❖❋ ❅❖P◗◆ ❏◆❍❋P❋◆❂ ✫✙✗ ✬✤✏❛✔✗ ✗✒✬✤✏✗

✕✓✒✦✗✚✖✔ ✥✍✎✕✓✔✗ ✑✒✖✓ ✗✖✙✤✍ ❛✍✕✓✙✓✍ ❛✒✛ ✕❛✚✣✓✒ ✛✑✓♠✑✛✗✪
Zymase

❘❯ ❱ ❲❱❳❨❬❭ ❪ ❘❯❲ ❳❫❭❴ ❵ ❴❯ ❱ ❲ ❳❨❬❭❞ ❡❴ ❞

❢❣❤✐❥ ❦❥❧♥❤♥❥♦❥♣❧♥qr

✰✑✑✑✱ ▼❋❃❄❅❇❈❉❋❃ ❋● ❈❖❏❇❍P ❉❃❖❋ ✉❏◆❖❋❈❅❂ ✫✙✗ ✛✑❛✔✖❛✔✗ ✗✒✬✤✏✗ ✕✓✒✦✗✚✖✔

✔✖❛✚✕✙ ✑✒✖✓ ✏❛✍✖✓✔✗✪
Diastase

✈✇ ① ② ④⑤⑥⑦⑧⑨ ⑨⑨ ⑧⑧⑩④✇ ① ② ⑦ ④⑤⑥⑦ ❶ ✈① ②④❷⑦❸ ⑧❹ ❺ ❻ ⑨

❼❽❾❿➀➁➂➃❿❽➄➅➆

✰✑✦✱ ▼❋❃❄❅❇❈❉❋❃ ❋● ✉❏◆❖❋❈❅ ❉❃❖❋ ▲◆❑❍❋❈❅❂ ✫✙✗ ✏❛✍✖❛✔✗ ✗✒✬✤✏✗ ✕✓✒✦✗✚✖✔

✏❛✍✖✓✔✗ ✑✒✖✓ ✥✍✎✕✓✔✗✪

Maltase
➇➈ ➉ ➊ ➋➌➍➎➏ ➐➑ ➏➈ ➉ ➊ ➋➌➍➎ ➒ ➉ ➊➋➓➎➐➑ ➑➑ ➐➐ ➑

➔→➣↔↕➙➛➜➝→➞↕➙➛

✰✦✱ ➟❅❍❋✉➠❋❈❉❖❉❋❃ ❋● ❑❇❅❏ ❉❃❖❋ ❏✉✉❋❃❉❏ ❏❃➡ ❍❏❇➢❋❃ ➡❉❋➤❉➡❅❂ ✫✙✗

✗✒✬✤✏✗ ✎✚✗❛✔✗ ✕❛✖❛✍✤✔✗✔ ✖✙✑✔ ✛✗✕✓✏s✓✔✑✖✑✓✒✪
Urease

➥➦➧ ➨➩➫ ➭ ➯➲ ➨➩➫➳ ➵➦➧ ➯➲➦➧ ➨➸➺➫ ➭ ➧ ➲➨➻➫➵ ➵ ➵

✰✦✑✱ ✯✒ ✔✖✓✏❛✕✙✲ ✖✙✗ s✗s✔✑✒ ✗✒✬✤✏✗ ✕✓✒✦✗✚✖✔ s✚✓✖✗✑✒✔ ✑✒✖✓ s✗s✖✑✛✗✔

✘✙✑✍✗ ✑✒ ✑✒✖✗✔✖✑✒✗✲ ✖✙✗ s❛✒✕✚✗❛✖✑✕ ✖✚✤s✔✑✒ ✕✓✒✦✗✚✖✔ s✚✓✖✗✑✒✔ ✑✒✖✓

❛✏✑✒✓ ❛✕✑✛✔ ✣✤ ✙✤✛✚✓✍✤✔✑✔✪

✰✦✑✑✱ ▼❋❃❄❅❇❈❉❋❃ ❋● ✉❉◆➼ ❉❃❖❋ ❍❑❇➡❂ ✯✖ ✑✔ ❛✒ ✗✒✬✤✏❛✖✑✕ ✚✗❛✕✖✑✓✒ ✣✚✓✎✥✙✖

❛✣✓✎✖ ✣✤ ✍❛✕✖✓ ✣❛✕✑✍✍✑ ✗✒✬✤✏✗ s✚✗✔✗✒✖ ✑✒ ✕✎✚✛✪
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❊✵
✸

✷ ❊ ✴ ✺

✵✓✙✍ ✓✖ ✏✔✍ ✛✙✚✓✑✏✗✎✏ ✏✍❝✔✎✛❝✗✜ ❝✗✏✗✜✘✏✛❝ ✚✑✓❝✍✒✒✍✒ ✗✑✍ ✜✛✒✏✍✫ ✛✎

✣✗✤✜✍ ✻✢✼ ✏✓ ✪✛★✍ ✗✎ ✛✫✍✗ ✗✤✓✕✏ ✏✔✍ ✕✏✛✜✛✏✘ ✓✖ ❝✗✏✗✜✘✒✏✒ ✛✎ ✛✎✫✕✒✏✑✛✍✒✢

✽✾✿✾✽ ❈❀❁❀❂❃❄❁❄ ❅❆

■❆❋●❄❁❍❃

P❏❑▲▼◆◆ ❖◗❘◗❯❱◆❘

❲✡❳✝❨✌ ❩✡❬✡❩✝❩ ✡✂❭❳❪ ✠❭❨✌❫❩✝❳✁✠ ☎☛

♣✂❭✠❭☞✝✂❴ ✆❭❳❩✡☞✡❭❳☛❵ ❜❞❞ ❫☎✂

♣✂✝☛☛✁✂✝ ☎❳❩ ❢❜�❣❢❢�❤ ☞✝✠♣✝✂☎☞✁✂✝❥

❦❨☎☞✡❳✡☛✝❩ ☎☛❫✝☛☞❭☛❴

☞✝✠♣✝✂☎☞✁✂✝ t❢�❤❥

❦❨☎☞✡❳✡☛✝❩ ☎☛❫✝☛☞❭☛ ❭✂ ❬☎❳☎❩✡✁✠

♣✝❳☞❭❧✡❩✝ ♠♥♦qrs❴

☞✝✠♣✝✂☎☞✁✂✝ ✉❢�❣❢❜�❤❥

✶❥ ✈☎❫✝✂✇☛ ♣✂❭✆✝☛☛ ✄❭✂ ☞✟✝

✠☎❳✁✄☎✆☞✁✂✝ ❭✄ ☎✠✠❭❳✡☎

①♦♠②s ③ �✈♦♠②s ✷ ❜①✈④♠②s

❜❥ q☛☞⑤☎❨❩✇☛ ♣✂❭✆✝☛☛ ✄❭✂ ☞✟✝

✠☎❳✁✄☎✆☞✁✂✝ ❭✄ ❳✡☞✂✡✆ ☎✆✡❩❥

⑥①✈④♠②s ③ tq♦♠②s ⑦ ⑥①q♠②s ③ ✉✈♦q♠②s

❜①q♠②s ③ q♦♠②s ⑦ ❜①q♦♠②s

⑥①q♦♠②s ③ ❜✈♦q♠❨s ③ q♦♠②s ⑦ ⑥✈①q④♠☎⑧s

�❥ ✞❭❳☞☎✆☞ ♣✂❭✆✝☛☛ ✄❭✂ ☞✟✝

✠☎❳✁✄☎✆☞✁✂✝ ❭✄ ☛✁❨♣✟✁✂✡✆ ☎✆✡❩❥

❜❙q♦♠②s ③ q♦♠②s ✷ ❜❙q④♠②s

❙q④♠②s ③ ✈♦❙q⑨♠☎⑧s ⑦ ✈♦❙♦q⑩♠❨s

❭❨✝✁✠

✈♦❙♦q⑩♠❨s ③ ✈♦q♠❨s ⑦ ❜✈♦❙q⑨♠☎⑧s

❶◗❷❯▼ ❸❹❺❻ ❼❑❽▼ ❾❿➀➁◆❘❏➂◗❯ ❖◗❘◗❯❱❘➂▲ P❏❑▲▼◆◆▼◆

  t  ot u nIntext Questions
✽✾➃ ➄✔✘ ✛✒ ✛✏ ✎✍❝✍✒✒✗✑✘ ✏✓ ✑✍✙✓★✍ ➅❛ ✧✔✍✎ ✗✙✙✓✎✛✗ ✛✒ ✓✤✏✗✛✎✍✫ ✤✘ ➆✗✤✍✑➇✒

✚✑✓❝✍✒✒➈

✽✾✽ ➄✔✘ ✛✒ ✏✔✍ ✍✒✏✍✑ ✔✘✫✑✓✜✘✒✛✒ ✒✜✓✧ ✛✎ ✏✔✍ ✤✍✪✛✎✎✛✎✪ ✗✎✫ ✤✍❝✓✙✍✒ ✖✗✒✏✍✑

✗✖✏✍✑ ✒✓✙✍✏✛✙✍➈

✽✾➉ ➄✔✗✏ ✛✒ ✏✔✍ ✑✓✜✍ ✓✖ ✫✍✒✓✑✚✏✛✓✎ ✛✎ ✏✔✍ ✚✑✓❝✍✒✒ ✓✖ ❝✗✏✗✜✘✒✛✒✢

➊➋➌➍➎➏

➐➑➒➓➒➔➍→➓➣

↔↕➙→➓➛➒➓➏

➐➛➏➒➑➓➒➋➓→➣

➊➋➌➍➎➏➜↔↕➙→➓➛➒➓➏

➑➝➎➞➔➏➟

➊➋➌➍➎➏ ➠➛➝➡↕➑➓→

➊ ➢ ↔ ➊ ➤ ↔ ➊ ➢ ➠

➊ ➊➊

➥➑➓➦➧➏ →➦➓➏

➨ ➨↔

➠

↔

➠

➩➫➭➯ ➲➯➳➵ ➸➺➻➼➽➾➚➪➶ ➹➘ ➺➾➴➷➶➺ ➻➽➬➽➮➷➪➺➱ ✃➺➽➻➬➚➹➾



✶�✁❈✂✄☎✆✝✞✟✠

❲❡ ✥✡☛❡ ☞❡✡✌♥✍ ✎♥ ✏♥✎✍ ✑ ✍✥✡✍ ✒✓☞✔✍✎✓♥✒ ✡✌❡ ✥✓✕✓✖❡♥❡✓✔✒ ✒✗✒✍❡✕✒✘ ❲❡

✡☞✒✓ ❛♥✓✙ ✍✥✡✍ ✒✡♥✚ ✎♥ ✙✡✍❡✌ ✙✥❡♥ ✒✍✎✌✌❡✚ ✖✎☛❡✒ ✡ ✒✔✒✛❡♥✒✎✓♥✜ ✙✥✎✢✥

✒☞✓✙☞✗ ✒❡✍✍☞❡✒ ✚✓✙♥ ✙✎✍✥ ✍✎✕❡✘ s❡✍✙❡❡♥ ✍✥❡ ✍✙✓ ❡✣✍✌❡✕❡✒ ✓✤ ✒✔✒✛❡♥✒✎✓♥✒

✡♥✚ ✒✓☞✔✍✎✓♥✒ ✙❡ ✢✓✕❡ ✡✢✌✓✒✒ ✡ ☞✡✌✖❡ ✖✌✓✔✛ ✓✤ ✒✗✒✍❡✕✒ ✢✡☞☞❡✚ ✢✓☞☞✓✎✚✡☞

✚✎✒✛❡✌✒✎✓♥✒ ✓✌ ✒✎✕✛☞✗ ✢✓☞☞✓✎✚✒✘

❆ ✢✓☞☞✓✎✚ ✎✒ ✡ ✥❡✍❡✌✓✖❡♥❡✓✔✒ ✒✗✒✍❡✕ ✎♥ ✙✥✎✢✥ ✓♥❡ ✒✔✦✒✍✡♥✢❡ ✎✒

✚✎✒✛❡✌✒❡✚ ❞✚✎✒✛❡✌✒❡✚ ✛✥✡✒❡✧ ✡✒ ☛❡✌✗ ✤✎♥❡ ✛✡✌✍✎✢☞❡✒ ✎♥ ✡♥✓✍✥❡✌ ✒✔✦✒✍✡♥✢❡

✢✡☞☞❡✚ ✚✎✒✛❡✌✒✎✓♥ ✕❡✚✎✔✕✘

❚✥❡ ❡✒✒❡♥✍✎✡☞ ✚✎✤✤❡✌❡♥✢❡ ✦❡✍✙❡❡♥ ✡ ✒✓☞✔✍✎✓♥ ✡♥✚ ✡ ✢✓☞☞✓✎✚ ✎✒ ✍✥✡✍ ✓✤

✛✡✌✍✎✢☞❡ ✒✎♣❡✘ ❲✥✎☞❡ ✎♥ ✡ ✒✓☞✔✍✎✓♥✜ ✍✥❡ ✢✓♥✒✍✎✍✔❡♥✍ ✛✡✌✍✎✢☞❡✒ ✡✌❡ ✎✓♥✒ ✓✌

✒✕✡☞☞ ✕✓☞❡✢✔☞❡✒✜ ✎♥ ✡ ✢✓☞☞✓✎✚✜ ✍✥❡ ✚✎✒✛❡✌✒❡✚ ✛✥✡✒❡ ✕✡✗ ✢✓♥✒✎✒✍ ✓✤

✛✡✌✍✎✢☞❡✒ ✓✤ ✡ ✒✎♥✖☞❡ ✕✡✢✌✓✕✓☞❡✢✔☞❡ ❞✒✔✢✥ ✡✒ ✛✌✓✍❡✎♥ ✓✌ ✒✗♥✍✥❡✍✎✢

✛✓☞✗✕❡✌✧ ✓✌ ✡♥ ✡✖✖✌❡✖✡✍❡ ✓✤ ✕✡♥✗ ✡✍✓✕✒✜ ✎✓♥✒ ✓✌ ✕✓☞❡✢✔☞❡✒✘ ★✓☞☞✓✎✚✡☞

✛✡✌✍✎✢☞❡✒ ✡✌❡ ☞✡✌✖❡✌ ✍✥✡♥ ✒✎✕✛☞❡ ✕✓☞❡✢✔☞❡✒ ✦✔✍ ✒✕✡☞☞ ❡♥✓✔✖✥ ✍✓ ✌❡✕✡✎♥

✒✔✒✛❡♥✚❡✚✘ ❚✥❡✎✌ ✌✡♥✖❡ ✓✤ ✚✎✡✕❡✍❡✌✒ ✎✒ ✦❡✍✙❡❡♥ ✩ ✡♥✚ ✩✪✪✪ ♥✕

❞✩✪
➊✫ ✍✓ ✩✪

➊✬ ✕✧✘

★✓☞☞✓✎✚✡☞ ✛✡✌✍✎✢☞❡✒ ✥✡☛❡ ✡♥ ❡♥✓✌✕✓✔✒ ✒✔✌✤✡✢❡ ✡✌❡✡ ✛❡✌ ✔♥✎✍ ✕✡✒✒ ✡✒

✡ ✌❡✒✔☞✍ ✓✤ ✍✥❡✎✌ ✒✕✡☞☞ ✒✎♣❡✘ ★✓♥✒✎✚❡✌ ✡ ✢✔✦❡ ✙✎✍✥ ✩ ✢✕ ✒✎✚❡✘ ✭✍ ✥✡✒ ✡

✍✓✍✡☞ ✒✔✌✤✡✢❡ ✡✌❡✡ ✓✤ t ✢✕
✷
✘ ✭✤ ✎✍ ✙❡✌❡ ✚✎☛✎✚❡✚ ❡✳✔✡☞☞✗ ✎♥✍✓ ✩✪

✮✷
✢✔✦❡✒✜

✍✥❡ ✢✔✦❡✒ ✙✓✔☞✚ ✦❡ ✍✥❡ ✒✎♣❡ ✓✤ ☞✡✌✖❡ ✢✓☞☞✓✎✚✡☞ ✛✡✌✍✎✢☞❡✒ ✡♥✚ ✥✡☛❡ ✡ ✍✓✍✡☞

✒✔✌✤✡✢❡ ✡✌❡✡ ✓✤ t✪✜✪✪✪ ✢✕
✷ ✓✌ t ✕

✷✘ ❚✥✎✒ ❡♥✓✌✕✓✔✒ ✒✔✌✤✡✢❡ ✡✌❡✡ ☞❡✡✚✒

✍✓ ✒✓✕❡ ✒✛❡✢✎✡☞ ✛✌✓✛❡✌✍✎❡✒ ✓✤ ✢✓☞☞✓✎✚✒ ✍✓ ✦❡ ✚✎✒✢✔✒✒❡✚ ☞✡✍❡✌ ✎♥ ✍✥✎✒ ✏♥✎✍✘

★✓☞☞✓✎✚✒ ✡✌❡ ✢☞✡✒✒✎✤✎❡✚ ✓♥ ✍✥❡ ✦✡✒✎✒ ✓✤ ✍✥❡ ✤✓☞☞✓✙✎♥✖ ✢✌✎✍❡✌✎✡✯

❞✎✧ P✥✗✒✎✢✡☞ ✒✍✡✍❡ ✓✤ ✚✎✒✛❡✌✒❡✚ ✛✥✡✒❡ ✡♥✚ ✚✎✒✛❡✌✒✎✓♥ ✕❡✚✎✔✕

❞✎✎✧ ◆✡✍✔✌❡ ✓✤ ✎♥✍❡✌✡✢✍✎✓♥ ✦❡✍✙❡❡♥ ✚✎✒✛❡✌✒❡✚ ✛✥✡✒❡ ✡♥✚ ✚✎✒✛❡✌✒✎✓♥

✕❡✚✎✔✕

❞✎✎✎✧ ❚✗✛❡ ✓✤ ✛✡✌✍✎✢☞❡✒ ✓✤ ✍✥❡ ✚✎✒✛❡✌✒❡✚ ✛✥✡✒❡✘

❉❡✛❡♥✚✎♥✖ ✔✛✓♥ ✙✥❡✍✥❡✌ ✍✥❡ ✚✎✒✛❡✌✒❡✚ ✛✥✡✒❡ ✡♥✚ ✍✥❡ ✚✎✒✛❡✌✒✎✓♥

✕❡✚✎✔✕ ✡✌❡ ✒✓☞✎✚✒✜ ☞✎✳✔✎✚✒ ✓✌ ✖✡✒❡✒✜ ❡✎✖✥✍ ✍✗✛❡✒ ✓✤ ✢✓☞☞✓✎✚✡☞ ✒✗✒✍❡✕✒

✡✌❡ ✛✓✒✒✎✦☞❡✘ ❆ ✖✡✒ ✕✎✣❡✚ ✙✎✍✥ ✡♥✓✍✥❡✌ ✖✡✒ ✤✓✌✕✒ ✡ ✥✓✕✓✖❡♥❡✓✔✒

✕✎✣✍✔✌❡ ✡♥✚ ✥❡♥✢❡ ✎✒ ♥✓✍ ✡ ✢✓☞☞✓✎✚✡☞ ✒✗✒✍❡✕✘ ❚✥❡ ❡✣✡✕✛☞❡✒ ✓✤ ✍✥❡

☛✡✌✎✓✔✒ ✍✗✛❡✒ ✓✤ ✢✓☞☞✓✎✚✒ ✡☞✓♥✖ ✙✎✍✥ ✍✥❡✎✌ ✍✗✛✎✢✡☞ ♥✡✕❡✒ ✡✌❡ ☞✎✒✍❡✚

✎♥ ❚✡✦☞❡ ✐✘✰✘

   s i t5 4 a i5.4 Classification
   lo  iof Colloids

✱✲✴✵✸✹✴✸✺

✵✻✼✴✸

❙✽✾✆✿

❙✽✾✆✿

❙✽✾✆✿

▲✆❀❁✆✿

▲✆❀❁✆✿

▲✆❀❁✆✿

●❂✝

●❂✝

✱✲✴✵✸✹✴✲❃❄
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✏✔✕★✚✒✢✎✛ ❞✧ ✎✘✎✏✖✒✔✙✍✔✒✎✗✚✗ ✎✮✙✎✒✚✢✎✕✖✦ ✫✍✎✕ ✎✘✎✏✖✒✚✏ ✙✔✖✎✕✖✚✑✘

✚✗ ✑✙✙✘✚✎✛ ✑✏✒✔✗✗ ✖✬✔ ✙✘✑✖✚✕✜✢ ✎✘✎✏✖✒✔✛✎✗ ✛✚✙✙✚✕✓ ✚✕ ✑ ✏✔✘✘✔✚✛✑✘

✗✔✘✜✖✚✔✕✣ ✖✍✎ ✏✔✘✘✔✚✛✑✘ ✙✑✒✖✚✏✘✎✗ ✢✔✤✎ ✖✔✬✑✒✛✗ ✔✕✎ ✔✒ ✖✍✎ ✔✖✍✎✒

✎✘✎✏✖✒✔✛✎✦ ❚✍✎ ✢✔✤✎✢✎✕✖ ✔★ ✏✔✘✘✔✚✛✑✘ ✙✑✒✖✚✏✘✎✗ ✜✕✛✎✒ ✑✕ ✑✙✙✘✚✎✛

✎✘✎✏✖✒✚✏ ✙✔✖✎✕✖✚✑✘ ✚✗ ✏✑✘✘✎✛ ✎✘✎✏✖✒✔✙✍✔✒✎✗✚✗✦ ✩✔✗✚✖✚✤✎✘✧ ✏✍✑✒✓✎✛

✙✑✒✖✚✏✘✎✗ ✢✔✤✎ ✖✔✬✑✒✛✗ ✖✍✎ ✏✑✖✍✔✛✎ ✬✍✚✘✎ ✕✎✓✑✖✚✤✎✘✧ ✏✍✑✒✓✎✛



✶�✁❈✂✄☎✆✝✞✟✠

♣✡☛☞✌✍✎✏✑ ✒✓✔✏ ☞✓✕✡☛✖✑ ☞✗✏ ✡✘✓✖✏✙ ✚✗✌✑ ✍✡✘ ✛✏

✖✏✒✓✘✑☞☛✡☞✏✖ ✛❞ ☞✗✏ ✜✓✎✎✓✕✌✘✢ ✏✣♣✏☛✌✒✏✘☞✡✎ ✑✏☞✤

✉♣ ✥✦✌✢✙ ✧✙★✩✪✙

❲✗✏✘ ✏✎✏✍☞☛✓♣✗✓☛✏✑✌✑❡ ✌✙✏✙❡✒✓✔✏✒✏✘☞✓✜♣✡☛☞✌✍✎✏✑ ✌✑

♣☛✏✔✏✘☞✏✖✛❞✑✓✒✏ ✑✉✌☞✡✛✎✏✒✏✡✘✑❡ ✌☞ ✌✑✓✛✑✏☛✔✏✖ ☞✗✡☞

☞✗✏ ✖✌✑♣✏☛✑✌✓✘ ✒✏✖✌✉✒ ✛✏✢✌✘✑ ☞✓ ✒✓✔✏ ✌✘ ✡✘ ✏✎✏✍☞☛✌✍

✜✌✏✎✖✙✚✗✌✑♣✗✏✘✓✒✏✘✓✘ ✌✑ ☞✏☛✒✏✖✫✬✫✭✮✯✰✰✱✲✰✱✳✱✙

✥✔✌✌✪ ✴✵✷✸✹✺✷✻✼✵✽ ✵✾ ✿✾❀❁✼✿✼✻✷✻✼✵✽❂ ✚✗✏ ✑☞✡✛✌✎✌☞❞ ✓✜

☞✗✏ ✎❞✓♣✗✓✛✌✍ ✑✓✎✑ ✌✑ ✖✉✏ ☞✓ ☞✗✏ ♣☛✏✑✏✘✍✏ ✓✜ ✍✗✡☛✢✏

✓✘ ✍✓✎✎✓✌✖✡✎ ♣✡☛☞✌✍✎✏✑✙ ♦✜❡ ✑✓✒✏✗✓✕❡ ☞✗✏ ✍✗✡☛✢✏ ✌✑

☛✏✒✓✔✏✖❡ ☞✗✏ ♣✡☛☞✌✍✎✏✑ ✕✌✎✎ ✍✓✒✏ ✘✏✡☛✏☛ ☞✓ ✏✡✍✗ ✓☞✗✏☛

☞✓ ✜✓☛✒ ✡✢✢☛✏✢✡☞✏✑ ✥✓☛ ✍✓✡✢✉✎✡☞✏✪ ✡✘✖ ✑✏☞☞✎✏ ✖✓✕✘

✉✘✖✏☛ ☞✗✏ ✜✓☛✍✏ ✓✜ ✢☛✡✔✌☞❞✙

❚❃✫ ❄✯✰✭✫✱✱ ✰❅ ✱✫✮✮✬✳❆❇ ✰❅ ✭✰✬✬✰✳❉❊✬ ❄❊✯✮✳✭✬✫✱ ✳✱

✭❊✬✬✫❉ ✭✰❊❇❝✬❊✮✳✰❆ ✰✯ ❄✯✫✭✳❄✳✮❊✮✳✰❆ ✰❅ ✮❃✫ ✱✰✬✙

✚✗✏ ✍✓✡✢✉✎✡☞✌✓✘ ✓✜ ☞✗✏ ✎❞✓♣✗✓✛✌✍ ✑✓✎✑ ✍✡✘ ✛✏

✍✡☛☛✌✏✖ ✓✉☞ ✌✘ ☞✗✏ ✜✓✎✎✓✕✌✘✢ ✕✡❞✑❂

✥✌✪ ❋● ❀✺❀❁✻✾✵✿❍✵✾❀■✼■❂ ✚✗✏ ✍✓✎✎✓✌✖✡✎ ♣✡☛☞✌✍✎✏✑ ✒✓✔✏ ☞✓✕✡☛✖✑ ✓♣♣✓✑✌☞✏✎❞

✍✗✡☛✢✏✖ ✏✎✏✍☞☛✓✖✏✑❡ ✢✏☞ ✖✌✑✍✗✡☛✢✏✖ ✡✘✖ ♣☛✏✍✌♣✌☞✡☞✏✖✙

✥✌✌✪ ❋● ❏✼❑✼✽✸ ✻▲✵ ✵✿✿✵■✼✻❀✺● ❁❍✷✾✸❀▼ ■✵✺■❂ ◆♣♣✓✑✌☞✏✎❞ ✍✗✡☛✢✏✖ ✑✓✎✑ ✕✗✏✘

✒✌✣✏✖ ✌✘ ✡✎✒✓✑☞ ✏♠✉✡✎ ♣☛✓♣✓☛☞✌✓✘✑❡ ✘✏✉☞☛✡✎✌✑✏ ☞✗✏✌☛ ✍✗✡☛✢✏✑ ✡✘✖ ✢✏☞

♣✡☛☞✌✡✎✎❞ ✓☛ ✍✓✒♣✎✏☞✏✎❞ ♣☛✏✍✌♣✌☞✡☞✏✖✙ ❖✌✣✌✘✢ ✓✜ ✗❞✖☛✡☞✏✖ ✜✏☛☛✌✍ ✓✣✌✖✏

✥P✔✏ ✑✓✎✪✡✘✖ ✡☛✑✏✘✌✓✉✑ ✑✉✎♣✗✌✖✏ ✥◗✔✏ ✑✓✎✪✛☛✌✘✢ ☞✗✏✒ ✌✘ ☞✗✏ ♣☛✏✍✌♣✌☞✡☞✏✖

✜✓☛✒✑✙ ✚✗✌✑ ☞❞♣✏ ✓✜ ✍✓✡✢✉✎✡☞✌✓✘ ✌✑ ✍✡✎✎✏✖ ✒✉☞✉✡✎ ✍✓✡✢✉✎✡☞✌✓✘✙

✥✌✌✌✪ ❋● ❘✵✼✺✼✽✸❂ ❲✗✏✘ ✡ ✑✓✎ ✌✑ ✛✓✌✎✏✖❡ ☞✗✏ ✡✖✑✓☛✛✏✖ ✎✡❞✏☛ ✌✑ ✖✌✑☞✉☛✛✏✖

✖✉✏ ☞✓ ✌✘✍☛✏✡✑✏✖ ✍✓✎✎✌✑✌✓✘✑ ✕✌☞✗ ☞✗✏ ✒✓✎✏✍✉✎✏✑ ✓✜ ✖✌✑♣✏☛✑✌✓✘

✒✏✖✌✉✒✙ ✚✗✌✑ ☛✏✖✉✍✏✑ ☞✗✏ ✍✗✡☛✢✏ ✓✘ ☞✗✏ ♣✡☛☞✌✍✎✏✑ ✡✘✖ ✉✎☞✌✒✡☞✏✎❞

✎✏✡✖ ☞✓ ✑✏☞☞✎✌✘✢ ✖✓✕✘ ✌✘ ☞✗✏ ✜✓☛✒ ✓✜ ✡ ♣☛✏✍✌♣✌☞✡☞✏✙

✥✌✔✪ ❋● ✿❀✾■✼■✻❀✽✻ ▼✼✷✺●■✼■❂ ◆✘ ♣☛✓✎✓✘✢✏✖ ✖✌✡✎❞✑✌✑❡ ☞☛✡✍✏✑ ✓✜ ☞✗✏

✏✎✏✍☞☛✓✎❞☞✏ ♣☛✏✑✏✘☞ ✌✘ ☞✗✏ ✑✓✎ ✡☛✏ ☛✏✒✓✔✏✖ ✡✎✒✓✑☞ ✍✓✒♣✎✏☞✏✎❞ ✡✘✖

☞✗✏ ✍✓✎✎✓✌✖✑ ✛✏✍✓✒✏ ✉✘✑☞✡✛✎✏ ✡✘✖ ✉✎☞✌✒✡☞✏✎❞ ✍✓✡✢✉✎✡☞✏✙

✥✔✪ ❋● ✷▼▼✼✻✼✵✽ ✵❙ ❀✺❀❁✻✾✵✺●✻❀■❂ ❲✗✏✘ ✏✣✍✏✑✑ ✓✜ ✡✘ ✏✎✏✍☞☛✓✎❞☞✏ ✌✑ ✡✖✖✏✖❡

☞✗✏ ✍✓✎✎✓✌✖✡✎ ♣✡☛☞✌✍✎✏✑ ✡☛✏ ♣☛✏✍✌♣✌☞✡☞✏✖✙ ✚✗✏ ☛✏✡✑✓✘ ✌✑ ☞✗✡☞ ✍✓✎✎✓✌✖✑

✌✘☞✏☛✡✍☞ ✕✌☞✗ ✌✓✘✑ ✍✡☛☛❞✌✘✢ ✍✗✡☛✢✏ ✓♣♣✓✑✌☞✏ ☞✓ ☞✗✡☞ ♣☛✏✑✏✘☞ ✓✘

☞✗✏✒✑✏✎✔✏✑✙ ✚✗✌✑ ✍✡✉✑✏✑ ✘✏✉☞☛✡✎✌✑✡☞✌✓✘ ✎✏✡✖✌✘✢ ☞✓ ☞✗✏✌☛ ✍✓✡✢✉✎✡☞✌✓✘✙

✚✗✏ ✌✓✘ ☛✏✑♣✓✘✑✌✛✎✏ ✜✓☛ ✘✏✉☞☛✡✎✌✑✡☞✌✓✘ ✓✜ ✍✗✡☛✢✏ ✓✘ ☞✗✏ ♣✡☛☞✌✍✎✏✑ ✌✑

✍✡✎✎✏✖ ☞✗✏ ✍✓✡✢✉✎✡☞✌✘✢ ✌✓✘✙ ❯ ✘✏✢✡☞✌✔✏ ✌✓✘ ✍✡✉✑✏✑ ☞✗✏ ♣☛✏✍✌♣✌☞✡☞✌✓✘

✓✜ ♣✓✑✌☞✌✔✏✎❞ ✍✗✡☛✢✏✖ ✑✓✎ ✡✘✖ ✔✌✍✏ ✔✏☛✑✡✙

♦☞ ✗✡✑ ✛✏✏✘ ✓✛✑✏☛✔✏✖ ☞✗✡☞❡ ✢✏✘✏☛✡✎✎❞❡ ☞✗✏ ✢☛✏✡☞✏☛ ☞✗✏ ✔✡✎✏✘✍✏ ✓✜ ☞✗✏

✜✎✓✍✍✉✎✡☞✌✘✢ ✌✓✘ ✡✖✖✏✖❡ ☞✗✏ ✢☛✏✡☞✏☛ ✌✑ ✌☞✑ ♣✓✕✏☛ ☞✓ ✍✡✉✑✏ ♣☛✏✍✌♣✌☞✡☞✌✓✘✙

✚✗✌✑ ✌✑ ❱✘✓✕✘ ✡✑ ❳✡☛✖❞✤❨✍✗✉✎❩✏ ☛✉✎✏✙ ♦✘ ☞✗✏ ✍✓✡✢✉✎✡☞✌✓✘ ✓✜ ✡ ✘✏✢✡☞✌✔✏

✑✓✎❡ ☞✗✏ ✜✎✓✍✍✉✎✡☞✌✘✢ ♣✓✕✏☛ ✌✑ ✌✘ ☞✗✏ ✓☛✖✏☛❂ ❯✎
❬❭

❪❫✡
❴❭

❪❵✡
❭

❨✌✒✌✎✡☛✎❞❡ ✌✘ ☞✗✏ ✍✓✡✢✉✎✡☞✌✓✘ ✓✜ ✡ ♣✓✑✌☞✌✔✏ ✑✓✎❡ ☞✗✏ ✜✎✓✍✍✉✎✡☞✌✘✢ ♣✓✕✏☛

✌✑ ✌✘ ☞✗✏ ✓☛✖✏☛❂ ✐✦✏✥❛❵✪❜❢
❣❤

❪ ❥◆❣
❬❤

❪ ❨◆❣
❴❤

❪ ❛✎
❤

✚✗✏ ✒✌✘✌✒✉✒ ✍✓✘✍✏✘☞☛✡☞✌✓✘ ✓✜ ✡✘ ✏✎✏✍☞☛✓✎❞☞✏ ✌✘ ✒✌✎✎✌✒✓✎✏✑ ♣✏☛ ✎✌☞☛✏

☛✏♠✉✌☛✏✖ ☞✓ ✍✡✉✑✏ ♣☛✏✍✌♣✌☞✡☞✌✓✘ ✓✜ ✡ ✑✓✎ ✌✘ ☞✕✓ ✗✓✉☛✑ ✌✑ ✍✡✎✎✏✖ ✍✓✡✢✉✎✡☞✌✘✢

✔✡✎✉✏✙ ✚✗✏ ✑✒✡✎✎✏☛ ☞✗✏ ♠✉✡✘☞✌☞❞ ✘✏✏✖✏✖❡ ☞✗✏ ✗✌✢✗✏☛ ✕✌✎✎ ✛✏ ☞✗✏ ✍✓✡✢✉✎✡☞✌✘✢

♣✓✕✏☛ ✓✜ ✡✘ ✌✓✘✙

❦❧♥q rqst✈ ✇①②③④⑤⑥⑦⑧⑥⑤②⑨⑩⑨



✶�✁ ❙✂✄☎✆✝✞ ✟✠✞✡☛☞✌✄✍

❈✎✏✑✒✓✏✔✕✎✖ ✎✗ ✓✘✎✙✚✕✓✕✛ ✜✎✓✜

❚✢✣✤✣ ✥✤✣ ✦✧★ ✩✥✪✦★✤✫ ✧✢✬✪✢ ✥✤✣ ✤✣✫✭★✮✫✬✯✰✣ ✩★✤ ✦✢✣ ✫✦✥✯✬✰✬✦✱ ★✩ ✰✱★✭✢✬✰✬✪
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✭✏✎✑ P❂✷✵✷✕✻✒✹❂✔✴ ✹✱✒✵✲✳ ✒✓✺ ✸✔✱❃✳✿ ❄✛✦✧✦✯✤✙❤✛✎✥ ❤✚✙✧✢✣ ✦✤ ❞✎✚✘✣ ✙✤✢

❤✤✢❤✙✤✢✜ ✼✮ ✥✦✙✧✎✗✯ ✙✗ ✢✘★✚✣✎✦✗ ✦❞ ✧✛✢ ✚✎✯✛✧ ✣✢✗✣✎✧✎✏✢ ✣✎✚✏✢✤ ✼✤✦✘✎✜✢

✎✗ ✯✢✚✙✧✎✗ ✦✏✢✤ ✯✚✙✣✣ ❤✚✙✧✢✣ ✦✤ ✥✢✚✚★✚✦✎✜ ❞✎✚✘✣✩

✭✏✎✎✑ ❘❅❆❆✲✻ ✔✓✺❅✳✵✻❇✿ ❉✙✧✢❊ ✎✣ ✙ ✥✦✚✚✦✎✜✙✚ ✣✦✚★✧✎✦✗✦❞ ✤★✼✼✢✤ ❤✙✤✧✎✥✚✢✣ ✬✛✎✥✛

✙✤✢ ✗✢✯✙✧✎✏✢✚✮ ✥✛✙✤✯✢✜✩ ❛★✼✼✢✤ ✎✣ ✦✼✧✙✎✗✢✜ ✼✮ ✥✦✙✯★✚✙✧✎✦✗ ✦❞ ✚✙✧✢❊✩

✭✏✎✎✎✑ ■✓✺❅✳✵✻✔✒✱ ✹✻✷✺❅✴✵✳✿ ❄✙✎✗✧✣✫ ✎✗✰✣✫ ✣✮✗✧✛✢✧✎✥ ❤✚✙✣✧✎✥✣✫ ✤★✼✼✢✤✫

✯✤✙❤✛✎✧✢ ✚★✼✤✎✥✙✗✧✣✫ ✥✢✘✢✗✧✫ ✢✧✥✩✫ ✙✤✢ ✙✚✚ ✥✦✚✚✦✎✜✙✚ ✣✦✚★✧✎✦✗✣✩

t t u onIntext Questionst  ot u nIntext Questions
❋●❍ ✪✛✙✧ ✘✦✜✎❞✎✥✙✧✎✦✗ ✥✙✗ ✮✦★ ✣★✯✯✢✣✧ ✎✗ ✧✛✢ ❲✙✤✜✮ ✽✥✛★✚❏✢ ✚✙✬❑

❋●▲ ✪✛✮ ✎✣ ✎✧ ✢✣✣✢✗✧✎✙✚ ✧✦ ✬✙✣✛ ✧✛✢ ❤✤✢✥✎❤✎✧✙✧✢ ✬✎✧✛ ✬✙✧✢✤ ✼✢❞✦✤✢ ✢✣✧✎✘✙✧✎✗✯ ✎✧

q★✙✗✧✎✧✙✧✎✏✢✚✮❑

u marySummary
▼◆❖◗❯❱❳❨◗❩ ☛☞ ✌✠✞ ✐✠✞❬❭✡✞❬❭❬ ❭☎ ✆✌✌✄✆✝✌☛❬❪ ✆❬❫ ✄✞✌✆☛❬☛❬❪ ✌✠✞ ✡❭❴✞✝✂❴✞☞ ❭☎ ✆

☞✂s☞✌✆❬✝✞ ❭❬ ✌✠✞ ☞✂✄☎✆✝✞ ❭☎ ✆ ☞❭❴☛❫ ✄✞☞✂❴✌☛❬❪ ☛❬✌❭ ✆ ✠☛❪✠✞✄ ✝❭❬✝✞❬✌✄✆✌☛❭❬ ❭❬ ✌✠✞

☞✂✄☎✆✝✞ ✌✠✆❬ ☛❬ ✌✠✞ s✂❴❵❜ ❝✠✞ ☞✂s☞✌✆❬✝✞ ✆❫☞❭✄s✞❫ ☛☞ ❵❬❭❡❬ ✆☞ ❢◆❖◗❯❣❢❳❥ ✆❬❫ ✌✠✞

☞✂s☞✌✆❬✝✞ ❭❬ ❡✠☛✝✠ ✆❫☞❭✄✐✌☛❭❬ ✌✆❵✞☞ ✐❴✆✝✞ ☛☞ ✝✆❴❴✞❫ ❢◆❖◗❯❣❥❩❳❦ ❧❬ ✐✠✍☞☛☞❭✄✐✌☛❭❬♠

✆❫☞❭✄s✆✌✞ ☛☞ ✠✞❴❫ ✌❭ ✌✠✞ ✆❫☞❭✄s✞❬✌ s✍ ❡✞✆❵ ♥✆❬ ❫✞✄ ♦✆✆❴☞ ☎❭✄✝✞☞♠ ✆❬❫ ☛❬

✝✠✞✡☛☞❭✄✐✌☛❭❬♠ ✆❫☞❭✄s✆✌✞ ☛☞ ✠✞❴❫ ✌❭ ✌✠✞ ✆❫☞❭✄s✞❬✌ s✍ ☞✌✄❭❬❪ ✝✠✞✡☛✝✆❴ s❭❬❫❜ r❴✡❭☞✌

✆❴❴ ☞❭❴☛❫☞ ✆❫☞❭✄s ❪✆☞✞☞❜ ❝✠✞ ✞✉✌✞❬✌ ❭☎ ✆❫☞❭✄✐✌☛❭❬ ❭☎ ✆ ❪✆☞ ❭❬ ✆ ☞❭❴☛❫ ❫✞✐✞❬❫☞ ✂✐❭❬

❬✆✌✂✄✞ ❭☎ ❪✆☞♠ ❬✆✌✂✄✞ ❭☎ ☞❭❴☛❫♠ ☞✂✄☎✆✝✞ ✆✄✞✆ ❭☎ ✌✠✞ ☞❭❴☛❫♠ ✐✄✞☞☞✂✄✞ ❭☎ ❪✆☞ ✆❬❫

✌✞✡✐✞✄✆✌✂✄✞ ❭☎ ❪✆☞❜ ❝✠✞ ✄✞❴✆✌☛❭❬☞✠☛✐ s✞✌❡✞✞❬ ✌✠✞ ✞✉✌✞❬✌ ❭☎ ✆❫☞❭✄✐✌☛❭❬ ✈①✇✡② ✆❬❫

✐✄✞☞☞✂✄✞ ❭☎ ✌✠✞ ❪✆☞ ✆✌ ✝❭❬☞✌✆❬✌ ✌✞✡✐✞✄✆✌✂✄✞ ☛☞ ❵❬❭❡❬ ✆☞ ❢◆❖◗❯❱❳❨◗❩ ❨❖◗❳③❥❯④❜

r ⑤❢❳❢⑥⑦❖❳ ☛☞ ✆ ☞✂s☞✌✆❬✝✞ ❡✠☛✝✠ ✞❬✠✆❬✝✞☞ ✌✠✞ ✄✆✌✞ ❭☎ ✆ ✝✠✞✡☛✝✆❴ ✄✞✆✝✌☛❭❬ ❡☛✌✠❭✂✌

☛✌☞✞❴☎ ❪✞✌✌☛❬❪ ✂☞✞❫ ✂✐ ☛❬ ✌✠✞ ✄✞✆✝✌☛❭❬❜ ❝✠✞ ✐✠✞❬❭✡✞❬❭❬ ✂☞☛❬❪ ✝✆✌✆❴✍☞✌ ☛☞ ❵❬❭❡❬ ✆☞

⑤❢❳❢⑥⑦❖❨❖❜ ❧❬ ✠❭✡❭❪✞❬✞❭✂☞ ✝✆✌✆❴✍☞☛☞♠ ✌✠✞ ✝✆✌✆❴✍☞✌ ☛☞ ☛❬ ✌✠✞ ☞✆✡✞ ✐✠✆☞✞ ✆☞ ✆✄✞ ✌✠✞

✄✞✆✝✌✆❬✌☞♠ ✆❬❫ ☛❬ ✠✞✌✞✄❭❪✞❬✞❭✂☞ ✝✆✌✆❴✍☞☛☞ ✌✠✞ ✝✆✌✆❴✍☞✌ ☛☞ ☛❬ ✆ ❫☛☎☎✞✄✞❬✌ ✐✠✆☞✞ ☎✄❭✡

✌✠✆✌ ❭☎ ✌✠✞ ✄✞✆✝✌✆❬✌☞❜

⑧◗⑥⑥◗❨◆❢⑥ ❖◗⑥⑨❳❨◗❩❖ ✆✄✞ ☛❬✌✞✄✡✞❫☛✆✌✞ s✞✌❡✞✞❬ ✌✄✂✞ ☞❭❴✂✌☛❭❬☞ ✆❬❫ ☞✂☞✐✞❬☞☛❭❬☞❜

❝✠✞ ☞☛⑩✞ ❭☎ ✌✠✞ ✝❭❴❴❭☛❫✆❴ ✐✆✄✌☛✝❴✞☞ ✄✆❬❪✞ ☎✄❭✡ ✶ ✌❭ ✶❶❶❶ ❬✡❜ r ✝❭❴❴❭☛❫✆❴ ☞✍☞✌✞✡ ✝❭❬☞☛☞✌☞

❭☎ ✌❡❭ ✐✠✆☞✞☞ ❷ ✌✠✞ ❫☛☞✐✞✄☞✞❫ ✐✠✆☞✞ ✆❬❫ ✌✠✞ ❫☛☞✐✞✄☞☛❭❬ ✡✞❫☛✂✡❜ ✟❭❴❴❭☛❫✆❴ ☞✍☞✌✞✡☞

✆✄✞ ✝❴✆☞☞☛☎☛✞❫ ☛❬ ✌✠✄✞✞ ❡✆✍☞ ❫✞✐✞❬❫☛❬❪ ✂✐❭❬ ✈☛② ✐✠✍☞☛✝✆❴ ☞✌✆✌✞☞ ❭☎ ✌✠✞ ❫☛☞✐✞✄☞✞❫ ✐✠✆☞✞

✆❬❫ ❫☛☞✐✞✄☞☛❭❬ ✡✞❫☛✂✡ ✈☛☛② ❬✆✌✂✄✞ ❭☎ ☛❬✌✞✄✆✝✌☛❭❬ s✞✌❡✞✞❬ ✌✠✞ ❫☛☞✐✞✄☞✞❫ ✐✠✆☞✞ ✆❬❫

❫☛☞✐✞✄☞☛❭❬ ✡✞❫☛✂✡ ✆❬❫ ✈☛☛☛② ❬✆✌✂✄✞ ❭☎ ✐✆✄✌☛✝❴✞☞ ❭☎ ❫☛☞✐✞✄☞✞❫ ✐✠✆☞✞❜ ❝✠✞ ✝❭❴❴❭☛❫✆❴

☞✍☞✌✞✡☞ ☞✠❭❡ ☛❬✌✞✄✞☞✌☛❬❪ ❭✐✌☛✝✆❴♠ ✡✞✝✠✆❬☛✝✆❴ ✆❬❫ ✞❴✞✝✌✄☛✝✆❴ ✐✄❭✐✞✄✌☛✞☞❜ ❝✠✞ ✐✄❭✝✞☞☞

❭☎ ✝✠✆❬❪☛❬❪ ✌✠✞ ✝❭❴❴❭☛❫✆❴ ✐✆✄✌☛✝❴✞☞ ☛❬ ✆ ☞❭❴ ☛❬✌❭ ✌✠✞ ☛❬☞❭❴✂s❴✞ ✐✄✞✝☛✐☛✌✆✌✞ s✍ ✆❫❫☛✌☛❭❬

❭☎ ☞❭✡✞ ☞✂☛✌✆s❴✞ ✞❴✞✝✌✄❭❴✍✌✞☞ ☛☞ ❵❬❭❡❬ ✆☞ ⑤◗❢❸⑨⑥❢❳❨◗❩❦ ❹④⑨⑥❖❨◗❩❖ ✆✄✞ ✝❭❴❴❭☛❫✆❴ ☞✍☞✌✞✡☞

☛❬ ❡✠☛✝✠ s❭✌✠ ❫☛☞✐✞✄☞✞❫ ✐✠✆☞✞ ✆❬❫ ❫☛☞✐✞✄☞☛❭❬ ✡✞❫☛✂✡ ✆✄✞ ❴☛❺✂☛❫☞❜ ❝✠✞☞✞ ✝✆❬ s✞ ❭☎❻

✈☛② ◗❨⑥ ❨❩ ❼❢❳❥❯ ❳⑦❱❥ ✆❬❫ ✈☛☛② ❼❢❳❥❯ ❨❩ ◗❨⑥ ❳⑦❱❥❦ ❝✠✞ ✐✄❭✝✞☞☞ ❭☎ ✡✆❵☛❬❪ ✞✡✂❴☞☛❭❬ ☛☞

❵❬❭❡❬ ✆☞ ❥④⑨⑥❖❨❽❨⑤❢❳❨◗❩❦ ❝❭ ☞✌✆s☛❴☛☞✞ ✆❬ ✞✡✂❴☞☛❭❬♠ ✆❬ ✞✡✂❴☞☛☎✍☛❬❪ ✆❪✞❬✌ ❭✄ ✞✡✂❴☞☛☎☛✞✄

☛☞ ✆❫❫✞❫❜ ❙❭✆✐☞ ✆❬❫ ❫✞✌✞✄❪✞❬✌☞ ✆✄✞ ✡❭☞✌ ☎✄✞❺✂✞❬✌❴✍ ✂☞✞❫ ✆☞ ✞✡✂❴☞☛☎☛✞✄☞❜ ✟❭❴❴❭☛❫☞ ☎☛❬❫

☞✞♥✞✄✆❴ ✆✐✐❴☛✝✆✌☛❭❬☞ ☛❬ ☛❬❫✂☞✌✄✍ ✆☞ ❡✞❴❴ ✆☞ ☛❬ ❫✆☛❴✍ ❴☛☎✞❜



✶�✁❈✂✄☎✆✝✞✟✠

✺✡☛ ❉✆✝✞✆☞✌✍✆✝✂ ✎✄✞✏✄✄☞ ✞✂✄ ☎✄✑☞✆☞✌ ✒✓ ✞✂✄ ✞✄✟☎✝ ✑✔✝✒✟✕✞✆✒☞ ✑☞✔ ✑✎✝✒✟✕✞✆✒☞✖

●✆✗✄ ✒☞✄ ✄✘✑☎✕✙✄ ✒✓ ✄✑✚✂✖

✺✡✛ ❲✂✑✞ ✆✝ ✞✂✄ ✔✆✓✓✄✟✄☞✚✄ ✎✄✞✏✄✄☞ ✕✂✠✝✆✝✒✟✕✞✆✒☞ ✑☞✔ ✚✂✄☎✆✝✒✟✕✞✆✒☞✜

✺✡✢ ●✆✗✄ ✟✄✑✝✒☞ ✏✂✠ ✑ ✓✆☞✄✙✠ ✔✆✗✆✔✄✔ ✝✍✎✝✞✑☞✚✄ ✆✝ ☎✒✟✄ ✄✓✓✄✚✞✆✗✄ ✑✝ ✑☞ ✑✔✝✒✟✎✄☞✞✖

✺✡✣ ❲✂✑✞ ✑✟✄ ✞✂✄ ✓✑✚✞✒✟✝ ✏✂✆✚✂ ✆☞✓✙✍✄☞✚✄ ✞✂✄ ✑✔✝✒✟✕✞✆✒☞ ✒✓ ✑ ✌✑✝ ✒☞ ✑ ✝✒✙✆✔✜
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✘✧✕✙✚✢✗✙✭✕✢✛✧✬ ✧✢✦✔ ✤✔✔✖ ✣✔✛✒✘✗✔✣ ✒✖ ❁✒✭✩ ❂✩❃✩

❋❄❅❆ ❇❆❈❊ ❍❏❑▼◆P◗❘❏ ❙❘P❚❯P◆❱ ❱❑❲❳❘❨❚ ❏❲❩❬◆❨ ❏❑❯❲◆P◗❲❚❯P❭❑❪

❫ ❴❵❵❛❜❞❡ ❜❢ ❢❤✐ ❵❢❤✐❥ ❦♠♥♣ q❤❥❵r♠❢❵❡❥♠s❤♥ ❜❞ ❡✐❞✐❥♠t♣ ❜❞✈❵t✈✐✇ ♠ r❵①❜t✐ s❤♠✇✐ ♠❞② ♠ ✇❢♠❢❜❵❞♠❥♥ s❤♠✇✐③ ④❤✐
✇♠rst✐ ❵❥ ✇♠rst✐ ✐⑤❢❥♠q❢ ❜✇ ②❜✇✇❵t✈✐② ❜❞ ♠ r❵①❜t✐ s❤♠✇✐③ ④❤✐ r❵①❜t✐ s❤♠✇✐ r♠♥ ①✐ ♠ ❡♠✇♣ ♠ t❜⑥⑦❜② ❵❥ ♠
✇⑦s✐❥q❥❜❢❜q♠t ⑧t⑦❜②③ ④❤✐ ✇❢♠❢❜❵❞♠❥♥ s❤♠✇✐ ❜✇ ❜rr❵①❜t✐ ♠❞② ❜rr❜✇q❜①t✐ ⑨t❜❛✐ ❢❤✐ ⑩t❶❷❸ q❵t⑦r❞ ❜❞ ❢❤✐ ✐⑤♠rst✐
❵⑧ q❵t⑦r❞ q❤❥❵r♠❢❵❡❥♠s❤♥ ♠①❵✈✐❹③ ④❤✐ r❵①❜t✐ s❤♠✇✐ ❜✇ ❢❤✐❞ ⑧❵❥q✐② ❢❤❥❵⑦❡❤ ❢❤✐ ✇❢♠❢❜❵❞♠❥♥ s❤♠✇✐③ ④❤✐
r❵①❜t✐ s❤♠✇✐ ♠❞② ❢❤✐ ✇❢♠❢❜❵❞♠❥♥ s❤♠✇✐ ♠❥✐ q❤❵✇✐❞ ✇⑦q❤ ❢❤♠❢ q❵rs❵❞✐❞❢✇ ❵⑧ ❢❤✐ ✇♠rst✐ ❤♠✈✐ ②❜⑧⑧✐❥✐❞❢
✇❵t⑦①❜t❜❢❜✐✇ ❜❞ ❢❤✐ ❢❦❵ s❤♠✇✐✇③ ⑩ q❵rs❵❞✐❞❢ ❦❤❜q❤ ❜✇ ⑥⑦❜❢✐ ✇❵t⑦①t✐ ❜❞ ❢❤✐ ✇❢♠❢❜❵❞♠❥♥ s❤♠✇✐ ❢♠❛✐✇ t❵❞❡✐❥
❢❜r✐ ❢❵ ❢❥♠✈✐t ❢❤❥❵⑦❡❤ ❜❢ ❢❤♠❞ ♠ q❵rs❵❞✐❞❢ ❦❤❜q❤ ❜✇ ❞❵❢ ✈✐❥♥ ✇❵t⑦①t✐ ❜❞ ❢❤✐ ✇❢♠❢❜❵❞♠❥♥ s❤♠✇✐ ①⑦❢ ✈✐❥♥
✇❵t⑦①t✐ ❜❞ ❢❤✐ r❵①❜t✐ s❤♠✇✐③ ④❤⑦✇ ✇♠rst✐ q❵rs❵❞✐❞❢✇ ♠❥✐ ✇✐s♠❥♠❢✐② ⑧❥❵r ✐♠q❤ ❵❢❤✐❥ ♠✇ ❢❤✐♥ ❢❥♠✈✐t
❢❤❥❵⑦❡❤ ❢❤✐ ✇❢♠❢❜❵❞♠❥♥ s❤♠✇✐③ ❺✐s✐❞②❜❞❡ ⑦s❵❞ ❢❤✐ ❢❦❵ s❤♠✇✐✇ ♠❞② ❢❤✐ ❦♠♥ ✇♠rst✐ ❜✇ ❜❞✇✐❥❢✐②❻❜❞❼✐q❢✐②♣
❢❤✐ q❤❥❵r♠❢❵❡❥♠s❤❜q ❢✐q❤❞❜⑥⑦✐ ❜✇ ❞♠r✐②③ ④❤✐✇✐ r✐❢❤❵②✇ ❤♠✈✐ ①✐✐❞ ②✐✇q❥❜①✐② ❜❞ ②✐❢♠❜t ❜❞ ❽❞❜❢ ❾❿ ❵⑧ ➀t♠✇✇
➁➂ ❢✐⑤❢ ①❵❵❛ ⑨❾❿③➃③➄❹③



✶�✁❈✂✄☎✆✝✞✟✠

u arySummaryu arySummary
▼✄✞✡☛✝ ✡✟✄ ✟✄☞✌✆✟✄✍ ✎✏✟ ✡ ✑✡✟✆✄✞✠ ✏✎ ✒✌✟✒✏✝✄✝✓ ✔✏✟ ✞✂✆✝✕ ✖✄ ✗✄✄✍ ✞✂✄✆✟ ✄✘✞✟✡✙✞✆✏✗ ✎✟✏☎

✞✂✄ ☎✆✗✄✟✡☛✝ ✆✗ ✖✂✆✙✂ ✞✂✄✠ ✡✟✄ ✒✟✄✝✄✗✞ ✡✗✍ ✎✟✏☎ ✖✂✆✙✂ ✞✂✄✆✟ ✄✘✞✟✡✙✞✆✏✗ ✆✝

✙✏☎☎✄✟✙✆✡☛☛✠ ✎✄✡✝✆❝☛✄✓✚✂✄✝✄ ☎✆✗✄✟✡☛✝ ✡✟✄ ✛✗✏✖✗ ✡✝ ♦✜✢✣✓ ✳✟✄✝ ✏✎ ✞✂✄ ☎✄✞✡☛ ✡✟✄

✡✝✝✏✙✆✡✞✄✍ ✖✆✞✂ ☎✡✗✠ ✆☎✒✌✟✆✞✆✄✝✓ ❛✄☎✏✑✡☛ ✏✎ ✞✂✄✝✄ ✆☎✒✌✟✆✞✆✄✝ ✞✏ ✙✄✟✞✡✆✗ ✄✘✞✄✗✞ ✆✝

✡✙✂✆✄✑✄✍ ✆✗ ✤♦✥✤✢✥✦✜✧✦★♦✥ ✝✞✄✒✝✓ ✚✂✄ ✙✏✗✙✄✗✞✟✡✞✄✍ ✏✟✄ ✆✝ ✞✂✄✗ ✞✟✄✡✞✄✍ ✙✂✄☎✆✙✡☛☛✠

✎✏✟ ✏❝✞✡✆✗✆✗❢ ✞✂✄ ☎✄✞✡☛✓ ✩✝✌✡☛☛✠ ✞✂✄ ☎✄✞✡☛ ✙✏☎✒✏✌✗✍✝ ✪✄✓❢✓✕ ✏✘✆✍✄✝✕ ✝✌☛✒✂✆✍✄✝✫ ✡✟✄

✟✄✍✌✙✄✍ ✞✏ ✞✂✄ ☎✄✞✡☛✓ ✚✂✄ ✟✄✍✌✙✆✗❢ ✡❢✄✗✞✝ ✌✝✄✍ ✡✟✄ ✙✡✟❝✏✗✕ ❈✳ ✏✟ ✄✑✄✗ ✝✏☎✄ ☎✄✞✡☛✝✓

■✗ ✞✂✄✝✄ ✟✄✍✌✙✞✆✏✗ ✒✟✏✙✄✝✝✄✝✕ ✞✂✄ ✦t✢✜✬♦✭✮✥✧✬★✤ ✡✗✍ ✢❡✢✤✦✜♦✤t✢✬★✤✧❡ ✙✏✗✙✄✒✞✝

✡✟✄ ❢✆✑✄✗ ✍✌✄ ✙✏✗✝✆✍✄✟✡✞✆✏✗✓ ✚✂✄ ☎✄✞✡☛ ✏✘✆✍✄ ✟✄✡✙✞✝ ✖✆✞✂ ✡ ✟✄✍✌✙✆✗❢ ✡❢✄✗✞✯ ✞✂✄

✏✘✆✍✄ ✆✝ ✟✄✍✌✙✄✍ ✞✏ ✞✂✄ ☎✄✞✡☛ ✡✗✍ ✞✂✄ ✟✄✍✌✙✆✗❢ ✡❢✄✗✞ ✆✝ ✏✘✆✍✆✝✄✍✓ ■✗ ✞✂✄ ✞✖✏ ✟✄✡✙✞✆✏✗✝✕

✞✂✄ ✗✄✞ ✰✆❝❝✝ ✄✗✄✟❢✠ ✙✂✡✗❢✄ ✆✝ ✗✄❢✡✞✆✑✄✕ ✖✂✆✙✂ ❝✄✙✏☎✄✝ ☎✏✟✄ ✗✄❢✡✞✆✑✄ ✏✗ ✟✡✆✝✆✗❢

✞✂✄ ✞✄☎✒✄✟✡✞✌✟✄✓ ❈✏✗✑✄✟✝✆✏✗ ✏✎ ✞✂✄ ✒✂✠✝✆✙✡☛ ✝✞✡✞✄✝ ✎✟✏☎ ✝✏☛✆✍ ✞✏ ☛✆☞✌✆✍ ✏✟ ✞✏ ❢✡✝✕

✡✗✍ ✎✏✟☎✡✞✆✏✗ ✏✎ ❢✡✝✄✏✌✝ ✝✞✡✞✄✝ ✎✡✑✏✌✟✝ ✍✄✙✟✄✡✝✄ ✆✗ ✞✂✄ ✰✆❝❝✝ ✄✗✄✟❢✠ ✎✏✟ ✞✂✄ ✄✗✞✆✟✄

✝✠✝✞✄☎✓ ✚✂✆✝ ✙✏✗✙✄✒✞ ✆✝ ❢✟✡✒✂✆✙✡☛☛✠ ✍✆✝✒☛✡✠✄✍ ✆✗ ✒☛✏✞✝ ✏✎ ✱✰✲ ✑✝ ✚ ✪✴☛☛✆✗❢✂✡☎ ✍✆✡❢✟✡☎✫

✎✏✟ ✝✌✙✂ ✏✘✆✍✡✞✆✏✗✵✟✄✍✌✙✞✆✏✗ ✟✄✡✙✞✆✏✗✝ ✡✞ ✍✆✎✎✄✟✄✗✞ ✞✄☎✒✄✟✡✞✌✟✄✝✓ ✚✂✄ ✙✏✗✙✄✒✞ ✏✎

✄☛✄✙✞✟✏✍✄ ✒✏✞✄✗✞✆✡☛ ✆✝ ✌✝✄✎✌☛ ✆✗ ✞✂✄ ✆✝✏☛✡✞✆✏✗ ✏✎ ☎✄✞✡☛✝ ✪✄✓❢✓✕ ✷☛✕ ✷❢✕ ✷✌✫ ✖✂✄✟✄ ✞✂✄

✝✌☎ ✏✎ ✞✂✄ ✞✖✏ ✟✄✍✏✘ ✙✏✌✒☛✄✝ ✆✝ s✑✄ ✝✏ ✞✂✡✞ ✞✂✄ ✰✆❝❝✝ ✄✗✄✟❢✠ ✙✂✡✗❢✄ ✆✝ ✗✄❢✡✞✆✑✄✓

✚✂✄ ☎✄✞✡☛✝ ✏❝✞✡✆✗✄✍ ❝✠ ✌✝✌✡☛ ☎✄✞✂✏✍✝ ✝✞✆☛☛ ✙✏✗✞✡✆✗ ☎✆✗✏✟ ✆☎✒✌✟✆✞✆✄✝✓ ✰✄✞✞✆✗❢ ✒✌✟✄

☎✄✞✡☛✝ ✟✄☞✌✆✟✄ ✜✢r★✥★✥✸✹ ❛✄✎✆✗✆✗❢ ✒✟✏✙✄✝✝ ✍✄✒✄✗✍✝ ✌✒✏✗ ✞✂✄ ✍✆✎✎✄✟✄✗✙✄✝ ✆✗ ✒✟✏✒✄✟✞✆✄✝

✏✎ ✞✂✄ ☎✄✞✡☛ ✡✗✍ ✞✂✄ ✆☎✒✌✟✆✞✆✄✝✓ ✴✘✞✟✡✙✞✆✏✗ ✏✎ ✡☛✌☎✆✗✆✌☎ ✆✝ ✌✝✌✡☛☛✠ ✙✡✟✟✆✄✍ ✏✌✞ ✎✟✏☎

✆✞✝ ❝✡✌✘✆✞✄ ✏✟✄ ❝✠ ☛✄✡✙✂✆✗❢ ✆✞ ✖✆✞✂ ✐✡✳✺✓ ✻✏✍✆✌☎ ✡☛✌☎✆✗✡✞✄✕ ✞✂✌✝ ✎✏✟☎✄✍✕ ✆✝ ✝✄✒✡✟✡✞✄✍

✡✗✍ ✞✂✄✗ ✗✄✌✞✟✡☛✆✝✄✍ ✞✏ ❢✆✑✄ ❝✡✙✛ ✞✂✄ ✂✠✍✟✡✞✄✍ ✏✘✆✍✄✕ ✖✂✆✙✂ ✆✝ ✞✂✄✗ ✄☛✄✙✞✟✏☛✠✝✄✍

✌✝✆✗❢ ✙✟✠✏☛✆✞✄ ✡✝ ✡ ✎☛✌✘✓ ✴✘✞✟✡✙✞✆✏✗ ✏✎ ✆✟✏✗ ✆✝ ✍✏✗✄ ❝✠ ✟✄✍✌✙✞✆✏✗ ✏✎ ✆✞✝ ✏✘✆✍✄ ✏✟✄ ✆✗

❝☛✡✝✞ ✎✌✟✗✡✙✄✓ ❈✏✒✒✄✟ ✆✝ ✄✘✞✟✡✙✞✄✍ ❝✠ ✝☎✄☛✞✆✗❢ ✡✗✍ ✂✄✡✞✆✗❢ ✆✗ ✡ ✟✄✑✄✟❝✄✟✡✞✏✟✠ ✎✌✟✗✡✙✄✓

✴✘✞✟✡✙✞✆✏✗ ✏✎ ❊✆✗✙ ✎✟✏☎ ❊✆✗✙ ✏✘✆✍✄✝ ✆✝ ✍✏✗✄ ✌✝✆✗❢ ✙✏✛✄✓ ✻✄✑✄✟✡☛ ☎✄✞✂✏✍✝ ✡✟✄ ✄☎✒☛✏✠✄✍

❆✼✽✾✿❀✿✽✾ ❁❂✿✼❃ ❄❅❇ ✽❃❇❉ ❄❃ ❋❅❄●●❇❅❃ ❁❂❅ ❍❏❂❍❂✼❄❑❇❃▲ ◆❏❇ ❁✿❀❇ ❉✽❃❑ ❂❁

❑❏❇ ✾❇❑❄✼ ✿❃ ✽❃❇❉ ✿❀ ●❄✿❀❑❃ ❄❀❉ ✼❄❍❖✽❇❅❃▲ ❆✼✽✾✿❀✿✽✾P ◗❇✿❀❘ ❏✿❘❏✼❙
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✗✔✑✍✒✍✎✍✏✑✒✓✔✗✏ ✒✍✤✚✎✢✗✓✔ ✓❞ ✑✌✍ ✔✓✔✩❛✓✔✜✗✔✕ ✍✎✍✏✑✒✓✔✢✛ ✓✣✗✔✕ ✑✓ ✑✌✍

✢❡✖✎✎ ❛✓✔✜ ✎✍✔✕✑✌✦ ❆✢ ✖ ✒✍✢✚✎✑ ✑✌✍ ✏✖✑✍✔✖✑✗✓✔ ✑✍✔✜✍✔✏✙ ✗✢ ✣✍✖s✍✒ ✗✔

♥♦q♦r

t❝✐✉❢✈①②✐③④❢❣⑤❣❢⑥

♥♦q♦⑦ ⑧⑨⑥⑩❣✉④❝

⑧✈①❤✐✈❢❣✐⑩

♥♦q♦♥ ❶⑨✐❵❣✉④❝

⑧✈①❤✐✈❢❣✐⑩



✶�✁❈✂✄☎✆✝✞✟✠

♥✡☛☞✌✍✎♥✏ ✑♥✌☛✒✎☞ ✓✔✕☛✌☞ ✖✒✡✕✒ ✔✓✓✎✕☛✗ ☛✒✎ ✕✒✎✘✡✗☛☞✙ ✌✓ ♥✡☛☞✌✍✎♥ ✡✗

☛✒✎ ✔t✗✎♥✕✎ ✌✓ ❞ ✌☞t✡☛✔✥✗ ✡♥ ✡☛✗ ✚✔✥✎♥✕✎ ✗✒✎✥✥✏ ✛✎✗✡✜✎✗ ☞✎✗☛☞✡✕☛✡♥✍ ✡☛✗

✕✌✚✔✥✎♥✕✙ ☛✌ ✓✌❝☞✱ ♥✡☛☞✌✍✎♥ ✕✔♥♥✌☛ ✓✌☞✘ ✢✣✣ ➊♣✣ ✤✦✧★ ✔✗ ☛✒✎ ✒✎✔✚✡✎☞

✎✥✎✘✎♥☛✗ ✕✔♥ ✎✏✍✏✱ ❡✸P ✩ ✪ ✌☞ ❡✸P ✩ ✫✬✷ ✭❡ ✩ ✔✥✮✙✥ ✍☞✌❝✯✰✏ P✒✌✗✯✒✌☞❝✗

✔♥✜ ✔☞✗✎♥✡✕ ✕✔♥ ✓✌☞✘ ✢✣✣ ➊✢✣ ✤✦✧★ ✔✥✗✌ ✖✡☛✒ ☛☞✔♥✗✡☛✡✌♥ ✘✎☛✔✥✗ ✖✒✎♥

☛✒✎✡☞ ✕✌✘✯✌❝♥✜✗ ✥✡✮✎ P✭✫✷✬✺✰✸ ✔♥✜ ✑✗✭✫✻✬✺✰✸ ✔✕☛ ✔✗ ✥✡✍✔♥✜✗✏

✭✡✰ ❘✲✳✴✵✹✼✹✵✽ ✵✾✿✳❀❞❁ ❂✽❞❀✾❃✲❄❅ ✑✥✥ ☛✒✎ ✎✥✎✘✎♥☛✗ ✌✓ ❆☞✌❝✯ ❇❉

✓✌☞✘ ✒✙✜☞✡✜✎✗ ✌✓ ☛✒✎ ☛✙✯✎ ♠✬✸ ✖✒✎☞✎ ♠ ✩ ❊✱ P✱ ✑✗✱ ❋t ✌☞ ✛✡✏

❋✌✘✎ ✌✓ ☛✒✎ ✯☞✌✯✎☞☛✡✎✗ ✌✓ ☛✒✎✗✎ ✒✙✜☞✡✜✎✗ ✔☞✎ ✗✒✌✖♥ ✡♥ ❙✔t✥✎

●✏❍✏ ❙✒✎ ✒✙✜☞✡✜✎✗ ✗✒✌✖ ☞✎✍❝✥✔☞ ✍☞✔✜✔☛✡✌♥ ✡♥ ☛✒✎✡☞ ✯☞✌✯✎☞☛✡✎✗✏

❙✒✎ ✗☛✔t✡✥✡☛✙ ✌✓ ✒✙✜☞✡✜✎✗ ✜✎✕☞✎✔✗✎✗ ✓☞✌✘ ❊✬✸ ☛✌ ✛✡✬✸ ✖✒✡✕✒ ✕✔♥

t✎ ✌t✗✎☞✚✎✜ ✓☞✌✘ ☛✒✎✡☞ t✌♥✜ ✜✡✗✗✌✕✡✔☛✡✌♥ ✎♥☛✒✔✥✯✙✏

✫✌♥✗✎■❝✎♥☛✥✙✱ ☛✒✎ ☞✎✜❝✕✡♥✍ ✕✒✔☞✔✕☛✎☞ ✌✓ ☛✒✎ ✒✙✜☞✡✜✎✗ ✡♥✕☞✎✔✗✎✗✏

✑✘✘✌♥✡✔ ✡✗ ✌♥✥✙ ✔ ✘✡✥✜ ☞✎✜❝✕✡♥✍ ✔✍✎♥☛ ✖✒✡✥✎ ✛✡✬✸ ✡✗ ☛✒✎

✗☛☞✌♥✍✎✗☛ ☞✎✜❝✕✡♥✍ ✔✍✎♥☛ ✔✘✌♥✍✗☛ ✔✥✥ ☛✒✎ ✒✙✜☞✡✜✎✗✏ ✛✔✗✡✕✡☛✙ ✔✥✗✌

✜✎✕☞✎✔✗✎✗ ✡♥ ☛✒✎ ✌☞✜✎☞ ❊✬✸ ❏ P✬✸ ❏ ✑✗✬✸ ❏ ❋t✬✸ ❏ ✛✡✬✸✏

❑▲▼◆❖▲◗❚ ❯❱❲ ❑❱❲ ❳❨❱❲ ❩❬❱❲ ❭❪❱❲

❫✄❴✞✆❵❛ ❜❢✆❵✞❣❤ ✶✐❥❦❧ ✶♦✐❦❥ ✶❥�❦q ✶✁❥ r

s❢✆❴✆❵❛ ❜❢✆❵✞❣❤ ❧♦✁❦❥ ✶✁❥❦❥ ❧✶✉❦� ❧❥✈❦� ❧✐✉

✇①r②③ ④✆✝✞⑤❵⑥✄❣❜☎ ✶✉✶❦q ✶✈✶❦✐ ✶❥✶❦✐ ✶q✉❦q r

②①② ⑤❵❛❴✄ ✇⑦③ ✶✉q❦✁ ✐♦❦� ✐✶❦✁ ✐✶❦♦ r

⑧⑨ ⑩
❶
❣❷❸ ☎❢❴

❹❺
r✈�❦✶ ✶♦❦✈ ��❦✈ ✶✈❥❦✶ ❧q✁

⑧❻❼❽❽⑩
❶
✇①r②③❣❷❸ ☎❢❴

❹❺
♦✁✐ ♦❧❧ ❧✐q ❧❥❥ r

❾❿❬➀❖ ➁➂➃➄ ❑▲▼◆❖▲◗❪❖❨ ▼➅ ❱❚➆▲❪➆❖❨ ▼➅ ➇▲▼➈◆ ➉➋ ➌➀❖➍❖➎◗❨

✭✡✡✰ ❘✲✳✴✵✹✼✹✵✽ ✵✾✿✳❀❞❁ ✾➏✽❃✲❄❅ ✑✥✥ ☛✒✎✗✎ ✎✥✎✘✎♥☛✗ ✓✌☞✘ ☛✖✌ ☛✙✯✎✗

✌✓ ✌➐✡✜✎✗❅ ♠✷✪✸ ✔♥✜ ♠✷✪✺✏ ❙✒✎ ✌➐✡✜✎ ✡♥ ☛✒✎ ✒✡✍✒✎☞ ✌➐✡✜✔☛✡✌♥ ✗☛✔☛✎

✌✓ ☛✒✎ ✎✥✎✘✎♥☛ ✡✗ ✘✌☞✎ ✔✕✡✜✡✕ ☛✒✔♥ ☛✒✔☛ ✌✓ ✥✌✖✎☞ ✌➐✡✜✔☛✡✌♥ ✗☛✔☛✎✏

❙✒✎✡☞ ✔✕✡✜✡✕ ✕✒✔☞✔✕☛✎☞ ✜✎✕☞✎✔✗✎✗ ✜✌✖♥ ☛✒✎ ✍☞✌❝✯✏ ❙✒✎ ✌➐✡✜✎✗ ✌✓

☛✒✎ ☛✙✯✎ ♠✷✪✸ ✌✓ ♥✡☛☞✌✍✎♥ ✔♥✜ ✯✒✌✗✯✒✌☞❝✗ ✔☞✎ ✯❝☞✎✥✙ ✔✕✡✜✡✕✱

☛✒✔☛ ✌✓ ✔☞✗✎♥✡✕ ✔♥✜ ✔♥☛✡✘✌♥✙ ✔✘✯✒✌☛✎☞✡✕ ✔♥✜ ☛✒✌✗✎ ✌✓ t✡✗✘❝☛✒

✡✗ ✯☞✎✜✌✘✡♥✔♥☛✥✙ t✔✗✡✕✏

✭✡✡✡✰ ❘✲✳✴✵✹✼✹✵✽ ✵✾✿✳❀❞❁ ❂✳➑✾❃✲❄❁❅ ❙✒✎✗✎ ✎✥✎✘✎♥☛✗ ☞✎✔✕☛ ☛✌ ✓✌☞✘ ☛✖✌

✗✎☞✡✎✗ ✌✓ ✒✔✥✡✜✎✗❅ ♠➒✸ ✔♥✜ ♠➒✺✏ ❊✡☛☞✌✍✎♥ ✜✌✎✗ ♥✌☛ ✓✌☞✘

✯✎♥☛✔✒✔✥✡✜✎ ✜❝✎ ☛✌ ♥✌♥➓✔✚✔✡✥✔t✡✥✡☛✙ ✌✓ ☛✒✎ ❞ ✌☞t✡☛✔✥✗ ✡♥ ✡☛✗ ✚✔✥✎♥✕✎

✗✒✎✥✥✏ P✎♥☛✔✒✔✥✡✜✎✗ ✔☞✎ ✘✌☞✎ ✕✌✚✔✥✎♥☛ ☛✒✔♥ ☛☞✡✒✔✥✡✜✎✗✏ ✑✥✥ ☛✒✎

☛☞✡✒✔✥✡✜✎✗ ✌✓ ☛✒✎✗✎ ✎✥✎✘✎♥☛✗ ✎➐✕✎✯☛ ☛✒✌✗✎ ✌✓ ♥✡☛☞✌✍✎♥ ✔☞✎ ✗☛✔t✥✎✏

➔♥ ✕✔✗✎ ✌✓ ♥✡☛☞✌✍✎♥✱ ✌♥✥✙ ❊→✸ ✡✗ ✮♥✌✖♥ ☛✌ t✎ ✗☛✔t✥✎✏ ❙☞✡✒✔✥✡✜✎✗

✎➐✕✎✯☛ ✛✡→✸ ✔☞✎ ✯☞✎✜✌✘✡♥✔♥☛✥✙ ✕✌✚✔✥✎♥☛ ✡♥ ♥✔☛❝☞✎✏

✭✡✚✰ ❘✲✳✴✵✹✼✹✵✽ ✵✾✿✳❀❞❁ ➣✲✵✳➑❁❅ ✑✥✥ ☛✒✎✗✎ ✎✥✎✘✎♥☛✗ ☞✎✔✕☛ ✖✡☛✒ ✘✎☛✔✥✗

☛✌ ✓✌☞✘ ☛✒✎✡☞ t✡♥✔☞✙ ✕✌✘✯✌❝♥✜✗ ✎➐✒✡t✡☛✡♥✍ ↔↕ ✌➐✡✜✔☛✡✌♥ ✗☛✔☛✎✱

✗❝✕✒ ✔✗✱ ✫✔✸❊✷ ✭✕✔✥✕✡❝✘ ♥✡☛☞✡✜✎✰ ✫✔✸P✷ ✭✕✔✥✕✡❝✘ ✯✒✌✗✯✒✡✜✎✰✱

❊✔✸✑✗✷ ✭✗✌✜✡❝✘ ✔☞✗✎♥✡✜✎✰✱ ➙♥✸❋t✷ ✭➛✡♥✕ ✔♥☛✡✘✌♥✡✜✎✰ ✔♥✜ ➜✍✸✛✡✷

✭✘✔✍♥✎✗✡❝✘ t✡✗✘❝☛✒✡✜✎✰✏



✶✻✾ ❚�✁ ♣✲✂✄☎✆✝ ✞✄✁✟✁✠✡☛

☞✌✍✎✏✌ ✑✒✓✔✍✏✕✑ ✕✖✌✒✗✒✓✘ ✙✚ ✍✖✒✛✜✓✒✍✑ ✘✓✜✓✕✢ ✒✓ ✛✍✕✘ ✑✍✓ ✣✍✔✤

✥✕✑✓✜✌✜✦✒✛✕✧ ★✒✩✕ ✔✕✜✘✍✑✧

◆✒✓✔✍✏✕✑ ✪✒✓✌ ✑ ✫ ✬✢ ✌✜✘ s ✜✑✛ ✭ ✍✔✗✒✓✜✦✘ ✍✑✦✮✧ ✯✓ ✛✍✕✘ ✑✍✓ ✌✜✩✕ ❞

✍✔✗✒✓✜✦✘ ✓✍ ✕✖✥✜✑✛ ✒✓✘ ♦✍✩✜✦✕✑♦✕ ✗✕✮✍✑✛ ✣✍✎✔✧ ☞✌✜✓ ✒✘ ✪✌✮ ✒✓ ✛✍✕✘ ✑✍✓

✣✍✔✤ ✥✕✑✓✜✌✜✦✒✛✕✧

P✰✸ ✌✜✘ ✦✍✪✕✔ ✗✍✒✦✒✑✏ ✥✍✒✑✓ ✓✌✜✑ ◆✰✸✧ ✳✌✮✱

❯✑✦✒✴✕ ◆✰✸✢ P✰✸ ✤✍✦✕♦✎✦✕✘ ✜✔✕ ✑✍✓ ✜✘✘✍♦✒✜✓✕✛ ✓✌✔✍✎✏✌ ✌✮✛✔✍✏✕✑ ✗✍✑✛✒✑✏

✒✑ ✦✒✐✎✒✛ ✘✓✜✓✕✧ ☞✌✜✓ ✒✘ ✪✌✮ ✓✌✕ ✗✍✒✦✒✑✏ ✥✍✒✑✓ ✍✣ P✰✸ ✒✘ ✦✍✪✕✔ ✓✌✜✑ ◆✰✸✧

n xt Q sIntext Questionsxt sn  QIntext Questions
✼✵✷ ✳✌✮ ✜✔✕ ✥✕✑✓✜✌✜✦✒✛✕✘ ✤✍✔✕ ♦✍✩✜✦✕✑✓ ✓✌✜✑ ✓✔✒✌✜✦✒✛✕✘ ✱

✼✵✹ ✳✌✮ ✒✘ ❲✒✰✸ ✓✌✕ ✘✓✔✍✑✏✕✘✓ ✔✕✛✎♦✒✑✏ ✜✏✕✑✓ ✜✤✍✑✏✘✓ ✜✦✦ ✓✌✕ ✌✮✛✔✒✛✕✘ ✍✣

★✔✍✎✥ ●✚ ✕✦✕✤✕✑✓✘ ✱

✺✽✿❀❁✽❁❂❃❄❅

❉✒✑✒✓✔✍✏✕✑ ✒✘ ✥✔✍✛✎♦✕✛ ♦✍✤✤✕✔♦✒✜✦✦✮ ✗✮ ✓✌✕ ✦✒✐✎✕✣✜♦✓✒✍✑ ✜✑✛ ✣✔✜♦✓✒✍✑✜✦

✛✒✘✓✒✦✦✜✓✒✍✑ ✍✣ ✜✒✔✧ ❆✒✐✎✒✛ ✛✒✑✒✓✔✍✏✕✑ ❇✗✧✥✧ ❈❈✧✬ ❊❋ ✛✒✘✓✒✦✘ ✍✎✓ ✣✒✔✘✓ ✦✕✜✩✒✑✏

✗✕✌✒✑✛ ✦✒✐✎✒✛ ✍✖✮✏✕✑ ❇✗✧✥✧ ❜❍ ❊❋✧

✯✑ ✓✌✕ ✦✜✗✍✔✜✓✍✔✮✢ ✛✒✑✒✓✔✍✏✕✑ ✒✘ ✥✔✕✥✜✔✕✛ ✗✮ ✓✔✕✜✓✒✑✏ ✜✑ ✜✐✎✕✍✎✘

✘✍✦✎✓✒✍✑ ✍✣ ✜✤✤✍✑✒✎✤ ♦✌✦✍✔✒✛✕ ✪✒✓✌ ✘✍✛✒✎✤ ✑✒✓✔✒✓✕✧

◆✰■❏✯❇✜✐❋ ✙ ◆✜◆❑▲❇✜✐❋ ▼ ◆▲❇✏❋ ✙ ✬✰▲❑❇✦❋ ✙ ◆✜❏✦ ❇✜✐❋

❙✤✜✦✦ ✜✤✍✎✑✓✘ ✍✣ ◆❑ ✜✑✛ ✰◆❑✸ ✜✔✕ ✜✦✘✍ ✣✍✔✤✕✛ ✒✑ ✓✌✒✘ ✔✕✜♦✓✒✍✑❖

✓✌✕✘✕ ✒✤✥✎✔✒✓✒✕✘ ♦✜✑ ✗✕ ✔✕✤✍✩✕✛ ✗✮ ✥✜✘✘✒✑✏ ✓✌✕ ✏✜✘ ✓✌✔✍✎✏✌ ✜✐✎✕✍✎✘

✘✎✦✥✌✎✔✒♦ ✜♦✒✛ ♦✍✑✓✜✒✑✒✑✏ ✥✍✓✜✘✘✒✎✤ ✛✒♦✌✔✍✤✜✓✕✧ ✯✓ ♦✜✑ ✜✦✘✍ ✗✕ ✍✗✓✜✒✑✕✛

✗✮ ✓✌✕ ✓✌✕✔✤✜✦ ✛✕♦✍✤✥✍✘✒✓✒✍✑ ✍✣ ✜✤✤✍✑✒✎✤ ✛✒♦✌✔✍✤✜✓✕✧

❇◆✰■❋▲❏✔▲❑◗
❘❱❛t❳❳❳❨ ◆▲ ✙ ❩✰▲❑ ✙ ❏✔▲❑✸

❬✕✔✮ ✥✎✔✕ ✑✒✓✔✍✏✕✑ ♦✜✑ ✗✕ ✍✗✓✜✒✑✕✛ ✗✮ ✓✌✕ ✓✌✕✔✤✜✦ ✛✕♦✍✤✥✍✘✒✓✒✍✑

✍✣ ✘✍✛✒✎✤ ✍✔ ✗✜✔✒✎✤ ✜❭✒✛✕✧

❲✜❇◆✸❋▲▼ ❲✜ ✙ ❪◆▲

✺✽❄❀✿✽❂❃✿❫

❉✒✑✒✓✔✍✏✕✑ ✒✘ ✜ ♦✍✦✍✎✔✦✕✘✘✢ ✍✛✍✎✔✦✕✘✘✢ ✓✜✘✓✕✦✕✘✘ ✜✑✛ ✑✍✑❴✓✍✖✒♦ ✏✜✘✧ ✯✓

✌✜✘ ✓✪✍ ✘✓✜✗✦✕ ✒✘✍✓✍✥✕✘❤
❵■
◆ ✜✑✛

❵❝
◆✧ ✯✓ ✌✜✘ ✜ ✩✕✔✮ ✦✍✪ ✘✍✦✎✗✒✦✒✓✮ ✒✑

✪✜✓✕✔ ❇✬❪✧✬ ♦✤
✸
✥✕✔ ✦✒✓✔✕ ✍✣ ✪✜✓✕✔ ✜✓ ✬❈❪ ❊ ✜✑✛ ● ✗✜✔ ✥✔✕✘✘✎✔✕❋ ✜✑✛ ✦✍✪

✣✔✕✕❭✒✑✏ ✜✑✛ ✗✍✒✦✒✑✏ ✥✍✒✑✓✘ ❇☞✜✗✦✕ ❈✧●❋✧

❉✒✑✒✓✔✍✏✕✑ ✒✘ ✔✜✓✌✕✔ ✒✑✕✔✓ ✜✓ ✔✍✍✤ ✓✕✤✥✕✔✜✓✎✔✕ ✗✕♦✜✎✘✕ ✍✣ ✓✌✕ ✌✒✏✌

✗✍✑✛ ✕✑✓✌✜✦✥✮ ✍✣ ◆❡◆ ✗✍✑✛✧ ❢✕✜♦✓✒✩✒✓✮✢ ✌✍✪✕✩✕✔✢ ✒✑♦✔✕✜✘✕✘ ✔✜✥✒✛✦✮ ✪✒✓✌

✔✒✘✕ ✒✑ ✓✕✤✥✕✔✜✓✎✔✕✧ r✓ ✌✒✏✌✕✔ ✓✕✤✥✕✔✜✓✎✔✕✘✢ ✒✓ ✛✒✔✕♦✓✦✮ ♦✍✤✗✒✑✕✘ ✪✒✓✌

✘✍✤✕ ✤✕✓✜✦✘ ✓✍ ✣✍✔✤ ✥✔✕✛✍✤✒✑✜✑✓✦✮ ✒✍✑✒♦ ✑✒✓✔✒✛✕✘ ✜✑✛ ✪✒✓✌ ✑✍✑❴✤✕✓✜✦✘✢

♦✍✩✜✦✕✑✓ ✑✒✓✔✒✛✕✘✧ r ✣✕✪ ✓✮✥✒♦✜✦ ✔✕✜♦✓✒✍✑✘ ✜✔✕❤

❣❆✒ ✙ ◆▲
❘❱❛t❳❳❳❨ ✬❆✒✸◆

❪❥✏ ✙ ◆▲
❘❱❛t❳❳❳❨ ❥✏✸◆▲

7 27.2 Din rDinitrogen

xa l  Example 7.1xa l   Example 7.1

oSolution

  l  e .Example 7.2

nSolution



✶�✁❈✂✄☎✆✝✞✟✠

❲r✡☛☞ ☛✌☞ r☞❡✍☛✡✎✏ ✎✑ ☛✌☞r♠❡✒ ✓☞✍✎♠✔✎✕✡☛✡✎✏ ✎✑ ✕✎✓✡✖♠ ❡✗✡✓☞✘

❚✌☞r♠❡✒ ✓☞✍✎♠✔✎✕✡☛✡✎✏ ✎✑ ✕✎✓✡✖♠ ❡✗✡✓☞ ✙✡✚☞✕ ✓✡✏✡☛r✎✙☞✏ ✙❡✕✘

✸ ✛✷✜✢✜ ✷✜✢ ✣✜✤ ✥

  E l  .xa  3Example 7.3

S l iSolutionS l iSolution

  I  ne  uIntext Question

✼✦✧ ❲✌★ ✡✕ ✩✪ ✒☞✕✕ r☞❡✍☛✡✚☞ ❡☛ r✎✎♠ ☛☞♠✔☞r❡☛✖r☞✫

P✬✭✮✯✬✯✰✱✲✳

❆♠♠✎✏✡❡ ✡✕ ✔r☞✕☞✏☛ ✡✏ ✕♠❡✒✒ ✴✖❡✏☛✡☛✡☞✕ ✡✏ ❡✡r ❡✏✓ ✕✎✡✒ ✵✌☞r☞ ✡☛ ✡✕

✑✎r♠☞✓ ❢★ ☛✌☞ ✓☞✍❡★ ✎✑ ✏✡☛r✎✙☞✏✎✖✕ ✎r✙❡✏✡✍ ♠❡☛☛☞r ☞✘✙✘✹ ✖r☞❡✘

✺ ✻✽ ✽ ✽ ✾ ✿ ✿ ✽ ✽✽✩◆ ❀❁✩◆ ❂◆ ❁ ✩◆ ❀❁ ❂✩◆ ◆ ❁ ❀❁❃ ❄ ❃ ❃❅

❁✏ ❡ ✕♠❡✒✒ ✕✍❡✒☞ ❡♠♠✎✏✡❡ ✡✕ ✎❢☛❡✡✏☞✓ ✑r✎♠ ❡♠♠✎✏✡✖♠ ✕❡✒☛✕ ✵✌✡✍✌

✓☞✍✎♠✔✎✕☞ ✵✌☞✏ ☛r☞❡☛☞✓ ✵✡☛✌ ✍❡✖✕☛✡✍ ✕✎✓❡ ✎r ✒✡♠☞✘

❂✩◆❇❀✒ ❉ ❀❡❊❁◆❋✪ ● ❂✩◆❍ ❉ ❂◆✪❁ ❉ ❀❡❀✒✪

❊✩◆❇❋✪ ■❁❇ ❉ ❂✩❡❁◆ ● ❂✩◆❍ ❉ ❂◆✪❁ ❉ ✩❡✪■❁❇

❁✏ ❡ ✒❡r✙☞ ✕✍❡✒☞✹ ❡♠♠✎✏✡❡ ✡✕ ♠❡✏✖✑❡✍☛✖r☞✓ ❢★ ◆❡❢☞r❖✕ ✔r✎✍☞✕✕✘

✩✪❊✙❋ ❉ ❏◆✪❊✙❋ ❑ ❂✩◆❍❊✙❋▲ ▼◗ ❘
❙
❯ ❱ ❳❨✘❩ ❬❭ ♠✎✒

➊❪

❫✏ ❡✍✍✎r✓❡✏✍☞ ✵✡☛✌ ❴☞ ❀✌❡☛☞✒✡☞r❖✕ ✔r✡✏✍✡✔✒☞✹ ✌✡✙✌ ✔r☞✕✕✖r☞ ✵✎✖✒✓

✑❡✚✎✖r ☛✌☞ ✑✎r♠❡☛✡✎✏ ✎✑ ❡♠♠✎✏✡❡✘ ❚✌☞ ✎✔☛✡♠✖♠ ✍✎✏✓✡☛✡✎✏✕ ✑✎r ☛✌☞

✔r✎✓✖✍☛✡✎✏ ✎✑ ❡♠♠✎✏✡❡ ❡r☞ ❡ ✔r☞✕✕✖r☞ ✎✑ ❂♣♣ ❵ ❩♣
❛
❜❡ ❊❡❢✎✖☛ ❂♣♣

❡☛♠❋✹ ❡ ☛☞♠✔☞r❡☛✖r☞ ✎✑ ❝ ❞♣♣ ❣ ❡✏✓ ☛✌☞ ✖✕☞ ✎✑ ❡ ✍❡☛❡✒★✕☛ ✕✖✍✌ ❡✕ ✡r✎✏

✎♦✡✓☞ ✵✡☛✌ ✕♠❡✒✒ ❡♠✎✖✏☛✕ ✎✑ ❣✪❁ ❡✏✓ ❆✒✪❁❍ ☛✎ ✡✏✍r☞❡✕☞ ☛✌☞ r❡☛☞ ✎✑

❡☛☛❡✡✏♠☞✏☛ ✎✑ ☞✴✖✡✒✡❢r✡✖♠✘ ❚✌☞ ✑✒✎✵ ✍✌❡r☛ ✑✎r ☛✌☞ ✔r✎✓✖✍☛✡✎✏ ✎✑ ❡♠♠✎✏✡❡

✡✕ ✕✌✎✵✏ ✡✏ ✐✡✙✘ ❞✘❩✘

  3 m a 7.3 Ammonia

UsUsUsesUses: ❚✌☞ ♠❡✡✏ ✖✕☞ ✎✑ ✓✡✏✡☛r✎✙☞✏ ✡✕ ✡✏ ☛✌☞ ♠❡✏✖✑❡✍☛✖r☞ ✎✑ ❡♠♠✎✏✡❡ ❡✏✓ ✎☛✌☞r

✡✏✓✖✕☛r✡❡✒ ✍✌☞♠✡✍❡✒✕ ✍✎✏☛❡✡✏✡✏✙ ✏✡☛r✎✙☞✏✹ ❊☞✘✙✘✹ ✍❡✒✍✡✖♠ ✍★❡✏❡♠✡✓☞❋✘ ❫☛ ❡✒✕✎

✑✡✏✓✕ ✖✕☞ ✵✌☞r☞ ❡✏ ✡✏☞r☛ ❡☛♠✎✕✔✌☞r☞ ✡✕ r☞✴✖✡r☞✓ ❊☞✘✙✘✹ ✡✏ ✡r✎✏ ❡✏✓ ✕☛☞☞✒ ✡✏✓✖✕☛r★✹

✡✏☞r☛ ✓✡✒✖☞✏☛ ✑✎r r☞❡✍☛✡✚☞ ✍✌☞♠✡✍❡✒✕❋✘ ❴✡✴✖✡✓ ✓✡✏✡☛r✎✙☞✏ ✡✕ ✖✕☞✓ ❡✕ ❡ r☞✑r✡✙☞r❡✏☛

☛✎ ✔r☞✕☞r✚☞ ❢✡✎✒✎✙✡✍❡✒ ♠❡☛☞r✡❡✒✕✹ ✑✎✎✓ ✡☛☞♠✕ ❡✏✓ ✡✏ ✍r★✎✕✖r✙☞r★✘

❫☛ ✍✎♠❢✡✏☞✕ ✵✡☛✌ ✌★✓r✎✙☞✏ ❡☛ ❡❢✎✖☛ ❞❞❏ ❣ ✡✏ ☛✌☞ ✔r☞✕☞✏✍☞ ✎✑ ❡

✍❡☛❡✒★✕☛ ❊◆❡❢☞r❖✕ ❜r✎✍☞✕✕❋ ☛✎ ✑✎r♠ ❡♠♠✎✏✡❡❤

✩✪❊✙❋ ❉ ❏◆✪❊✙❋
❥❥❦ ❧

♥ q♥♥♥♥s ♥♥♥♥♥ ❂✩◆❍❊✙❋▲ ▼◗ ◆
t

❯ ❱❳❨✘❩ ❬❭♠✎✒
✉✈

✇✡✏✡☛r✎✙☞✏ ✍✎♠❢✡✏☞✕ ✵✡☛✌ ✓✡✎♦★✙☞✏ ✎✏✒★ ❡☛ ✚☞r★ ✌✡✙✌ ☛☞♠✔☞r❡☛✖r☞

❊❡☛ ❡❢✎✖☛ ❂♣♣♣ ❣❋ ☛✎ ✑✎r♠ ✏✡☛r✡✍ ✎♦✡✓☞✹ ✩❁✘

✩✪ ❉ ❁✪❊✙❋
①②③④⑤ ⑥⑤⑤⑤⑤⑦ ⑤⑤⑤⑤⑤ ❂✩❁❊✙❋
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❍✷

◆✷
❈☞✌✍✎❡✏✏☞✎
✑✒ ✓✔✕

✔P✌✍

◆ ✖❍✷ ✷

✕❛

✗✒✒ ✘

✙✚✛✚✜✢✣✛
✐✤♦✥ ♦✦✐✧★
❆✜ ❖ ✰ ✩ ❖✪ ✫ ✪

✭✬ ✮ ✯✱ ✮ ✳✬✱ ✴✵ ✵ ✸
❧✹✺✻✹✽ ✬✱✸

✾✿❀❁❂✿❃❄❂❅
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✿ ✿
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è✥✛✛✌✚✖✫✛ ✚✖✓◆✥✓✍✧ ✫◆✍✥✧ ✥✛✛✌✚✖✫✛ ✢✡✌✎✢✡✥✓✍ ✥✚☞ ✥✛✛✌✚✖✫✛ ✎✫✜✢✡✥✓✍é

✥✚☞ ✖✚ ✓✡✍ ✛✥✚✫✣✥✒✓✫◆✍ ✌✣ ✎✌✛✍ ✖✚✌◆✙✥✚✖✒ ✚✖✓◆✌✙✍✚ ✒✌✛✢✌✫✚☞✎✧ ✓✡✍ ✛✌✎✓

✖✛✢✌◆✓✥✚✓ ✌✚✍ ✗✍✖✚✙ ✚✖✓◆✖✒ ✥✒✖☞✤ ✔✖✪✫✖☞ ✥✛✛✌✚✖✥ ✖✎ ✥✜✎✌ ✫✎✍☞ ✥✎ ✥ ◆✍✣◆✖✙✍◆✥✚✓✤

✏✖✓◆✌✙✍✚ ✣✌◆✛✎ ✥ ✚✫✛✗✍◆ ✌✣ ✌✬✖☞✍✎ ✖✚ ☞✖✣✣✍◆✍✚✓ ✌✬✖☞✥✓✖✌✚ ✎✓✥✓✍✎✤ ✦✡✍

✚✥✛✍✎✧ ✣✌◆✛✫✜✥✎✧ ✢◆✍✢✥◆✥✓✖✌✚ ✥✚☞ ✢✡☛✎✖✒✥✜ ✥✢✢✍✥◆✥✚✒✍ ✌✣ ✓✡✍✎✍ ✌✬✖☞✍✎

✥◆✍ ✙✖✐✍✚ ✖✚ ✦✥✗✜✍ ê✤ë✤



✶✼✸ ❚�✁ ♣✲✂✄☎✆✝ ✞✄✁✟✁✠✡☛

☞✌✍✎✏ ✑✒✓✔ ✕✖✗✘✙✖✘✗✏✚ ✛✜ ✢✣✤✥✏✚ ✛✜ ✦✤✖✗✛✧✏★

❲✩✪ ✫✬✭✮ ✯✰✷ ✫✱✳✭✴✱✮✭ ✵

✯✰✷ ✹✬✺✻✽✱✺✮ ✬✫✫ ✺✾✳✿✭✴ ✬❀ ❁✽❂✭✺✹✭ ✭❂✭✹✻✴✬✺✮❃ ❄✻ ✿✭✩✽❁✭✮ ✽✮ ✽ ✻✪❅✱✹✽❂

✬✫✫ ✳✬❂✭✹✾❂✭❃ ✰✺ ✫✱✳✭✴✱✮✽✻✱✬✺♦ ✱✻ ✱✮ ✹✬✺❁✭✴✻✭✫ ✻✬ ✮✻✽✿❂✭ ✯✷✰❆✳✬❂✭✹✾❂✭

✇✱✻✩ ✭❁✭✺ ✺✾✳✿✭✴ ✬❀ ✭❂✭✹✻✴✬✺✮❃

▲✭✇✱✮ ✫✬✻ ✳✽✱✺ ✴✭✮✬✺✽✺✹✭ ✮✻✴✾✹✻✾✴✭✮ ✽✺✫ ✿✬✺✫ ❅✽✴✽✳✭✻✭✴✮ ✬❀ ✬❇✱✫✭✮
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❏✺✱✻✴✬✾✮ ✽✹✱✫❑ ✽✺✫ ◆✯✰▼ ❏✺✱✻✴✱✹ ✽✹✱✫❑❃ ❖✳✬✺❛✮✻ ✻✩✭✳ ◆✯✰▼ ✱✮ ✻✩✭

✳✬✮✻ ✱✳❅✬✴✻✽✺✻❃
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❴❵❞❥❵❞ ❦❧❧♠♥♥♣q❧♣



✶✽✶ ❚�✁ ♣✲✂✄☎✆✝ ✞✄✁✟✁✠✡☛

✼☞✌✍☞✎ ❊✏✑✒✓✔✕✖✗✒

❈✕✖✘✗✙✚✔✛✓✗✕✖

✼☞✌✍☞✜ ❆✓✕✢✗✒

✛✖❛ ✣✕✖✗✒

❘✛❛✗✗

✼☞✌✍☞✤ ✣✕✖✗■✛✓✗✕✖

❊✖✓✥✛✏✦✧

✼☞✌✍☞★ ❊✏✑✒✓✔✕✖

●✛✗✖

❊✖✓✥✛✏✦✧

✼☞✌✍☞✩

❊✏✑✒✓✔✕✖✑✙✛✓✗✪✗✓✧

❙✫✬✫✭✮✯✰ ✱✭✳ ✴✫✬✬✯✵✮✯✰ ✱✵✫ ✱✬✷✸ ✹✸✯✭✳ ✱✷ ✰✫✴✱✬ ✷✫✬✫✭✮✳✫✷ ✱✭✳

✴✫✬✬✯✵✮✳✫✷ ✮✭ ✷✯✬t✺✮✳✫ ✸✵✫✷✻ ✾✸✬✸✭✮✯✰ ✸✿✿✯✵✷ ✮✭ ✭✱✴✯✵✫ ✱✷ ✱ ✳✫✿✱❀

t✵✸✳✯✿✴ ✸✹ ✴✺✸✵✮✯✰ ✱✭✳ ✯✵✱✭✮✯✰ ✰✮✭✫✵✱✬✷✻

❁✺✫ ✮✰t✸✵✴✱✭✴ ✱✴✸✰✮✿ ✱✭✳ t✺❀✷✮✿✱✬ t✵✸t✫✵✴✮✫✷ ✸✹ ❂✵✸✯t❃❄ ✱✬✸✭❅

✇✮✴✺ ✫✬✫✿✴✵✸✭✮✿ ✿✸✭✹✮❅✯✵✱✴✮✸✭ ✱✵✫ ❅✮❇✫✭ ✮✭ ❁✱❉✬✫ ❋✻❄✻ ❙✸✰✫ ✸✹ ✴✺✫ ✱✴✸✰✮✿❍

t✺❀✷✮✿✱✬ ✱✭✳ ✿✺✫✰✮✿✱✬ t✵✸t✫✵✴✮✫✷ ✱✭✳ ✴✺✫✮✵ ✴✵✫✭✳✷ ✱✵✫ ✳✮✷✿✯✷✷✫✳ ❉✫✬✸✇✻

❁✺✫ ✫✬✫✰✫✭✴✷ ✸✹ ❂✵✸✯t❃❄ ✺✱❇✫ ✷✮❏ ✫✬✫✿✴✵✸✭✷ ✮✭ ✴✺✫ ✸✯✴✫✵✰✸✷✴ ✷✺✫✬✬ ✱✭✳

✺✱❇✫ ♥❑
▲
♥▼
◆
❅✫✭✫✵✱✬ ✫✬✫✿✴✵✸✭✮✿ ✿✸✭✹✮❅✯✵✱✴✮✸✭✻

❖✯✫ ✴✸ ✮✭✿✵✫✱✷✫ ✮✭ ✴✺✫ ✭✯✰❉✫✵ ✸✹ ✷✺✫✬✬✷❍ ✱✴✸✰✮✿ ✱✭✳ ✮✸✭✮✿ ✵✱✳✮✮ ✮✭✿✵✫✱✷✫

✹✵✸✰ ✴✸t ✴✸ ❉✸✴✴✸✰ ✮✭ ✴✺✫ ❅✵✸✯t✻ ❁✺✫ ✷✮♦✫ ✸✹ ✸❏❀❅✫✭ ✱✴✸✰ ✮✷❍ ✺✸✇✫❇✫✵❍

✫❏✿✫t✴✮✸✭✱✬✬❀ ✷✰✱✬✬✻

P✸✭✮✷✱✴✮✸✭ ✫✭✴✺✱✬t❀ ✳✫✿✵✫✱✷✫✷ ✳✸✇✭ ✴✺✫ ❅✵✸✯t✻ P✴ ✮✷ ✳✯✫ ✴✸ ✮✭✿✵✫✱✷✫ ✮✭

✷✮♦✫✻ s✸✇✫❇✫✵❍ ✴✺✫ ✫✬✫✰✫✭✴✷ ✸✹ ✴✺✮✷ ❅✵✸✯t ✺✱❇✫ ✬✸✇✫✵ ✮✸✭✮✷✱✴✮✸✭ ✫✭✴✺✱✬t❀

❇✱✬✯✫✷ ✿✸✰t✱✵✫✳ ✴✸ ✴✺✸✷✫ ✸✹ ❂✵✸✯t❃✈ ✮✭ ✴✺✫ ✿✸✵✵✫✷t✸✭✳✮✭❅ t✫✵✮✸✳✷✻

❁✺✮✷ ✮✷ ✳✯✫ ✴✸ ✴✺✫ ✹✱✿✴ ✴✺✱✴ ❂✵✸✯t ❃✈ ✫✬✫✰✫✭✴✷ ✺✱❇✫ ✫❏✴✵✱ ✷✴✱❉✬✫ ✺✱✬✹◗

✹✮✬✬✫✳ ▼ ✸✵❉✮✴✱✬✷ ✫✬✫✿✴✵✸✭✮✿ ✿✸✭✹✮❅✯✵✱✴✮✸✭✷✻

❯✫✿✱✯✷✫ ✸✹ ✴✺✫ ✿✸✰t✱✿✴ ✭✱✴✯✵✫ ✸✹ ✸❏❀❅✫✭ ✱✴✸✰❍ ✮✴ ✺✱✷ ✬✫✷✷ ✭✫❅✱✴✮❇✫

✫✬✫✿✴✵✸✭ ❅✱✮✭ ✫✭✴✺✱✬t❀ ✴✺✱✭ ✷✯✬t✺✯✵✻ s✸✇✫❇✫✵❍ ✹✵✸✰ ✷✯✬t✺✯✵ ✸✭✇✱✵✳✷

✴✺✫ ❇✱✬✯✫ ✱❅✱✮✭ ❉✫✿✸✰✫✷ ✬✫✷✷ ✭✫❅✱✴✮❇✫ ✯t✴✸ t✸✬✸✭✮✯✰✻

❱✫❏✴ ✴✸ ✹✬✯✸✵✮✭✫❍ ✸❏❀❅✫✭ ✺✱✷ ✴✺✫ ✺✮❅✺✫✷✴ ✫✬✫✿✴✵✸✭✫❅✱✴✮❇✮✴❀ ❇✱✬✯✫ ✱✰✸✭❅✷✴

✴✺✫ ✫✬✫✰✫✭✴✷✻ ❲✮✴✺✮✭ ✴✺✫ ❅✵✸✯t❍ ✫✬✫✿✴✵✸✭✫❅✱✴✮❇✮✴❀ ✳✫✿✵✫✱✷✫✷ ✇✮✴✺ ✱✭

✮✭✿✵✫✱✷✫ ✮✭ ✱✴✸✰✮✿ ✭✯✰❉✫✵✻ ❁✺✮✷ ✮✰t✬✮✫✷ ✴✺✱✴ ✴✺✫ ✰✫✴✱✬✬✮✿ ✿✺✱✵✱✿✴✫✵

✮✭✿✵✫✱✷✫✷ ✹✵✸✰ ✸❏❀❅✫✭ ✴✸ t✸✬✸✭✮✯✰✻

❳✬✫✰✫✭✴✷ ✸✹ ❂✵✸✯t ❃❄ ❅✫✭✫✵✱✬✬❀ ✷✺✸✇ ✬✸✇✫✵ ❇✱✬✯✫ ✸✹ ✹✮✵✷✴ ✮✸✭✮✷✱✴✮✸✭

✫✭✴✺✱✬t❀ ✿✸✰t✱✵✫✳ ✴✸ ✴✺✫ ✿✸✵✵✫✷t✸✭✳✮✭❅ t✫✵✮✸✳✷ ✸✹ ❅✵✸✯t ❃✈✻ ❲✺❀❡

❖✯✫ ✴✸ ✫❏✴✵✱ ✷✴✱❉✬✫ ✺✱✬✹◗✹✮✬✬✫✳ ▼ ✸✵❉✮✴✱✬✷ ✫✬✫✿✴✵✸✭✮✿ ✿✸✭✹✮❅✯✵✱✴✮✸✭✷ ✸✹

❂✵✸✯t ❃✈ ✫✬✫✰✫✭✴✷❍ ✬✱✵❅✫✵ ✱✰✸✯✭✴ ✸✹ ✫✭✫✵❅❀ ✮✷ ✵✫❨✯✮✵✫✳ ✴✸ ✵✫✰✸❇✫

✫✬✫✿✴✵✸✭✷ ✿✸✰t✱✵✫✳ ✴✸ ❂✵✸✯t ❃❄ ✫✬✫✰✫✭✴✷✻

  mp   . 0Example 7.10

❙✸✰✫ ✸✹ ✴✺✫ t✺❀✷✮✿✱✬ t✵✸t✫✵✴✮✫✷ ✸✹ ❂✵✸✯t ❃❄ ✫✬✫✰✫✭✴✷ ✱✵✫ ❅✮❇✫✭ ✮✭

❁✱❉✬✫ ❋✻❄✻ ❩❏❀❅✫✭ ✱✭✳ ✷✯✬t✺✯✵ ✱✵✫ ✭✸✭◗✰✫✴✱✬✷❍ ✷✫✬✫✭✮✯✰ ✱✭✳ ✴✫✬✬✯✵✮✯✰

✰✫✴✱✬✬✸✮✳✷❍ ✇✺✫✵✫✱✷ t✸✬✸✭✮✯✰ ✮✷ ✱ ✰✫✴✱✬✻ ✾✸✬✸✭✮✯✰ ✮✷ ✵✱✳✮✸✱✿✴✮❇✫ ✱✭✳

✮✷ ✷✺✸✵✴ ✬✮❇✫✳ ✐s✱✬✹◗✬✮✹✫ ❃❬✻❭ ✳✱❀✷❪✻ ❫✬✬ ✴✺✫✷✫ ✫✬✫✰✫✭✴✷ ✫❏✺✮❉✮✴ ✱✬✬✸✴✵✸t❀✻

❁✺✫ ✰✫✬✴✮✭❅ ✱✭✳ ❉✸✮✬✮✭❅ t✸✮✭✴✷ ✮✭✿✵✫✱✷✫ ✇✮✴✺ ✱✭ ✮✭✿✵✫✱✷✫ ✮✭ ✱✴✸✰✮✿

✭✯✰❉✫✵ ✳✸✇✭ ✴✺✫ ❅✵✸✯t✻ ❁✺✫ ✬✱✵❅✫ ✳✮✹✹✫✵✫✭✿✫ ❉✫✴✇✫✫✭ ✴✺✫ ✰✫✬✴✮✭❅ ✱✭✳

❉✸✮✬✮✭❅ t✸✮✭✴✷ ✸✹ ✸❏❀❅✫✭ ✱✭✳ ✷✯✬t✺✯✵ ✰✱❀ ❉✫ ✫❏t✬✱✮✭✫✳ ✸✭ ✴✺✫ ❉✱✷✮✷

✸✹ ✴✺✫✮✵ ✱✴✸✰✮✿✮✴❀❴ ✸❏❀❅✫✭ ✫❏✮✷✴✷ ✱✷ ✳✮✱✴✸✰✮✿ ✰✸✬✫✿✯✬✫ ✐❩▲❪ ✇✺✫✵✫✱✷

✷✯✬t✺✯✵ ✫❏✮✷✴✷ ✱✷ t✸✬❀✱✴✸✰✮✿ ✰✸✬✫✿✯✬✫ ✐❙❵❪✻

❜❝❞❢❣❤❞❥❦ ❧❤❣❤♠❧ ❣❦❢ ❤q♠❦❢❧ ❞❦ r✉♠①❞r❣② q♠❣r❤❞③❞❤④

❁✺✫ ✫✬✫✰✫✭✴✷ ✸✹ ❂✵✸✯t ❃❄ ✫❏✺✮❉✮✴ ✱ ✭✯✰❉✫✵ ✸✹ ✸❏✮✳✱✴✮✸✭ ✷✴✱✴✫✷ ✐❁✱❉✬✫

❋✻❄❪✻ ❁✺✫ ✷✴✱❉✮✬✮✴❀ ✸✹ ◗⑤ ✸❏✮✳✱✴✮✸✭ ✷✴✱✴✫ ✳✫✿✵✫✱✷✫✷ ✳✸✇✭ ✴✺✫ ❅✵✸✯t✻

✾✸✬✸✭✮✯✰ ✺✱✵✳✬❀ ✷✺✸✇✷ ⑥⑤ ✸❏✮✳✱✴✮✸✭ ✷✴✱✴✫✻ ❙✮✭✿✫ ✫✬✫✿✴✵✸✭✫❅✱✴✮❇✮✴❀ ✸✹

✸❏❀❅✫✭ ✮✷ ❇✫✵❀ ✺✮❅✺❍ ✮✴ ✷✺✸✇✷ ✸✭✬❀ ✭✫❅✱✴✮❇✫ ✸❏✮✳✱✴✮✸✭ ✷✴✱✴✫ ✱✷ ⑥⑤ ✫❏✿✫t✴

o u oSolution

✼☞✌✍☞✼ ⑦✥✧■✗✒✛✏

⑦✔✕✦✑✔✓✗✑■

✼☞✌✍☞⑧ ❈✥✑✢✗✒✛✏

⑦✔✕✦✑✔✓✗✑■



✶�✁❈✂✄☎✆✝✞✟✠

❛
❙✡☛☞✌✍ ✎✏☛✑✒

❜
❆✓✓✔✏✕✡✖✗✘✍ ✙✗✌✚✍✒

❝
❆✘ ✘✛✍ ✖✍✌✘✡☛☞ ✓✏✡☛✘✒

❞
✥✛✏✖✎✡✜ ✢✚✌✓✛✚✔✒

✣
❍✍✕✗☞✏☛✗✌ ☞✔✍✤✒

✦
▼✏☛✏✜✌✡☛✡✜ ✧✏✔✖★ ✩✪✫ ✬✭

✯ ❖✕✤☞✍☛ ✢✛✏✮✢ ✏✕✡✑✗✘✡✏☛ ✢✘✗✘✍✢ ✏✧ ✰✱ ✗☛✑ ✰✲ ✡☛ ✏✕✤☞✍☛ ✧✌✚✏✔✡✑✍✢ ❖✳✷ ✗☛✑ ❖✷✳✷ ✔✍✢✓✍✜✘✡✙✍✌✤✭

✐✴ ✵✸✹ ✺✻✼✹ ✽✾ ✿❀❁✇✸✹❂✹ ✐✵✼ ✽❃✐❄✻✵✐✽✴ ✼✵✻✵✹ ✐✼ ❅ ❇❉ ✿✵✸✹❂ ✹❊✹❋✹✴✵✼ ✽✾ ✵✸✹
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➵➸➺➽ ➭❶❝③⑤ ③④⑤ ⑩❶❸⑤❶ ⑩⑨ ③④⑤❶⑦❼② ⑥③❼➣❝②❝③❾ ⑩⑨ ③④⑤ ④❾❸❶❝❸⑤⑥ ⑩⑨ ➓❶⑩➈❿ ➔→ ⑤②⑤⑦⑤⑧③⑥➆

➵➸➺➾ ➭④❾ ❝⑥ ➫❻❺ ❼ ②❝➡➈❝❸ ❼⑧❸ ➫❻➂ ❼ ➉❼⑥ ➯
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✶✽✺ ❚�✁ ♣✲✂✄☎✆✝ ✞✄✁✟✁✠✡☛

❆ ☞✌✍✎✏✑ ✒✓✔✕✓✖✍✗ ✓✘ ✓✙✑✚✛✍ ✜✌✢✣ ✎✍✓✢✣✛✏ ✛✤✛✔✛✍✢ ✌✥ ✒✎✤✤✛✗ ✓✙✌✗✛✦ ❆✥

✎✤✏✛✎✗✑ ✥✢✎✢✛✗❛ ✓✙✑✚✛✍ ✏✛✎✒✢✥ ✜✌✢✣ ✔✓✥✢ ✓✘ ✢✣✛ ✛✤✛✔✛✍✢✥ ✓✘ ✢✣✛ ✕✛✏✌✓✗✌✒

✢✎☞✤✛ ✢✓ ✘✓✏✔ ✓✙✌✗✛✥✦ t✍ ✔✎✍✑ ✒✎✥✛✥ ✓✍✛ ✛✤✛✔✛✍✢ ✘✓✏✔✥ ✢✜✓ ✓✏ ✔✓✏✛

✓✙✌✗✛✥✦ ♦✣✛ ✓✙✌✗✛✥ ✧✎✏✑ ✜✌✗✛✤✑ ✌✍ ✢✣✛✌✏ ✍✎✢✖✏✛ ✎✍✗ ✕✏✓✕✛✏✢✌✛✥✦

❖✙✌✗✛✥ ✒✎✍ ☞✛ ✥✌✔✕✤✛ ★✛✦✚✦❛ ✩✚❖❛ ❆✤✷❖✸ ✪ ✓✏ ✔✌✙✛✗ ★✫☞✸❖✹❛ ✱✛✸❖✹✪✦

❙✌✔✕✤✛ ✓✙✌✗✛✥ ✒✎✍ ☞✛ ✒✤✎✥✥✌✘✌✛✗ ✓✍ ✢✣✛ ☞✎✥✌✥ ✓✘ ✢✣✛✌✏ ✎✒✌✗✌✒❛ ☞✎✥✌✒ ✓✏

✎✔✕✣✓✢✛✏✌✒ ✒✣✎✏✎✒✢✛✏✦ ❆✍ ✓✙✌✗✛ ✢✣✎✢ ✒✓✔☞✌✍✛✥ ✜✌✢✣ ✜✎✢✛✏ ✢✓ ✚✌✧✛ ✎✍

✎✒✌✗ ✌✥ ✢✛✏✔✛✗ ✎✒✌✗✌✒ ✓✙✌✗✛ ★✛✦✚✦❛ ❙❖✷❛ ✬✤✷❖✼❛ ✬❖✷❛ ✭✷❖✮ ✪✦ ✱✓✏ ✛✙✎✔✕✤✛❛

❙❖✷ ✒✓✔☞✌✍✛✥ ✜✌✢✣ ✜✎✢✛✏ ✢✓ ✚✌✧✛ ✯✷❙❖✸❛ ✎✍ ✎✒✌✗✦

✰ ✰ ✰ ✳✴✵ ❍ ✵ ❍ ✴✵✻ ✾

❆✥ ✎ ✚✛✍✛✏✎✤ ✏✖✤✛❛ ✓✍✤✑ ✍✓✍✿✔✛✢✎✤ ✓✙✌✗✛✥ ✎✏✛ ✎✒✌✗✌✒ ☞✖✢ ✓✙✌✗✛✥ ✓✘

✥✓✔✛ ✔✛✢✎✤✥ ✌✍ ✣✌✚✣ ✓✙✌✗✎✢✌✓✍ ✥✢✎✢✛ ✎✤✥✓ ✣✎✧✛ ✎✒✌✗✌✒ ✒✣✎✏✎✒✢✛✏ ★✛✦✚✦❛

✩✍✷❖✼❛ ✬✏❖✸❛ ❀✷❖✮✪✦ ♦✣✛ ✓✙✌✗✛✥ ✜✣✌✒✣ ✚✌✧✛ ✎ ☞✎✥✛ ✜✌✢✣ ✜✎✢✛✏ ✎✏✛ ❁✍✓✜✍

✎✥ ☞✎✥✌✒ ✓✙✌✗✛✥ ★✛✦✚✦❛ ✭✎✷❖❛ ✬✎❖❛ ❂✎❖✪✦ ✱✓✏ ✛✙✎✔✕✤✛❛ ✬✎❖ ✒✓✔☞✌✍✛✥

✜✌✢✣ ✜✎✢✛✏ ✢✓ ✚✌✧✛ ✬✎★❖✯✪✷❛ ✎ ☞✎✥✛✦

❃ ❄✰ ✰❈❅✵ ❍ ✵ ❈❅ ✵❍✻ ✾

t✍ ✚✛✍✛✏✎✤❛ ✔✛✢✎✤✤✌✒ ✓✙✌✗✛✥ ✎✏✛ ☞✎✥✌✒✦

❙✓✔✛ ✔✛✢✎✤✤✌✒ ✓✙✌✗✛✥ ✛✙✣✌☞✌✢ ✎ ✗✖✎✤ ☞✛✣✎✧✌✓✖✏✦ ♦✣✛✑ ✥✣✓✜

✒✣✎✏✎✒✢✛✏✌✥✢✌✒✥ ✓✘ ☞✓✢✣ ✎✒✌✗✌✒ ✎✥ ✜✛✤✤ ✎✥ ☞✎✥✌✒ ✓✙✌✗✛✥✦ ❙✖✒✣ ✓✙✌✗✛✥ ✎✏✛

❁✍✓✜✍ ✎✥ ✎✔✕✣✓✢✛✏✌✒ ✓✙✌✗✛✥✦ ♦✣✛✑ ✏✛✎✒✢ ✜✌✢✣ ✎✒✌✗✥ ✎✥ ✜✛✤✤ ✎✥ ✎✤❁✎✤✌✛✥✦

♦✣✛✏✛ ✎✏✛ ✥✓✔✛ ✓✙✌✗✛✥ ✜✣✌✒✣ ✎✏✛ ✍✛✌✢✣✛✏ ✎✒✌✗✌✒ ✍✓✏ ☞✎✥✌✒✦ ❙✖✒✣ ✓✙✌✗✛✥ ✎✏✛

❁✍✓✜✍ ✎✥ ✍✛✖✢✏✎✤ ✓✙✌✗✛✥✦ ❦✙✎✔✕✤✛✥ ✓✘ ✍✛✖✢✏✎✤ ✓✙✌✗✛✥ ✎✏✛ ✬❖❛ ✭❖ ✎✍✗

✭✷❖✦ ✱✓✏ ✛✙✎✔✕✤✛❛ ❆✤✷❖✸ ✏✛✎✒✢✥ ✜✌✢✣ ✎✒✌✗✥ ✎✥ ✜✛✤✤ ✎✥ ✎✤❁✎✤✌✛✥✦

❇ ❉ ❊ ❋ ● ■ ❏ ❑ ❊ ❋ ❊ ❋

❇ ❉ ❊ ❋ ● ■ ❇ ❉▲ ▼❊ ❋

◆
P ◗P ◆ P

P ◆ P ◆ ◗

❘❯❱❲ ❳❨❘❯ ❳ ❩❲❬❯ ❭❲ ❳ ❪ ❩❬❯❫❴ ❫❴ ❫❴s ❯

❘❯❘❯ ❳ ❩❵❫❳❲ ❜❲ ❳ ❪❵❫❫❴ ❫❴❳❲s ❯

❝ ❞❡ ❡ ❢ ❡

❡ ❡ ❢

❖❣✓✍✛ ✌✥ ✎✍ ✎✤✤✓✢✏✓✕✌✒ ✘✓✏✔ ✓✘ ✓✙✑✚✛✍❤ t✢ ✌✥ ✢✓✓ ✏✛✎✒✢✌✧✛ ✢✓ ✏✛✔✎✌✍ ✘✓✏

✤✓✍✚ ✌✍ ✢✣✛ ✎✢✔✓✥✕✣✛✏✛ ✎✢ ✥✛✎ ✤✛✧✛✤✦ ❆✢ ✎ ✣✛✌✚✣✢ ✓✘ ✎☞✓✖✢ ❧✐ ❁✌✤✓✔✛✢✏✛✥❛

✌✢ ✌✥ ✘✓✏✔✛✗ ✘✏✓✔ ✎✢✔✓✥✕✣✛✏✌✒ ✓✙✑✚✛✍ ✌✍ ✢✣✛ ✕✏✛✥✛✍✒✛ ✓✘ ✥✖✍✤✌✚✣✢✦ ♦✣✌✥

✓❣✓✍✛ ✤✎✑✛✏ ✕✏✓✢✛✒✢✥ ✢✣✛ ✛✎✏✢✣❥✥ ✥✖✏✘✎✒✛ ✘✏✓✔ ✎✍ ✛✙✒✛✥✥✌✧✛ ✒✓✍✒✛✍✢✏✎✢✌✓✍

✓✘ ✖✤✢✏✎✧✌✓✤✛✢ ★♠❀✪ ✏✎✗✌✎✢✌✓✍✥✦

UUses: t✍ ✎✗✗✌✢✌✓✍ ✢✓ ✌✢✥ ✌✔✕✓✏✢✎✍✒✛ ✌✍ ✍✓✏✔✎✤ ✏✛✥✕✌✏✎✢✌✓✍ ✎✍✗ ✒✓✔☞✖✥✢✌✓✍

✕✏✓✒✛✥✥✛✥❛ ✓✙✑✚✛✍ ✌✥ ✖✥✛✗ ✌✍ ✓✙✑✎✒✛✢✑✤✛✍✛ ✜✛✤✗✌✍✚❛ ✌✍ ✢✣✛ ✔✎✍✖✘✎✒✢✖✏✛ ✓✘

✔✎✍✑ ✔✛✢✎✤✥❛ ✕✎✏✢✌✒✖✤✎✏✤✑ ✥✢✛✛✤✦ ❖✙✑✚✛✍ ✒✑✤✌✍✗✛✏✥ ✎✏✛ ✜✌✗✛✤✑ ✖✥✛✗ ✌✍ ✣✓✥✕✌✢✎✤✥❛

✣✌✚✣ ✎✤✢✌✢✖✗✛ ✘✤✑✌✍✚ ✎✍✗ ✌✍ ✔✓✖✍✢✎✌✍✛✛✏✌✍✚✦ ♦✣✛ ✒✓✔☞✖✥✢✌✓✍ ✓✘ ✘✖✛✤✥❛ ✛✦✚✦❛

✣✑✗✏✎❣✌✍✛✥ ✌✍ ✤✌♥✖✌✗ ✓✙✑✚✛✍❛ ✕✏✓✧✌✗✛✥ ✢✏✛✔✛✍✗✓✖✥ ✢✣✏✖✥✢ ✌✍ ✏✓✒❁✛✢✥✦

qr✉✈ ✇✣✌✒✣ ✓✘ ✢✣✛ ✘✓✤✤✓✜✌✍✚ ✗✓✛✥ ✍✓✢ ✏✛✎✒✢ ✜✌✢✣ ✓✙✑✚✛✍ ✗✌✏✛✒✢✤✑①

②✍❛ ♦✌❛ ✫✢❛ ✱✛

qr✉q ✬✓✔✕✤✛✢✛ ✢✣✛ ✘✓✤✤✓✜✌✍✚ ✏✛✎✒✢✌✓✍✥③

★✌✪ ✬✷✯✹ ④ ❖✷⑤

★✌✌✪ ⑥❆✤ ④ ⑦ ❖✷ ⑤

2.7.12 Simple
eOxides

I  i e t sI  e ti sIntext QuestionsIntext Questions

7.13 enOzone



✶�✁❈✂✄☎✆✝✞✟✠

P✡☛☞✌✡✌✍✎✏✑

❲✒✓✔ ✕ ✖✗✘✙ ✚✛✜ ✖✢✛✓✕✣ ✘✤ ✘✥✜✦✓✔ ✧✖ ★✕✖✖✓✚ ✢✒✛✘✩✦✒ ✕ ✖✧✗✓✔✢ ✓✗✓✪✢✛✧✪✕✗

✚✧✖✪✒✕✛✦✓❞ ✪✘✔✫✓✛✖✧✘✔ ✘✤ ✘✥✜✦✓✔ ✢✘ ✘✬✘✔✓ ✭✮✯✰✱ ✘✪✪✩✛✖✲ ✳✒✓ ★✛✘✚✩✪✢ ✧✖

❦✔✘✙✔ ✕✖ ✘✬✘✔✧✖✓✚ ✘✥✜✦✓✔✲

✸✴✷ ✵ ✹✴✺ ✻❍
✼
✭✹✽✾ ❑✱ ✿ ❀✮❁✹ ❦❂ ✣✘✗

➊❃

❙✧✔✪✓ ✢✒✓ ✤✘✛✣✕✢✧✘✔ ✘✤ ✘✬✘✔✓ ✤✛✘✣ ✘✥✜✦✓✔ ✧✖ ✕✔ ✓✔✚✘✢✒✓✛✣✧✪ ★✛✘✪✓✖✖❞

✧✢ ✧✖ ✔✓✪✓✖✖✕✛✜ ✢✘ ✩✖✓ ✕ ✖✧✗✓✔✢ ✓✗✓✪✢✛✧✪✕✗ ✚✧✖✪✒✕✛✦✓ ✧✔ ✧✢✖ ★✛✓★✕✛✕✢✧✘✔ ✢✘

★✛✓✫✓✔✢ ✧✢✖ ✚✓✪✘✣★✘✖✧✢✧✘✔✲

■✤ ✪✘✔✪✓✔✢✛✕✢✧✘✔✖ ✘✤ ✘✬✘✔✓ ✦✛✓✕✢✓✛ ✢✒✕✔ ✮✯ ★✓✛ ✪✓✔✢ ✕✛✓ ✛✓❄✩✧✛✓✚❞ ✕

❜✕✢✢✓✛✜ ✘✤ ✘✬✘✔✧✖✓✛✖ ✪✕✔ ❜✓ ✩✖✓✚❞ ✕✔✚ ★✩✛✓ ✘✬✘✔✓ ✭❜✲★✲ ✸✾❅ ❑✱ ✪✕✔ ❜✓

✪✘✔✚✓✔✖✓✚ ✧✔ ✕ ✫✓✖✖✓✗ ✖✩✛✛✘✩✔✚✓✚ ❜✜ ✗✧❄✩✧✚ ✘✥✜✦✓✔✲

P✡✏☞☛✡✍✎☛❆

❇✩✛✓ ✘✬✘✔✓ ✧✖ ✕ ★✕✗✓ ❜✗✩✓ ✦✕✖❞ ✚✕✛❦ ❜✗✩✓ ✗✧❄✩✧✚ ✕✔✚ ✫✧✘✗✓✢❉❜✗✕✪❦ ✖✘✗✧✚✲

✴✬✘✔✓ ✒✕✖ ✕ ✪✒✕✛✕✪✢✓✛✧✖✢✧✪ ✖✣✓✗✗ ✕✔✚ ✧✔ ✖✣✕✗✗ ✪✘✔✪✓✔✢✛✕✢✧✘✔✖ ✧✢ ✧✖ ✒✕✛✣✗✓✖✖✲

❍✘✙✓✫✓✛❞ ✧✤ ✢✒✓ ✪✘✔✪✓✔✢✛✕✢✧✘✔ ✛✧✖✓✖ ✕❜✘✫✓ ✕❜✘✩✢ ✮✯✯ ★✕✛✢✖ ★✓✛ ✣✧✗✗✧✘✔❞

❜✛✓✕✢✒✧✔✦ ❜✓✪✘✣✓✖ ✩✔✪✘✣✤✘✛✢✕❜✗✓ ✛✓✖✩✗✢✧✔✦ ✧✔ ✒✓✕✚✕✪✒✓ ✕✔✚ ✔✕✩✖✓✕✲

✴✬✘✔✓ ✧✖ ✢✒✓✛✣✘✚✜✔✕✣✧✪✕✗✗✜ ✩✔✖✢✕❜✗✓ ✙✧✢✒ ✛✓✖★✓✪✢ ✢✘ ✘✥✜✦✓✔ ✖✧✔✪✓
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➂

❼➃r❾①❿
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①➁
➂

❼❞t❾①➄
⑨➅
❷❿
➀
❷➁
➂
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②❿
➀
②➁
➂
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②➄
⑨➅
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➀
❹➁
➂

➋❢➌④⑧r♠❡ t④➍❥♥⑤⑥➎✐ ❹❷ ✉✉ ✈✈❷ ✈①① ➏

➐❢♠❥❦ t④➍❥♥⑤ ➇
➊
⑥➎✐ ✈①① ✈③❷ ✈✉❹ ❸❸❶ ➏

➐❢♠❥⑤④❡❥❢♠ r♠❡➑④⑧➎➒⑥➓➔ ✐❢⑧
➊⑨

✈❹③❶ ✈❸②❹ ✈✈❷❸ ✈❶❶③ ➏

❺⑧r❦❡t❢♠ ⑦④❥♠ r♠❡➑④⑧➎➒⑥➓➔ ✐❢⑧➊⑨ ➏①①① ➏①❷✉ ➏①❸② ➏❸✉❹ ➏

❺⑧r❦❡t❢♠r⑦④❡❥➌❥❡➒
→

❷ ①⑩❸ ①⑩❶ ❸⑩✇ ❸⑩❸

➣↔↕➙➛➜➇
➊
➝⑥➓➔ ✐❢⑧

➊⑨
②✈② ①③✈ ①❷✇ ①❶② ➏

❭➞ ❪❧➞ ❫❱➞ ❴➞ ➟

➠r⑧❡❥♠⑦ ➎❢❥♠❡⑥➆ ②❷⑩❷ ✈✇❸⑩❶ ❸❹②⑩③ ①③❹⑩❹ ➏

➡❢❥⑧❥♠⑦ ➎❢❥♠❡⑥➆ ③❷⑩✉ ❸①✉⑩❶ ①①❸⑩② ❷②③⑩❸ ➏

➢r♠⑤❥❡➒⑥⑦ ❦✐
➊➤

✈⑩② ➜③②➝
➥

✈⑩❹❹ ➜❸❶①➝
➥

①⑩✈✉➜❸✇①➝
➥

❷⑩✉❷➜❸✉①➝➙ ➏

➢❥⑤❡④♠❦r ➇ ➏ ➇⑥➎✐ ✈❷① ✈✉✉ ❸❸③ ❸❹❹ ➏

➡❢♠➍ ➍❥⑤⑤❢❦❥④❡❥❢♠ r♠❡➑④⑧➎➒ ✈②③⑩③ ❸❷❸⑩❹ ✈✉❸⑩③ ✈②✈⑩✈ ➏

⑥➜➓➔ ✐❢⑧
➊⑨
➝

➦
➧
➨➩
➫ ❸⑩③✇ ✈⑩①❹ ✈⑩❶✉ ❶⑩②❷ ➏

➭➯➲➳➵ ➸➺➻➼ ➽➾➚➪➶➹ ➯➘➴ ➷➬➮➱➶➹➯➳ ➷✃➚❐➵✃➾➶➵➱ ➚❒ ❮➯➳➚❰➵➘➱

Ï
ÐÑ➄ÒÓÑÔÕÒÖ×Ø

Ù
ÚÑÛÜÒÝÞ ❿ÔÑÜ×Ø

ß
àÓá Õâ× ÜÒãÛÒ➄ ÑÕ Õ×ä➁×áÑÕÛá×❿ åæç ÞÒÖ×Ý ÒÝ Õâ× ➁Ñá×ÝÕâ×❿×❿Ø

è
❿ÓÜÒ➄Ø

➫
éâ×

âÑÜ➈êÔ×ÜÜ á×ÑÔÕÒÓÝ Ò❿ ëìåÞç í î×
ï
ð îë

ï
åÑãçñ



✶✾✸ ❚�✁ ♣✲✂✄☎✆✝ ✞✄✁✟✁✠✡☛

☞✌✍ ✎✏✍✑✒✓ ✔✕ ✓✔✖✍ ✔✕ ✎✌✍ ✗✎✔✖✘✙✚ ✛✌✜✓✘✙✗✢ ✗✑✒ ✙✌✍✖✘✙✗✢ ✛✏✔✛✍✏✎✘✍✓

✗✏✍ ✒✘✓✙❛✓✓✍✒ ✣✍✢✔✤✥

❆✢✢ ✎✌✍✓✍ ✍✢✍✖✍✑✎✓ ✌✗✦✍ ✓✍✦✍✑ ✍✢✍✙✎✏✔✑✓ ✘✑ ✎✌✍✘✏ ✔❛✎✍✏✖✔✓✎ ✓✌✍✢✢

✭♥✧
✷
♥★

✺
✮ ✤✌✘✙✌ ✘✓ ✔✑✍ ✍✢✍✙✎✏✔✑ ✓✌✔✏✎ ✔✕ ✎✌✍ ✑✍✩✎ ✑✔✣✢✍ ✪✗✓✥

☞✌✍ ✌✗✢✔✪✍✑✓ ✌✗✦✍ ✎✌✍ ✓✖✗✢✢✍✓✎ ✗✎✔✖✘✙ ✏✗✒✘✘ ✘✑ ✎✌✍✘✏ ✏✍✓✛✍✙✎✘✦✍ ✛✍✏✘✔✒✓

✒❛✍ ✎✔ ✖✗✩✘✖❛✖ ✍✕✕✍✙✎✘✦✍ ✑❛✙✢✍✗✏ ✙✌✗✏✪✍✥ ☞✌✍ ✗✎✔✖✘✙ ✏✗✒✘❛✓ ✔✕ ✕✢❛✔✏✘✑✍

✢✘❧✍ ✎✌✍ ✔✎✌✍✏ ✍✢✍✖✍✑✎✓ ✔✕ ✓✍✙✔✑✒ ✛✍✏✘✔✒ ✘✓ ✍✩✎✏✍✖✍✢✜ ✓✖✗✢✢✥ ❆✎✔✖✘✙ ✗✑✒

✘✔✑✘✙ ✏✗✒✘✘ ✘✑✙✏✍✗✓✍ ✕✏✔✖ ✕✢❛✔✏✘✑✍ ✎✔ ✘✔✒✘✑✍ ✒❛✍ ✎✔ ✘✑✙✏✍✗✓✘✑✪ ✑❛✖✣✍✏

✔✕ ♦❛✗✑✎❛✖ ✓✌✍✢✢✓✥

☞✌✍✜ ✌✗✦✍ ✢✘✎✎✢✍ ✎✍✑✒✍✑✙✜ ✎✔ ✢✔✓✍ ✍✢✍✙✎✏✔✑✥ ☞✌❛✓ ✎✌✍✜ ✌✗✦✍ ✦✍✏✜ ✌✘✪✌

✘✔✑✘✓✗✎✘✔✑ ✍✑✎✌✗✢✛✜✥ ✐❛✍ ✎✔ ✘✑✙✏✍✗✓✍ ✘✑ ✗✎✔✖✘✙ ✓✘✫✍✚ ✘✔✑✘✓✗✎✘✔✑ ✍✑✎✌✗✢✛✜

✒✍✙✏✍✗✓✍✓ ✒✔✤✑ ✎✌✍ ✪✏✔❛✛✥

❍✗✢✔✪✍✑✓ ✌✗✦✍ ✖✗✩✘✖❛✖ ✑✍✪✗✎✘✦✍ ✍✢✍✙✎✏✔✑ ✪✗✘✑ ✍✑✎✌✗✢✛✜ ✘✑ ✎✌✍

✙✔✏✏✍✓✛✔✑✒✘✑✪ ✛✍✏✘✔✒✓✥ ☞✌✘✓ ✘✓ ✒❛✍ ✎✔ ✎✌✍ ✕✗✙✎ ✎✌✗✎ ✎✌✍ ✗✎✔✖✓ ✔✕ ✎✌✍✓✍

✍✢✍✖✍✑✎✓ ✌✗✦✍ ✔✑✢✜ ✔✑✍ ✍✢✍✙✎✏✔✑ ✢✍✓✓ ✎✌✗✑ ✓✎✗✣✢✍ ✑✔✣✢✍ ✪✗✓ ✙✔✑✕✘✪❛✏✗✎✘✔✑✓✥

❊✢✍✙✎✏✔✑ ✪✗✘✑ ✍✑✎✌✗✢✛✜ ✔✕ ✎✌✍ ✍✢✍✖✍✑✎✓ ✔✕ ✎✌✍ ✪✏✔❛✛ ✣✍✙✔✖✍✓ ✢✍✓✓ ✑✍✪✗✎✘✦✍
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✘✓ ✢✍✓✓ ✎✌✗✑ ✎✌✗✎ ✔✕ ✙✌✢✔✏✘✑✍✥ ✬✎ ✘✓ ✒❛✍ ✎✔ ✓✖✗✢✢ ✓✘✫✍ ✔✕ ✕✢❛✔✏✘✑✍ ✗✎✔✖✥ ❆✓

✗ ✏✍✓❛✢✎✚ ✎✌✍✏✍ ✗✏✍ ✓✎✏✔✑✪ ✘✑✎✍✏✍✢✍✙✎✏✔✑✘✙ ✏✍✛❛✢✓✘✔✑✓ ✘✑ ✎✌✍ ✏✍✢✗✎✘✦✍✢✜
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❅❁✵❇❀❈❉❋

✼✯✰✱✯● ❅❈❏✿✵❑✹❁

▲❀✽❁

❅❁✵❇❀❈❉❋

✼✯✰✱✯▼

❅❈❏✿✵❑✹❁❏◆❀✵✽❖✽✵❋

❍✗✢✔✪✍✑✓ ✌✗✦✍ ✖✗✩✘✖❛✖ ✑✍✪✗✎✘✦✍ ✍✢✍✙✎✏✔✑ ✪✗✘✑ ✍✑✎✌✗✢✛✜ ✘✑ ✎✌✍

✏✍✓✛✍✙✎✘✦✍ ✛✍✏✘✔✒✓ ✔✕ ✎✌✍ ✛✍✏✘✔✒✘✙ ✎✗✣✢✍✥ r✌✜P
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✌✘✪✌ ✍✕✕✍✙✎✘✦✍ ✑❛✙✢✍✗✏ ✙✌✗✏✪✍✥ ❆✓ ✗ ✙✔✑✓✍♦❛✍✑✙✍✚ ✎✌✍✜ ✏✍✗✒✘✢✜ ✗✙✙✍✛✎
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❍✗✢✔✪✍✑✓ ✒✘✓✛✢✗✜ ✓✖✔✔✎✌ ✦✗✏✘✗✎✘✔✑✓ ✘✑ ✎✌✍✘✏ ✛✌✜✓✘✙✗✢ ✛✏✔✛✍✏✎✘✍✓✥ ❞✢❛✔✏✘✑✍

✗✑✒ ✙✌✢✔✏✘✑✍ ✗✏✍ ✪✗✓✍✓✚ ✣✏✔✖✘✑✍ ✘✓ ✗ ✢✘♦❛✘✒ ✗✑✒ ✘✔✒✘✑✍ ✘✓ ✗ ✓✔✢✘✒✥ ☞✌✍✘✏

✖✍✢✎✘✑✪ ✗✑✒ ✣✔✘✢✘✑✪ ✛✔✘✑✎✓ ✓✎✍✗✒✘✢✜ ✘✑✙✏✍✗✓✍ ✤✘✎✌ ✗✎✔✖✘✙ ✑❛✖✣✍✏✥ ❆✢✢

✌✗✢✔✪✍✑✓ ✗✏✍ ✙✔✢✔❛✏✍✒✥ ☞✌✘✓ ✘✓ ✒❛✍ ✎✔ ✗✣✓✔✏✛✎✘✔✑ ✔✕ ✏✗✒✘✗✎✘✔✑✓ ✘✑ ✦✘✓✘✣✢✍

✏✍✪✘✔✑ ✤✌✘✙✌ ✏✍✓❛✢✎✓ ✘✑ ✎✌✍ ✍✩✙✘✎✗✎✘✔✑ ✔✕ ✔❛✎✍✏ ✍✢✍✙✎✏✔✑✓ ✎✔ ✌✘✪✌✍✏ ✍✑✍✏✪✜

✢✍✦✍✢✥ ◗✜ ✗✣✓✔✏✣✘✑✪ ✒✘✕✕✍✏✍✑✎ ♦❛✗✑✎✗ ✔✕ ✏✗✒✘✗✎✘✔✑✚ ✎✌✍✜ ✒✘✓✛✢✗✜ ✒✘✕✕✍✏✍✑✎

✙✔✢✔❛✏✓✥ ❞✔✏ ✍✩✗✖✛✢✍✚ ❞✷✚ ✌✗✓ ✜✍✢✢✔✤✚ ❙✢✷ ✚ ✪✏✍✍✑✘✓✌ ✜✍✢✢✔✤✚ ◗✏✷✚ ✏✍✒ ✗✑✒

✬✷✚ ✦✘✔✢✍✎ ✙✔✢✔❛✏✥ ❞✢❛✔✏✘✑✍ ✗✑✒ ✙✌✢✔✏✘✑✍ ✏✍✗✙✎ ✤✘✎✌ ✤✗✎✍✏✥ ◗✏✔✖✘✑✍ ✗✑✒

✘✔✒✘✑✍ ✗✏✍ ✔✑✢✜ ✓✛✗✏✘✑✪✢✜ ✓✔✢❛✣✢✍ ✘✑ ✤✗✎✍✏ ✣❛✎ ✗✏✍ ✓✔✢❛✣✢✍ ✘✑ ✦✗✏✘✔❛✓

✔✏✪✗✑✘✙ ✓✔✢✦✍✑✎✓ ✓❛✙✌ ✗✓ ✙✌✢✔✏✔✕✔✏✖✚ ✙✗✏✣✔✑ ✎✍✎✏✗✙✌✢✔✏✘✒✍✚ ✙✗✏✣✔✑

✒✘✓❛✢✛✌✘✒✍ ✗✑✒ ✌✜✒✏✔✙✗✏✣✔✑✓ ✎✔ ✪✘✦✍ ✙✔✢✔❛✏✍✒ ✓✔✢❛✎✘✔✑✓✥

❯✑✍ ✙❛✏✘✔❛✓ ✗✑✔✖✗✢✜ ✤✍ ✑✔✎✘✙✍ ✕✏✔✖ ☞✗✣✢✍ ❱✥❲ ✘✓ ✎✌✍ ✓✖✗✢✢✍✏

✍✑✎✌✗✢✛✜ ✔✕ ✒✘✓✓✔✙✘✗✎✘✔✑ ✔✕ ❞✷ ✙✔✖✛✗✏✍✒ ✎✔ ✎✌✗✎ ✔✕ ❙✢✷ ✤✌✍✏✍✗✓ ❳❨❳

✣✔✑✒ ✒✘✓✓✔✙✘✗✎✘✔✑ ✍✑✎✌✗✢✛✘✍✓ ✕✏✔✖ ✙✌✢✔✏✘✑✍ ✔✑✤✗✏✒✓ ✓✌✔✤ ✎✌✍ ✍✩✛✍✙✎✍✒

✼✯✰✱✯✼ ❩❇❋■✽✿❀❈

❩❑✹❉❏❑✵✽❏■

✼✯✰✱✯❬ ❅❈❏✿✵❑✹❁✽✿

❭✹❁❪✽◆❫❑❀✵✽✹❁
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t✡☛☞✌✍ ✎✏ ✑ ✎✏ ✒ ✓✡ ✑ ✓✡ ✒ ✔ ✑ ✔✕ ✖ ✡☛✗✘✙☞ ✚✙✡ t✛✜✘ ✗☞✙✢✗✏✣ ✜✘ t✛☛ ✡☛✏✗t✜✤☛✏✣

✏✗✡❣☛ ☛✏☛❡t✡✙☞✥☛✏☛❡t✡✙☞ ✡☛✦✧✏✘✜✙☞ ✗✢✙☞❣ t✛☛ ✏✙☞☛ ✦✗✜✡✘ ✜☞ s✷ ✢✙✏☛❡✧✏☛

✇✛☛✡☛ t✛☛✣ ✗✡☛ ✢✧❡✛ ❡✏✙✘☛✡ t✙ ☛✗❡✛ ✙t✛☛✡ t✛✗☞ ✜☞ ❡✗✘☛ ✙✚ ✎✏✷✕

✖✏t✛✙✧❣✛ ☛✏☛❡t✡✙☞ ❣✗✜☞ ☛☞t✛✗✏✦✣ ✙✚ ✚✏✧✙✡✜☞☛ ✜✘ ✏☛✘✘ ☞☛❣✗t✜✤☛ ✗✘ ❡✙✢✦✗✡☛✌

t✙ ❡✛✏✙✡✜☞☛★ ✚✏✧✙✡✜☞☛ ✜✘ ✗ ✘t✡✙☞❣☛✡ ✙✩✜✌✜✘✜☞❣ ✗❣☛☞t t✛✗☞ ❡✛✏✙✡✜☞☛✕ ✪✛✣✫

✔t ✜✘ ✌✧☛ t✙

✭✜✮ ✏✙✇ ☛☞t✛✗✏✦✣ ✙✚ ✌✜✘✘✙❡✜✗t✜✙☞ ✙✚ s✥s ❧✙☞✌ ✭✬✗❧✏☛ ✯✕✰✮✕

✭✜✜✮ ✛✜❣✛ ✛✣✌✡✗t✜✙☞ ☛☞t✛✗✏✦✣ ✙✚ s
➊
✭✬✗❧✏☛ ✯✕✰✮✕

  E a l  . 5x  1Example 7.15

S l tiSolutionS tl iSolution

❖✱✲✳✴✵✲✸✹ ✺✵✴✵✻✺ ✴✹✳ ✵✼✻✹✳✺ ✲✹ ✽✾✻✿✲✽✴❀ ✼✻✴✽✵✲❁✲✵❂

✖✏✏ t✛☛ ✛✗✏✙❣☛☞✘ ☛✩✛✜❧✜t ✑❆ ✙✩✜✌✗t✜✙☞ ✘t✗t☛✕ ❃✙✇☛✤☛✡★ ❡✛✏✙✡✜☞☛★ ❧✡✙✢✜☞☛

✗☞✌ ✜✙✌✜☞☛ ☛✩✛✜❧✜t ❛ ❆★ ❛ ❄★ ❛ ❅ ✗☞✌ ❛ ✯ ✙✩✜✌✗t✜✙☞ ✘t✗t☛✘ ✗✏✘✙ ✗✘

☛✩✦✏✗✜☞☛✌ ❧☛✏✙✇✍

❇❉❊❋❉❋ ●❍■❏❑▲▼◆

P◗❘❙■◗❚❑■❯

❱❲❳❨❩❬❭ ❲❪❨❫

✐❭ ❩❴❨♦❭❵ ❜❪❲❪❬

❝❨❪❞❬❴ ❪❞❲❭ ❢❳♦❨❴✐❭❬❤
❥ ♦❭❦❲✐❴❬❵ ❬❳❬♠❪❴❨❭ ❲♠♠❨♦❭❪❜

❢❨❴ ♥❥ ❨❴ ♣❥ ❨q✐❵❲❪✐❨❭ ❜❪❲❪❬❜

r✐❴❜❪ ❬q♠✐❪❬❵ ❜❪❲❪❬
✉ ♦❭❦❲✐❴❬❵ ❬❳❬♠❪❴❨❭❜ ❲♠♠❨♦❭❪

❢❨❴ ♣✉ ❨q✐❵❲❪✐❨❭ ❜❪❲❪❬❜

✈❬♠❨❭❵ ❬q♠✐❪❬❵ ❜❪❲❪❬

①❞✐❴❵ ❬q♠✐❪❬❵ ❜❪❲❪❬

② ♦❭❦❲✐❴❬❵ ❬❳❬♠❪❴❨❭❜ ❲♠♠❨♦❭❪

❢❨❴ ♣② ❨q✐❵❲❪✐❨❭ ❜❪❲❪❬

③ ♦❭❦❲✐❴❬❵ ❬❳❬♠❪❴❨❭❜

❲♠♠❨♦❭❪ ❢❨❴ ♣③ ❨q✐❵❲❪✐❨❭ ❜❪❲❪❬

❭④ ❭⑤ ❭⑥

✬✛☛ ✛✜❣✛☛✡ ✙✩✜✌✗t✜✙☞ ✘t✗t☛✘ ✙✚ ❡✛✏✙✡✜☞☛★ ❧✡✙✢✜☞☛ ✗☞✌ ✜✙✌✜☞☛ ✗✡☛ ✡☛✗✏✜✘☛✌

✢✗✜☞✏✣ ✇✛☛☞ t✛☛ ✛✗✏✙❣☛☞✘ ✗✡☛ ✜☞ ❡✙✢❧✜☞✗t✜✙☞ ✇✜t✛ t✛☛ ✘✢✗✏✏ ✗☞✌ ✛✜❣✛✏✣

☛✏☛❡t✡✙☞☛❣✗t✜✤☛ ✚✏✧✙✡✜☞☛ ✗☞✌ ✙✩✣❣☛☞ ✗t✙✢✘✕ ☛✕❣✕★ ✜☞ ✜☞t☛✡✛✗✏✙❣☛☞✘★ ✙✩✜✌☛✘

✗☞✌ ✙✩✙✗❡✜✌✘✕ ✬✛☛ ✙✩✜✌✗t✜✙☞ ✘t✗t☛✘ ✙✚ ❛⑦ ✗☞✌ ❛⑧ ✙❡❡✧✡ ✜☞ t✛☛ ✙✩✜✌☛✘ ✗☞✌

✙✩✙✗❡✜✌✘ ✙✚ ❡✛✏✙✡✜☞☛ ✗☞✌ ❧✡✙✢✜☞☛✕ ✬✛☛ ✚✏✧✙✡✜☞☛ ✗t✙✢ ✛✗✘ ☞✙ ⑨ ✙✡❧✜t✗✏✘

✜☞ ✜t✘ ✤✗✏☛☞❡☛ ✘✛☛✏✏ ✗☞✌ t✛☛✡☛✚✙✡☛ ❡✗☞☞✙t ☛✩✦✗☞✌ ✜t✘ ✙❡t☛t✕ ✓☛✜☞❣ t✛☛ ✢✙✘t

☛✏☛❡t✡✙☞☛❣✗t✜✤☛★ ✜t ☛✩✛✜❧✜t✘ ✙☞✏✣ ✑❆ ✙✩✜✌✗t✜✙☞ ✘t✗t☛✕

✖✏✏ t✛☛ ✛✗✏✙❣☛☞✘ ✗✡☛ ✛✜❣✛✏✣ ✡☛✗❡t✜✤☛✕ ✬✛☛✣ ✡☛✗❡t ✇✜t✛ ✢☛t✗✏✘ ✗☞✌

☞✙☞✥✢☛t✗✏✘ t✙ ✚✙✡✢ ✛✗✏✜✌☛✘✕ ✬✛☛ ✡☛✗❡t✜✤✜t✣ ✙✚ t✛☛ ✛✗✏✙❣☛☞✘ ✌☛❡✡☛✗✘☛✘

✌✙✇☞ t✛☛ ❣✡✙✧✦✕

✬✛☛ ✡☛✗✌✣ ✗❡❡☛✦t✗☞❡☛ ✙✚ ✗☞ ☛✏☛❡t✡✙☞ ✜✘ t✛☛ ✡☛✗✘✙☞ ✚✙✡ t✛☛ ✘t✡✙☞❣

✙✩✜✌✜✘✜☞❣ ☞✗t✧✡☛ ✙✚ ✛✗✏✙❣☛☞✘✕ s✷ ✜✘ t✛☛ ✘t✡✙☞❣☛✘t ✙✩✜✌✜✘✜☞❣ ✛✗✏✙❣☛☞ ✗☞✌

✜t ✙✩✜✌✜✘☛✘ ✙t✛☛✡ ✛✗✏✜✌☛ ✜✙☞✘ ✜☞ ✘✙✏✧t✜✙☞ ✙✡ ☛✤☛☞ ✜☞ t✛☛ ✘✙✏✜✌ ✦✛✗✘☛✕ ✔☞

❣☛☞☛✡✗✏★ ✗ ✛✗✏✙❣☛☞ ✙✩✜✌✜✘☛✘ ✛✗✏✜✌☛ ✜✙☞✘ ✙✚ ✛✜❣✛☛✡ ✗t✙✢✜❡ ☞✧✢❧☛✡✕

s✷ ❛ ⑩❶
➊
❷ ⑩s

➊
❛ ❶✷ ✭❶ ❸ ✎✏★ ✓✡ ✙✡ ✔✮

✎✏✷ ❛ ⑩❶
➊
❷ ⑩✎✏

➊
❛ ❶✷ ✭❶ ❸ ✓✡ ✙✡ ✔✮

✓✡✷ ❛ ⑩✔
➊
❷ ⑩✓✡

➊
❛ ✔✷

✬✛☛ ✌☛❡✡☛✗✘✜☞❣ ✙✩✜✌✜✘✜☞❣ ✗❧✜✏✜t✣ ✙✚ t✛☛ ✛✗✏✙❣☛☞✘ ✜☞ ✗❹✧☛✙✧✘ ✘✙✏✧t✜✙☞

✌✙✇☞ t✛☛ ❣✡✙✧✦ ✜✘ ☛✤✜✌☛☞t ✚✡✙✢ t✛☛✜✡ ✘t✗☞✌✗✡✌ ☛✏☛❡t✡✙✌☛ ✦✙t☛☞t✜✗✏✘

✭✬✗❧✏☛ ✯✕✰✮ ✇✛✜❡✛ ✗✡☛ ✌☛✦☛☞✌☛☞t ✙☞ t✛☛ ✦✗✡✗✢☛t☛✡✘ ✜☞✌✜❡✗t☛✌ ❧☛✏✙✇✍
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❚✦✏ ✭ ❚✜✡ ✭ ❚♠ ★✚☛✡☛ ❚ ✎☞ ❛ ✣✒✌✒❡❛✏☛✌✍ ✣☛✍❛✏✛ ♠✕ ❛ ✣☛✍❛✏ ☛✓✚✎✘✎✍☞

✣✒✡☛ ✍✚❛✌ ✒✌☛ ✒✓✎✗❛✍✎✒✌ ☞✍❛✍☛✧ ✍✚☛ ✚❛✏✎✗☛☞ ✎✌ ✚✎✔✚☛✡ ✒✓✎✗❛✍✎✒✌

☞✍❛✍☛ ★✎✏✏ ✘☛ ✣✒✡☛ ✙✒❡❛✏☛✌✍ ✍✚❛✌ ✍✚☛ ✒✌☛ ✎✌ ✏✒★☛✡ ✒✓✎✗❛✍✎✒✌ ☞✍❛✍☛✛

❋✒✡ ☛✛✔✛✧ ❙✌✦✏✹✧ ✤✘✦✏✹✧ ❙✘✦✏✺ ❛✌✗ ▲❋✻ ❛✡☛ ✣✒✡☛ ✙✒❡❛✏☛✌✍ ✍✚❛✌ ❙✌✦✏✷✧

✤✘✦✏✷✧ ❙✘✦✏✸ ❛✌✗ ▲❋✹ ✡☛☞✥☛✙✍✎❡☛✏✑✛

❤✎❡✮ ❘✯✰✱✲✴✵✴✲✽ ✾◆ ❖✰❄✾P✯◗❂ ✲✾✿✰❀❁❂ ✾✲❖✯❀ ❖✰❄✾P✯◗❂❅ ❆❛✏✒✔☛✌☞ ✙✒✣✘✎✌☛

❛✣✒✌✔☞✍ ✍✚☛✣☞☛✏❡☛☞ ✍✒ ✕✒✡✣ ❛ ✌✖✣✘☛✡ ✒✕ ✙✒✣✥✒✖✌✗☞ ✬✌✒★✌ ❛☞

✎✌✍☛✡✚❛✏✒✔☛✌☞ ✒✕ ✍✚☛ ✍✑✥☛☞ ✐✐
❯
✧ ✐✐✸

❯
✧ ✐✐✺

❯
❛✌✗ ✐✐✼

❯
★✚☛✡☛ ✐ ✎☞ ❛

✏❛✡✔☛✡ ☞✎❱☛ ✚❛✏✒✔☛✌ ❛✌✗ ✐
❯
✎☞ ☞✣❛✏✏☛✡ ☞✎❱☛ ✚❛✏✒✔☛✌✛

n x  Q sI  iIn x  Q s iIntext QuestionsIntext Questions

❲❳❨❩ ✦✒✌☞✎✗☛✡✎✌✔ ✍✚☛ ✥❛✡❛✣☛✍☛✡☞ ☞✖✙✚ ❛☞ ✘✒✌✗ ✗✎☞☞✒✙✎❛✍✎✒✌ ☛✌✍✚❛✏✥✑✧ ☛✏☛✙✍✡✒✌

✔❛✎✌ ☛✌✍✚❛✏✥✑ ❛✌✗ ✚✑✗✡❛✍✎✒✌ ☛✌✍✚❛✏✥✑✧ ✙✒✣✥❛✡☛ ✍✚☛ ✒✓✎✗✎☞✎✌✔ ✥✒★☛✡ ✒✕

❋✷ ❛✌✗ ✦✏✷✛

❲❳❨❲ ❬✎❡☛ ✍★✒ ☛✓❛✣✥✏☛☞ ✍✒ ☞✚✒★ ✍✚☛ ❛✌✒✣❛✏✒✖☞ ✘☛✚❛❡✎✒✖✡ ✒✕ ✕✏✖✒✡✎✌☛✛

❲❳❨❭ ❙☛❛ ✎☞ ✍✚☛ ✔✡☛❛✍☛☞✍ ☞✒✖✡✙☛ ✒✕ ☞✒✣☛ ✚❛✏✒✔☛✌☞✛ ✦✒✣✣☛✌✍✛

❋✏✖✒✡✎✌☛ ☛✓✚✎✘✎✍☞ ✒✌✏✑ ➊✩ ✒✓✎✗❛✍✎✒✌ ☞✍❛✍☛ ★✚☛✡☛❛☞ ✒✍✚☛✡ ✚❛✏✒✔☛✌☞

☛✓✚✎✘✎✍ s ✩✧ s ❪✧ s ❫ ❛✌✗ s ✪ ✒✓✎✗❛✍✎✒✌ ☞✍❛✍☛☞ ❛✏☞✒✛ ❴✓✥✏❛✎✌✛

❋✏✖✒✡✎✌☛ ✎☞ ✍✚☛✣✒☞✍ ☛✏☛✙✍✡✒✌☛✔❛✍✎❡☛ ☛✏☛✣☛✌✍ ❛✌✗ ✙❛✌✌✒✍ ☛✓✚✎✘✎✍ ❛✌✑✥✒☞✎✍✎❡☛

✒✓✎✗❛✍✎✒✌ ☞✍❛✍☛✛ ✢✍✚☛✡✚❛✏✒✔☛✌☞✚❛❡☛ ❁ ✒✡✘✎✍❛✏☞ ❛✌✗ ✍✚☛✡☛✕✒✡☛✧ ✙❛✌ ☛✓✥❛✌✗

✍✚☛✎✡ ✒✙✍☛✍☞ ❛✌✗ ☞✚✒★ s ✩✧ s ❪✧ s ❫ ❛✌✗ s ✪ ✒✓✎✗❛✍✎✒✌ ☞✍❛✍☛☞ ❛✏☞✒✛

  x  7 1m e Example 7.16

noo nSolutionSolution



✶✾✼ ❚�✁ ♣✲✂✄☎✆✝ ✞✄✁✟✁✠✡☛

❈☞✌✍✎✏✑✒ ✓✔✕ ✖✏✕✗✍✘✒✎✒✖ ✏✑ ✙✚✚✛ ✜✢ ✣✗☞✒✒✌✒ ✜✢ ✤☞✒ ✔✗✤✏✍✑ ✍✥ ✦❈✌ ✍✑

▼✑✧✷✳ ★✑ ✙✩✙✪ ✫✔✘✢ ✒✕✤✔✜✌✏✕☞✒✖ ✏✤✕ ✒✌✒✬✒✑✤✔✎✢ ✑✔✤✭✎✒ ✔✑✖ ✕✭✮✮✒✕✤✒✖ ✤☞✒

✑✔✬✒ ✗☞✌✍✎✏✑✒ ✍✑ ✔✗✗✍✭✑✤ ✍✥ ✏✤✕ ✗✍✌✍✭✎ ♥✯✎✒✒✰✱ ❝✴✵✸✹✸✺ ✻ ✮✎✒✒✑✏✕☞ ✢✒✌✌✍✓✽✳

P✿❀❁❂✿❂❃❄❅❆

★✤ ✗✔✑ ✜✒ ■✎✒■✔✎✒✖ ✜✢ ✔✑✢ ✍✑✒ ✍✥ ✤☞✒ ✥✍✌✌✍✓✏✑✮ ✬✒✤☞✍✖✕❇

♥✏✽ ❉✢ ☞✒✔✤✏✑✮ ✬✔✑✮✔✑✒✕✒ ✖✏✍❊✏✖✒ ✓✏✤☞ ✗✍✑✗✒✑✤✎✔✤✒✖ ☞✢✖✎✍✗☞✌✍✎✏✗ ✔✗✏✖✳

▼✑✧✷ ❋ ✛✦❈✌ ● ▼✑❈✌✷ ❋ ❈✌✷ ❋ ❍✦✷✧

✦✍✓✒✘✒✎✱ ✔ ✬✏❊✤✭✎✒ ✍✥ ✗✍✬✬✍✑ ✕✔✌✤ ✔✑✖ ✗✍✑✗✒✑✤✎✔✤✒✖ ✦✷✣✧❏ ✏✕

✭✕✒✖ ✏✑ ■✌✔✗✒ ✍✥ ✦❈✌✳

✛❑✔❈✌ ❋ ▼✑✧✷ ❋ ✛✦✷✣✧❏ ● ▼✑❈✌✷ ❋ ✛❑✔✦✣✧❏ ❋ ❍✦✷✧ ❋ ❈✌✷

♥✏✏✽ ❉✢ ✤☞✒ ✔✗✤✏✍✑ ✍✥ ✦❈✌ ✍✑ ■✍✤✔✕✕✏✭✬ ■✒✎✬✔✑✮✔✑✔✤✒✳

❍▲▼✑✧❏ ❋ ✙◆✦❈✌ ● ❍▲❈✌ ❋ ❍▼✑❈✌✷ ❋ ✩✦✷✧ ❋ ❖❈✌✷

◗❂❆❘❙❂❯❃❘✿❀ ❅❙ ❯❱❲❅✿❄❆❀

♥✏✽ ❳❨❩❝✸❬❭✺ ❪✹✸❝❨✺✺❇ ❉✢ ✍❊✏✖✔✤✏✍✑ ✍✥ ☞✢✖✎✍✮✒✑ ✗☞✌✍✎✏✖✒ ✮✔✕ ✜✢

✔✤✬✍✕■☞✒✎✏✗ ✍❊✢✮✒✑ ✏✑ ✤☞✒ ■✎✒✕✒✑✗✒ ✍✥ ❈✭❈✌✷ ♥✗✔✤✔✌✢✕✤✽ ✔✤ ✚❍❫ ▲✳

❴❵❛❵❜
❞ ❞ ❞❡❢❣❤ ✐ ❥❣❤ ❥❢ ✐❦ ❧❧❧❧♠ ❦

♥✏✏✽ ♦✵❨❝q✹✸✵rqs❝ ❪✹✸❝❨✺✺❇ ❈☞✌✍✎✏✑✒ ✏✕ ✍✜✤✔✏✑✒✖ ✜✢ ✤☞✒ ✒✌✒✗✤✎✍✌✢✕✏✕ ✍✥

✜✎✏✑✒ ♥✗✍✑✗✒✑✤✎✔✤✒✖ ❑✔❈✌ ✕✍✌✭✤✏✍✑✽✳ ❈☞✌✍✎✏✑✒ ✏✕ ✌✏✜✒✎✔✤✒✖ ✔✤ ✔✑✍✖✒✳

★✤ ✏✕ ✔✌✕✍ ✍✜✤✔✏✑✒✖ ✔✕ ✔ ✜✢t■✎✍✖✭✗✤ ✏✑ ✬✔✑✢ ✗☞✒✬✏✗✔✌ ✏✑✖✭✕✤✎✏✒✕✳

P✿❅❁❀✿❃❄❀✉

★✤ ✏✕ ✔ ✮✎✒✒✑✏✕☞ ✢✒✌✌✍✓ ✮✔✕ ✓✏✤☞ ■✭✑✮✒✑✤ ✔✑✖ ✕✭✥✥✍✗✔✤✏✑✮ ✍✖✍✭✎✳ ★✤ ✏✕

✔✜✍✭✤ ❍✈❖ ✤✏✬✒✕ ☞✒✔✘✏✒✎ ✤☞✔✑ ✔✏✎✳ ★✤ ✗✔✑ ✜✒ ✌✏✇✭✒✥✏✒✖ ✒✔✕✏✌✢ ✏✑✤✍ ✮✎✒✒✑✏✕☞

✢✒✌✌✍✓ ✌✏✇✭✏✖ ✓☞✏✗☞ ✜✍✏✌✕ ✔✤ ❍❫② ▲✳ ★✤ ✏✕ ✕✍✌✭✜✌✒ ✏✑ ✓✔✤✒✎✳

❈☞✌✍✎✏✑✒ ✎✒✔✗✤✕ ✓✏✤☞ ✔ ✑✭✬✜✒✎ ✍✥ ✬✒✤✔✌✕ ✔✑✖ ✑✍✑✈✬✒✤✔✌✕ ✤✍ ✥✍✎✬ ✗☞✌✍✎✏✖✒✕✳

❍①✌ ❋ ❫❈✌✷ ● ❍①✌❈✌③ ④ ⑤❏ ❋ ◆❈✌✷ ● ✛⑤❈✌③

❍❑✔ ❋ ❈✌✷ ● ❍❑✔❈✌④ ✣⑥ ❋ ✛❈✌✷ ● ✛✣✷❈✌✷

❍⑦✒ ❋ ❫❈✌✷ ● ❍⑦✒❈✌③ ④

★✤ ☞✔✕ ✮✎✒✔✤ ✔✥✥✏✑✏✤✢ ✥✍✎ ☞✢✖✎✍✮✒✑✳ ★✤ ✎✒✔✗✤✕ ✓✏✤☞ ✗✍✬■✍✭✑✖✕

✗✍✑✤✔✏✑✏✑✮ ☞✢✖✎✍✮✒✑ ✤✍ ✥✍✎✬ ✦❈✌✳

⑧ ⑧

⑧ ⑧

⑨⑩ ⑨❶ ⑧

❷ ❸❹ ❺❷❸❹

❷ ❻ ❸❹ ❺❷❸❹ ❻

❸ ❷ ❼❸❹ ❽❾❷❸❹ ❽❿❸

➀ ➁

➀ ➁ ➀

➀ ➁ ➀

➂✏✤☞ ✒❊✗✒✕✕ ✔✬✬✍✑✏✔✱ ✗☞✌✍✎✏✑✒ ✮✏✘✒✕ ✑✏✤✎✍✮✒✑ ✔✑✖ ✔✬✬✍✑✏✭✬ ✗☞✌✍✎✏✖✒

✓☞✒✎✒✔✕ ✓✏✤☞ ✒❊✗✒✕✕ ✗☞✌✍✎✏✑✒✱ ✑✏✤✎✍✮✒✑ ✤✎✏✗☞✌✍✎✏✖✒ ♥✒❊■✌✍✕✏✘✒✽ ✏✕ ✥✍✎✬✒✖✳

✩❑✦③ ❋ ❫❈✌✷ ● ◆❑✦❏❈✌ ❋ ❑✷④ ❑✦③ ❋ ❫❈✌✷ ● ❑❈✌③ ❋ ❫✦❈✌

➃➄➅➆➄➇➇➈ ➃➄➅➆➄➇➇➈

➂✏✤☞ ✗✍✌✖ ✔✑✖ ✖✏✌✭✤✒ ✔✌✰✔✌✏✒✕ ✗☞✌✍✎✏✑✒ ■✎✍✖✭✗✒✕ ✔ ✬✏❊✤✭✎✒ ✍✥ ✗☞✌✍✎✏✖✒

✔✑✖ ☞✢■✍✗☞✌✍✎✏✤✒ ✜✭✤ ✓✏✤☞ ☞✍✤ ✔✑✖ ✗✍✑✗✒✑✤✎✔✤✒✖ ✔✌✰✔✌✏✒✕ ✏✤ ✮✏✘✒✕ ✗☞✌✍✎✏✖✒

✔✑✖ ✗☞✌✍✎✔✤✒✳

❍❑✔✧✦ ❋ ❈✌✷ ● ❑✔❈✌ ❋ ❑✔✧❈✌ ❋ ✦✷✧

➃➆➉➊➋ ➌➍➋ ➋➎➊➏➐➄➈

◆ ❑✔✧✦ ❋ ❫❈✌✷ ● ❖❑✔❈✌ ❋ ❑✔❈✌✧③ ❋ ❫✦✷✧

➃➑➉➐ ➌➍➋ ➆➉➍➆➒➈

➂✏✤☞ ✖✎✢ ✕✌✔✰✒✖ ✌✏✬✒ ✏✤ ✮✏✘✒✕ ✜✌✒✔✗☞✏✑✮ ■✍✓✖✒✎✳

❍❈✔♥✧✦✽✷ ❋ ❍❈✌✷ ● ❈✔♥✧❈✌✽✷ ❋ ❈✔❈✌✷ ❋ ❍✦✷✧

. 97.19 oh rChlorine
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   m e .Example 7.17

o u oSolution

I  Q tiIntext Questions Q iI  tIntext Questions

❫❴❵❛ ❜✑★☛ ✒✡☛ ✛☛✗✏✌✓ ✔✌✛ ✕✖☛✗☞✡✑✓✘ ✗☞✒✑✌✓ ✌✔ ✜✖✷✳

❫❴❝❞ ◆✗✍☛ ✒✙✌ ✎✌✑✏✌✓✌✩✏ ✘✗✏☛✏ ✙✡✑☞✡ ☞✗✓ ✕☛ ✎✛☛✎✗✛☛✚ ✔✛✌✍ ☞✡✖✌✛✑✓☛ ✘✗✏✳

❜✖✗✩✕☛✛ ✎✛☛✎✗✛☛✚ ✒✡✑✏ ✗☞✑✚ ✑✓ ❑❏❢❣ ✕✧ ✡☛✗✒✑✓✘ ☞✌✍✍✌✓ ✏✗✖✒ ✙✑✒✡

☞✌✓☞☛✓✒✛✗✒☛✚ ✏✩✖✎✡✩✛✑☞ ✗☞✑✚✳ ❱✗★✧ ✑✓ ❑❣❑▲ ✏✡✌✙☛✚ ✒✡✗✒ ✑✒ ✑✏ ✗ ☞✌✍✎✌✩✓✚

✌✔ ✡✧✚✛✌✘☛✓ ✗✓✚ ☞✡✖✌✛✑✓☛✳

7.207.20 rrHydrogenHydrogen
lor eChloridelor eChloride
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✢✣✤✓✥✕✜✚✭ ❵✜ ✥✕✜✕✗✣✤❦ ✙✜✘✕✗✢✣✤✓✥✕✜ ✦✓✔✖✓✧✜★✚ ✣✗✕ ✔✓✗✕ ✗✕✣✦✘✙✩✕

✘✢✣✜ ✢✣✤✓✥✕✜✚ t✕❫✦✕✖✘ ✛✤✧✓✗✙✜✕♥✭ ✪✢✙✚ ✙✚ ✫✕✦✣✧✚✕ qsq✈ ✫✓✜★ ✙✜

✙✜✘✕✗✢✣✤✓✥✕✜✚ ✙✚ ❢✕✣✇✕✗ ✘✢✣✜ qsq ✫✓✜★ ✙✜ ✢✣✤✓✥✕✜✚ ✕❫✦✕✖✘ ❡s❡

✫✓✜★✭ ①✤✤ ✘✢✕✚✕ ✧✜★✕✗✥✓ ✢❭★✗✓✤❭✚✙✚ ✥✙✩✙✜✥ ✢✣✤✙★✕ ✙✓✜ ★✕✗✙✩✕★ ✛✗✓✔

✘✢✕ ✚✔✣✤✤✕✗ ✢✣✤✓✥✕✜ ✣✜★ ✣ ✢❭✖✓✢✣✤✙✘✕ t ❢✢✕✜ qq✈♥❦ ✢✣✤✙✘✕ t ❢✢✕✜

qq✈③♥❦ ✢✣✤✣✘✕ t❢✢✕✜ qq✈④♥ ✣✜★ ✖✕✗✢✣✤✣✘✕ t❢✢✕✜ qq✈⑤♥ ✣✜✙✓✜ ★✕✗✙✩✕★

✛✗✓✔ ✘✢✕ ✤✣✗✥✕✗ ✢✣✤✓✥✕✜✭

⑥⑦⑦ ⑧ ⑨ ⑧⑦ ⑧⑨⑦
⑩ ⑩
❶ ❷ ❶

✪✢✕✙✗ ✔✓✤✕✦✧✤✣✗ ✚✘✗✧✦✘✧✗✕✚ ✣✗✕ ✩✕✗❭ ✙✜✘✕✗✕✚✘✙✜✥ ❢✢✙✦✢ ✦✣✜ ✫✕

✕❫✖✤✣✙✜✕★ ✓✜ ✘✢✕ ✫✣✚✙✚ ✓✛ ❸❙❹❺❻ ✘✢✕✓✗❭ t❹❫✣✔✖✤✕ ✬✭✮❤♥✭ ✪✢✕ qq③

✦✓✔✖✓✧✜★✚ ✢✣✩✕ ✘✢✕ ✫✕✜✘ ❼✪❽ ✚✢✣✖✕❦ qq④ ✦✓✔✖✓✧✜★✚ ✚❪✧✣✗✕ ✖❭✗✣✔✙★✣✤

✣✜★ ❵❡⑤ ✢✣✚ ✖✕✜✘✣✥✓✜✣✤ ✫✙✖❭✗✣✔✙★✣✤ ✚✘✗✧✦✘✧✗✕✚ t✪✣✫✤✕ ✬✭✮✮♥✭

✯❛❾❧✳ ❿➀➁➁➂ ✿♦♠✳ ✴r♦✱✳r✼✺✳✹ ♦➃ ➄✽✼✳r✸❛❧♦➅✳✽ ➆♦♠✱♦✉✽✾✹

➇➈➉➋➌ ➍➎➏➐➑➒➓➉➔ →➣↔➉ ↕➍➋➉ ➏➙➓➛➜ ➛➏ ➝➎➙➞➎ ➑➐ ➋➙➙➟ ➐➉➟↕➉➋➑➐➍➋➉➔ ➠➡➛➟➉➋➛➏➉➏ ➑➏ ➢➓➤➒➋➛➜➥➉➜
➜➛➟➉➋ ➦➧➨➢➓➩➫
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tio uSolution

eeUsesUses: ❚✍✠✔✠ ☞✏✎✕✏☛✥✡✔ ☞✒✥ ✙✠ ☛✔✠✡ ✒✔ ✥✏✥ ✒✪☛✠✏☛✔ ✔✏✑★✠✥✌✔✧ ✲✥✌✠✓✍✒✑✏♣✠✥

☞✏✎✕✏☛✥✡✔ ✒✓✠ ★✠✓✦ ☛✔✠✖☛✑ ✖✑☛✏✓✚✥✒✌✚✥♣ ✒♣✠✥✌✔✧ ✭✑✘✸ ✒✥✡ ✗✓✘✸ ✒✓✠ ☛✔✠✡ ✖✏✓ ✌✍✠

✕✓✏✡☛☞✌✚✏✥ ✏✖ ✮✘✻ ✚✥ ✌✍✠ ✠✥✓✚☞✍✎✠✥✌ ✏✖
✯✸✰
✮✧

✮❯✔✱ ✳ ✴✭✑✘✸❯✑✱ ✵ ✮✘✻❯♣✱ ✳ ✴✭✑✘❯♣✱

nt xt Q tiIntext Questiont  Q in xt tIntext Question

✼✶✹✺ ❲✍✦ ✚✔ ✲✭✑ ✎✏✓✠ ✓✠✒☞✌✚★✠ ✌✍✒✥ ✲✯❄

●✓✏☛✕ ✽✾ ☞✏✥✔✚✔✌✔ ✏✖ ✔✚✫ ✠✑✠✎✠✥✌✔✿ ✍✠✑✚☛✎❢ ✥✠✏✥❢ ✒✓♣✏✥❢ ❀✓✦✕✌✏✥❢ ✫✠✥✏✥

✒✥✡ ✓✒✡✏✥✧ t✑✑ ✌✍✠✔✠ ✒✓✠ ♣✒✔✠✔ ✒✥✡ ☞✍✠✎✚☞✒✑✑✦ ☛✥✓✠✒☞✌✚★✠✧ ❚✍✠✦ ✖✏✓✎

★✠✓✦ ✖✠✐ ☞✏✎✕✏☛✥✡✔✧ ✗✠☞✒☛✔✠ ✏✖ ✌✍✚✔ ✌✍✠✦ ✒✓✠ ✌✠✓✎✠✡ ✥✏✙✑✠ ♣✒✔✠✔✧

t✑✑ ✌✍✠ ✥✏✙✑✠ ♣✒✔✠✔ ✠✫☞✠✕✌ ✓✒✡✏✥ ✏☞☞☛✓ ✚✥ ✌✍✠ ✒✌✎✏✔✕✍✠✓✠✧ ❚✍✠✚✓

✒✌✎✏✔✕✍✠✓✚☞ ✒✙☛✥✡✒✥☞✠ ✚✥ ✡✓✦ ✒✚✓ ✚✔ ❛ ✽❁ ✙✦ ★✏✑☛✎✠ ✏✖ ✐✍✚☞✍ ✒✓♣✏✥

✚✔ ✌✍✠ ✎✒❂✏✓ ☞✏✥✔✌✚✌☛✠✥✌✧ ❃✠✑✚☛✎ ✒✥✡ ✔✏✎✠✌✚✎✠✔ ✥✠✏✥ ✒✓✠ ✖✏☛✥✡ ✚✥

✎✚✥✠✓✒✑✔ ✏✖ ✓✒✡✚✏✒☞✌✚★✠ ✏✓✚♣✚✥ ✠✧♣✧❢ ✕✚✌☞✍✙✑✠✥✡✠❢ ✎✏✥✒♠✚✌✠❢ ☞✑✠★✠✚✌✠✧ ❚✍✠

✎✒✚✥ ☞✏✎✎✠✓☞✚✒✑ ✔✏☛✓☞✠ ✏✖ ✍✠✑✚☛✎ ✚✔ ✥✒✌☛✓✒✑ ♣✒✔✧ ❅✠✥✏✥ ✒✥✡ ✓✒✡✏✥

✒✓✠ ✌✍✠ ✓✒✓✠✔✌ ✠✑✠✎✠✥✌✔ ✏✖ ✌✍✠ ♣✓✏☛✕✧ ✤✒✡✏✥ ✚✔ ✏✙✌✒✚✥✠✡ ✒✔ ✒ ✡✠☞✒✦

✕✓✏✡☛☞✌ ✏✖
✯✯✻
✤✒✧

❆❆❇ ❆❆❆ ❊
❋❋ ❋❇ ❆❘❍ ❘■ ❏❡❑ ▲
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❲✍✦ ✒✓✠ ✌✍✠ ✠✑✠✎✠✥✌✔ ✏✖ ●✓✏☛✕ ✽✾ ❀✥✏✐✥ ✒✔ ✥✏✙✑✠ ♣✒✔✠✔ ❄

❚✍✠ ✠✑✠✎✠✥✌✔ ✕✓✠✔✠✥✌ ✚✥ ●✓✏☛✕ ✽✾ ✍✒★✠ ✌✍✠✚✓ ★✒✑✠✥☞✠ ✔✍✠✑✑ ✏✓✙✚✌✒✑✔

☞✏✎✕✑✠✌✠✑✦ ✖✚✑✑✠✡ ✒✥✡❢ ✌✍✠✓✠✖✏✓✠❢ ✓✠✒☞✌ ✐✚✌✍ ✒ ✖✠✐ ✠✑✠✎✠✥✌✔ ✏✥✑✦ ☛✥✡✠✓

☞✠✓✌✒✚✥ ☞✏✥✡✚✌✚✏✥✔✧ ❚✍✠✓✠✖✏✓✠❢ ✌✍✠✦ ✒✓✠ ✥✏✐ ❀✥✏✐✥ ✒✔ ✥✏✙✑✠ ♣✒✔✠✔✧

m e 7 2Example 7.20 7 2m e Example 7.20

noSolution
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❭

✴✶✹✺✻✼ ❁❋❜✻✾●■❝✺ ❃❂❄ ❃❈❄ ❃◗❄ ❂❄❄ ❂❂❄ ❣

❤✹✽✻●❋✶✻✹✽ ❀✽✶✐❋▲❝❥ ❂❇❦❂ ❂❄❅❄ ❃❉❂❄ ❃❇❉❃ ❃❃❦❄ ❃❄❇❦
■❧♠✺✹▲♦▼

❙▲❀✼✶❁✹✽ ❏❋✻✽ ❀✽✶✐❋▲❝❥ ❊❅ ❃❃❈ ◗❈ ◗❈ ❦❦ ❈❅
■❧♠✺✹▲♦▼

q❀✽●✻✶❥ r❋✶ t✉✈✇■❏✼✺➊① ❃❖❅②❃❄➊❛ ◗❖❄②❃❄➊❛ ❃❖❅②❃❄➊① ❇❖❦②❃❄➊① ❉❖◗②❃❄➊① ◗❖❦②❃❄➊①

③❀▲✶✻✽❏ ❝✹✻✽✶■❴ ❣ ❂❊❖❈ ❅❇❖❅ ❃❃❉❖◗ ❃❈❃❖❇ ❂❄❂

④✹✻▲✻✽❏ ❝✹✻✽✶■❴ ❊❖❂ ❂❦❖❃ ❅❦❖❂ ❃❃◗❖❦ ❃❈❉❖❄ ❂❃❃

✴✶✺✹●❝✐❀❁✻✼ ✼✹✽✶❀✽✶ ❉❖❂❊②❃❄➊
❛ ❣ ❃❖❅❂②❃❄➊

①
❄❖◗❇❊ ❃❖❃❊②❃❄➊

❛
❅❖❦②❃❄➊

❭

r⑤ ✿❥ ⑥✹▲✾✺❀✇

⑦⑧⑨⑩❶ ❷❸❹❺❻ ❼❽❾❿➀➁ ⑧➂➃ ➄➅➆➇➀➁⑧⑩ ➄➈❾➉❶➈❽➀❶➇ ❾➋ ➌➈❾➍➉ ❹➎ ➏⑩❶❿❶➂❽➇

➐ ➑➒❞➓➔➒→➣➓↔↕

➙✛✛ ✖✒★✛✍ ❡✕✚✍✚ ✌✕✧✍ ❡✍✖✍✓✕✛ ✍✛✍✗✔✓✒✖✎✗ ✗✒✖✜✎❡✣✓✕✔✎✒✖ ➛➜
➝
➛➞

➟
✍➠✗✍✑✔

✌✍✛✎✣✏ ✦✌✎✗✌ ✌✕✚ ✤✚
➝
➡☞✕★✛✍ ✩✪✤✫➢✪ ➤✕✖✙ ✒✜ ✔✌✍ ✑✓✒✑✍✓✔✎✍✚ ✒✜ ✖✒★✛✍

❡✕✚✍✚ ✎✖✗✛✣✘✎✖❡ ✔✌✍✎✓ ✎✖✕✗✔✎✧✍ ✖✕✔✣✓✍ ✕✓✍ ✕✚✗✓✎★✍✘ ✔✒ ✔✌✍✎✓ ✗✛✒✚✍✘

✚✌✍✛✛ ✚✔✓✣✗✔✣✓✍✚✪

➥✣✍ ✔✒ ✚✔✕★✛✍ ✍✛✍✗✔✓✒✖✎✗ ✗✒✖✜✎❡✣✓✕✔✎✒✖ ✔✌✍✚✍ ❡✕✚✍✚ ✍➠✌✎★✎✔ ✧✍✓✙ ✌✎❡✌

✎✒✖✎✚✕✔✎✒✖ ✍✖✔✌✕✛✑✙✪ ➦✒✦✍✧✍✓✬ ✎✔ ✘✍✗✓✍✕✚✍✚ ✘✒✦✖ ✔✌✍ ❡✓✒✣✑ ✦✎✔✌ ✎✖✗✓✍✕✚✍

✎✖ ✕✔✒✏✎✗ ✚✎➧✍✪

➙✔✒✏✎✗ ✓✕✘✎✎ ✎✖✗✓✍✕✚✍ ✘✒✦✖ ✔✌✍ ❡✓✒✣✑ ✦✎✔✌ ✎✖✗✓✍✕✚✍ ✎✖ ✕✔✒✏✎✗

✖✣✏★✍✓✪

➨✎✖✗✍ ✖✒★✛✍ ❡✕✚✍✚ ✌✕✧✍ ✚✔✕★✛✍ ✍✛✍✗✔✓✒✖✎✗ ✗✒✖✜✎❡✣✓✕✔✎✒✖✚✬ ✔✌✍✙ ✌✕✧✍ ✖✒

✔✍✖✘✍✖✗✙ ✔✒ ✕✗✗✍✑✔ ✔✌✍ ✍✛✍✗✔✓✒✖ ✕✖✘ ✔✌✍✓✍✜✒✓✍✬ ✌✕✧✍ ✛✕✓❡✍ ✑✒✚✎✔✎✧✍ ✧✕✛✣✍✚

✒✜ ✍✛✍✗✔✓✒✖ ❡✕✎✖ ✍✖✔✌✕✛✑✙✪

➩➫➭➯➲➳➵➸ ➩➺➻➼➽➺➾➲➽➯

➙✛✛ ✔✌✍ ✖✒★✛✍ ❡✕✚✍✚ ✕✓✍ ✏✒✖✒✕✔✒✏✎✗✪ ☞✌✍✙ ✕✓✍ ✗✒✛✒✣✓✛✍✚✚✬ ✒✘✒✣✓✛✍✚✚

✕✖✘ ✔✕✚✔✍✛✍✚✚✪ ☞✌✍✙ ✕✓✍ ✚✑✕✓✎✖❡✛✙ ✚✒✛✣★✛✍ ✎✖ ✦✕✔✍✓✪ ☞✌✍✙ ✌✕✧✍ ✧✍✓✙ ✛✒✦

✏✍✛✔✎✖❡ ✕✖✘ ★✒✎✛✎✖❡ ✑✒✎✖✔✚ ★✍✗✕✣✚✍ ✔✌✍ ✒✖✛✙ ✔✙✑✍ ✒✜ ✎✖✔✍✓✕✔✒✏✎✗

✎✖✔✍✓✕✗✔✎✒✖ ✎✖ ✔✌✍✚✍ ✍✛✍✏✍✖✔✚ ✎✚ ✦✍✕➚ ✘✎✚✑✍✓✚✎✒✖ ✜✒✓✗✍✚✪ ➦✍✛✎✣✏ ✌✕✚ ✔✌✍

✛✒✦✍✚✔ ★✒✎✛✎✖❡ ✑✒✎✖✔ ➡➪✪✫ ➶➢ ✒✜ ✕✖✙ ➚✖✒✦✖ ✚✣★✚✔✕✖✗✍✪ ➹✔ ✌✕✚ ✕✖ ✣✖✣✚✣✕✛

✑✓✒✑✍✓✔✙ ✒✜ ✘✎✜✜✣✚✎✖❡ ✔✌✓✒✣❡✌ ✏✒✚✔ ✗✒✏✏✒✖✛✙ ✣✚✍✘ ✛✕★✒✓✕✔✒✓✙ ✏✕✔✍✓✎✕✛✚

✚✣✗✌ ✕✚ ✓✣★★✍✓✬ ❡✛✕✚✚ ✒✓ ✑✛✕✚✔✎✗✚✪

➘➴➷➬➴➷ ➮➱✃❐❒❮❰ÏÐ❐

Ñ❰ÏÒÐÓÔ❮Õ❒Ð❰Ï

➘➴➷➬➴➬ Ö❰ÏÐ×Õ❒Ð❰Ï

➮Ï❒ØÕ➱ÙÚ

➘➴➷➬➴Û Ü❒❰ÝÐ❐

ÞÕßÐÐ

➘➴➷➬➴à ➮➱✃❐❒❮❰Ï

áÕÐÏ

➮Ï❒ØÕ➱ÙÚ

â✒★✛✍ ❡✕✚✍✚ ✌✕✧✍ ✧✍✓✙ ✛✒✦ ★✒✎✛✎✖❡ ✑✒✎✖✔✚✪ ã✌✙ä

â✒★✛✍ ❡✕✚✍✚ ★✍✎✖❡ ✏✒✖✒✕✔✒✏✎✗ ✌✕✧✍ ✖✒ ✎✖✔✍✓✕✔✒✏✎✗ ✜✒✓✗✍✚ ✍➠✗✍✑✔ ✦✍✕➚

✘✎✚✑✍✓✚✎✒✖ ✜✒✓✗✍✚ ✕✖✘ ✔✌✍✓✍✜✒✓✍✬ ✔✌✍✙ ✕✓✍ ✛✎å✣✍✜✎✍✘ ✕✔ ✧✍✓✙ ✛✒✦

✔✍✏✑✍✓✕✔✣✓✍✚✪ ➦✍✖✗✍✬ ✔✌✍✙ ✌✕✧✍ ✛✒✦ ★✒✎✛✎✖❡ ✑✒✎✖✔✚✪
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✷�✁❈✂✄☎✆✝✞✟✠

✡☛☞✌✍✎✏✑ ✒✓✔✕☞✓✖✍☞✗

■✘ ✙✚✘✚✛✜✢✣ ✘✤✥✢✚ ✙✜✦✚✦ ✜✛✚ ✢✚✜✦✧ ✛✚✜★✧✩✪✚✫ ✬✭✚✩✛ ✩✘✚✛✧✘✚✦✦ ✧✤ ★✭✚✮✩★✜✢

✛✚✜★✧✩✪✩✧r ✩✦ ✜✧✧✛✩✥✯✧✚✰ ✧✤ ✧✭✚ ✱✤✢✢✤✲✩✘✙ ✛✚✜✦✤✘✦✳

✴✩✵ ✬✭✚ ✘✤✥✢✚ ✙✜✦✚✦ ✚❚★✚✶✧ ✭✚✢✩✯✮ ✴✸✦
✹
✵ ✭✜✪✚ ★✤✮✶✢✚✧✚✢r ✱✩✢✢✚✰ ♥✺

✹
♥✻
✼

✚✢✚★✧✛✤✘✩★ ★✤✘✱✩✙✯✛✜✧✩✤✘ ✩✘ ✧✭✚✩✛ ✪✜✢✚✘★✚ ✦✭✚✢✢✫

✴✩✩✵ ✬✭✚r ✭✜✪✚ ✭✩✙✭ ✩✤✘✩✦✜✧✩✤✘ ✚✘✧✭✜✢✶r ✜✘✰ ✮✤✛✚ ✶✤✦✩✧✩✪✚ ✚✢✚★✧✛✤✘

✙✜✩✘ ✚✘✧✭✜✢✶r✫

✬✭✚ ✛✚✜★✧✩✪✩✧r ✤✱ ✘✤✥✢✚ ✙✜✦✚✦ ✭✜✦ ✥✚✚✘ ✩✘✪✚✦✧✩✙✜✧✚✰ ✤★★✜✦✩✤✘✜✢✢r✣

✚✪✚✛ ✦✩✘★✚ ✧✭✚✩✛ ✰✩✦★✤✪✚✛r✣ ✥✯✧ ✜✢✢ ✜✧✧✚✮✶✧✦ ✧✤ ✱✤✛★✚ ✧✭✚✮ ✧✤ ✛✚✜★✧ ✧✤

✱✤✛✮ ✧✭✚ ★✤✮✶✤✯✘✰✦✣ ✲✚✛✚ ✯✘✦✯★★✚✦✦✱✯✢ ✱✤✛ ❢✯✩✧✚ ✜ ✱✚✲ r✚✜✛✦✫ ■✘ ✽✜✛★✭

✸✾✿❀✣ ❁✚✩✢ ❂✜✛✧✢✚✧✧✣ ✧✭✚✘ ✜✧ ✧✭✚ ❃✘✩✪✚✛✦✩✧r ✤✱ ❂✛✩✧✩✦✭ ❄✤✢✯✮✥✩✜✣ ✤✥✦✚✛✪✚✰

✧✭✚ ✛✚✜★✧✩✤✘ ✤✱ ✜ ✘✤✥✢✚ ✙✜✦✫ t✩✛✦✧✣ ✭✚ ✶✛✚✶✜✛✚✰ ✜ ✛✚✰ ★✤✮✶✤✯✘✰ ✲✭✩★✭

✩✦ ✱✤✛✮✯✢✜✧✚✰ ✜✦ ✐✹
❅
P✧t✼

➊
✫ ❆✚✣ ✧✭✚✘ ✛✚✜✢✩✦✚✰ ✧✭✜✧ ✧✭✚ ✱✩✛✦✧ ✩✤✘✩✦✜✧✩✤✘

✚✘✧✭✜✢✶r ✤✱ ✮✤✢✚★✯✢✜✛ ✤❚r✙✚✘ ✴✸✸❡❇ ❉❊✮✤✢
➊❋
✵ ✲✜✦ ✜✢✮✤✦✧ ✩✰✚✘✧✩★✜✢ ✲✩✧✭

✧✭✜✧ ✤✱ ❚✚✘✤✘ ✴✸✸❡● ❉❊ ✮✤✢
➊❋
✵✫ ❆✚ ✮✜✰✚ ✚✱✱✤✛✧✦ ✧✤ ✶✛✚✶✜✛✚ ✦✜✮✚ ✧r✶✚ ✤✱

★✤✮✶✤✯✘✰ ✲✩✧✭ ❝✚ ✜✘✰ ✲✜✦ ✦✯★★✚✦✦✱✯✢ ✩✘ ✶✛✚✶✜✛✩✘✙ ✜✘✤✧✭✚✛ ✛✚✰ ★✤✢✤✯✛

★✤✮✶✤✯✘✰ ❝✚
❅
P✧t✼

➊
✥r ✮✩❚✩✘✙ P✧t✼ ✜✘✰ ❚✚✘✤✘✫ ❛✱✧✚✛ ✧✭✩✦ ✰✩✦★✤✪✚✛r✣ ✜

✘✯✮✥✚✛ ✤✱ ❚✚✘✤✘ ★✤✮✶✤✯✘✰✦ ✮✜✩✘✢r ✲✩✧✭ ✮✤✦✧ ✚✢✚★✧✛✤✘✚✙✜✧✩✪✚ ✚✢✚✮✚✘✧✦

✢✩❉✚ ✱✢✯✤✛✩✘✚ ✜✘✰ ✤❚r✙✚✘✣ ✭✜✪✚ ✥✚✚✘ ✦r✘✧✭✚✦✩✦✚✰✫

✬✭✚ ★✤✮✶✤✯✘✰✦ ✤✱ ❉✛r✶✧✤✘ ✜✛✚ ✱✚✲✚✛✫ ✐✘✢r ✧✭✚ ✰✩✱✢✯✤✛✩✰✚ ✴❍✛t✹✵ ✭✜✦

✥✚✚✘ ✦✧✯✰✩✚✰ ✩✘ ✰✚✧✜✩✢✫ ❄✤✮✶✤✯✘✰✦ ✤✱ ✛✜✰✤✘ ✭✜✪✚ ✘✤✧ ✥✚✚✘ ✩✦✤✢✜✧✚✰
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➞✜★✣ ✯✰★ ✰✙✚✛✜✢✙✣✤✣ ✜✦ ✧★✩✻ ✢★✪✚ ✯✜ ✪ ✛★✚✜♦ ✛★✪❆✯✤✜✫④

♥✜❅ ✯✰★ ❇✛✜✚❄❆✯✣ ✜✦ ✰✙✚✛✜✢✙✣✤✣ ✪✛★ ✧★❖✩✹ ✪✫✚ ✧★❖❀✩❀ ✬✰★✛★ ✯✰★ ✜♦✤✚✪✯✤✜✫

✣✯✪✯★✣ ✜✦ ✪✢✢ ✯✰★ ★✢★❤★✫✯✣ ✛★❤✪✤✫ ✯✰★ ✣✪❤★ ✪✣ ✤✯ ✬✪✣ ✤✫ ✯✰★ ✛★✪❆✯✤✫✱ ✣✯✪✯★✶

  l  7 Example 7.22

l i nl i nSolutionSolution



✷�✁❈✂✄☎✆✝✞✟✠

u mSummary
●✟✡☛☞✝ ✌✍ ✞✡ ✌✎ ✡✏ ✞✂✄ ☞✄✟✆✡✑✆✒ ✞✓✔✕✄ ✒✡✖✝✆✝✞ ✡✏ ♣✲✗✘✙✚✛ ✜✘✜✢✜✣✤✥ ✦✆✞✂ ✞✂✄✆✟ ✧✓✕✄✖✒✄

✝✂✄✕✕ ✄✕✄✒✞✟✡✖✆✒ ✒✡✖✏✆s☛✟✓✞✆✡✖ ♥★
✩
♥✪

✶✫✬
✳ ●✟✡☛☞✝ ✌✍ ✓✖✑ ✌✭ ✦✄✟✄ ✑✄✓✕✞ ✦✆✞✂ ✆✖ ❈✕✓✝✝

❳✮✳ ✮✖ ✞✂✆✝ ✯✖✆✞ ✟✄☎✓✆✖✆✖s s✟✡☛☞✝ ✡✏ ✞✂✄ ✪✰✔✕✡✒✱ ✂✓✧✄ ✔✄✄✖ ✑✆✝✒☛✝✝✄✑✳

✴r✙♦✵ ✸✹ ✒✡✖✝✆✝✞✝ ✡✏ ✏✆✧✄ ✄✕✄☎✄✖✞✝ ✖✓☎✄✕✠✺ ✻✺ ✼✺ ✽✝✺ ✾✔ ✓✖✑ ✿✆ ✦✂✆✒✂ ✂✓✧✄

s✄✖✄✟✓✕ ✄✕✄✒✞✟✡✖✆✒ ✒✡✖✏✆s☛✟✓✞✆✡✖ ♥★✩♥✪
❀
✳ ✻✆✞✟✡s✄✖ ✑✆✏✏✄✟✝ ✏✟✡☎ ✡✞✂✄✟ ✄✕✄☎✄✖✞✝ ✡✏ ✞✂✆✝

s✟✡☛☞ ✑☛✄ ✞✡ ✝☎✓✕✕ ✝✆❣✄✺ ✏✡✟☎✓✞✆✡✖ ✡✏ ♣❁➊♣❁ ✢♦✘✤❂✵✘✜ ✗✙✣❃✥ ✦✆✞✂ ✆✞✝✄✕✏ ✓✖✑ ✦✆✞✂

✂✆s✂✕✠ ✄✕✄✒✞✟✡✖✄s✓✞✆✧✄ ✓✞✡☎ ✕✆✱✄ ❤ ✡✟ ❈ ✓✖✑ ✣✙✣✲❄❅❄❂✘❄✗❂✘❂✤❆ ✙❇ ❞ ✙r✗❂✤❄✘✥ ✞✡ ✄❉☞✓✖✑

✆✞✝ ✧✓✕✄✖✒✄ ✝✂✄✕✕✳ ✐✕✄☎✄✖✞✝ ✡✏ s✟✡☛☞ ✌❊ ✝✂✡✦ s✟✓✑✓✞✆✡✖ ✆✖ ☞✟✡☞✄✟✞✆✄✝✳ ❋✂✄✠ ✟✄✓✒✞ ✦✆✞✂

✡❉✠s✄✖✺ ✂✠✑✟✡s✄✖ ✓✖✑ ✂✓✕✡s✄✖✝✳ ❋✂✄✠ ✄❉✂✆✔✆✞ ✞✦✡ ✆☎☞✡✟✞✓✖✞ ✡❉✆✑✓✞✆✡✖ ✝✞✓✞✄✝✺ ❍ ✍

✓✖✑ ❍ ❊ ✔☛✞ ❍✍ ✡❉✆✑✓✞✆✡✖ ✆✝ ✏✓✧✡☛✟✄✑ ✔✠ ✂✄✓✧✆✄✟ ✄✕✄☎✄✖✞✝ ✑☛✄ ✞✡ ❛✆✖✄✟✞ ☞✓✆✟ ✄✏✏✄✒✞■✳

❏✆✖✆✞✟✡s✄✖ ✒✓✖ ✔✄ ☞✟✄☞✓✟✄✑ ✆✖ ✕✓✔✡✟✓✞✡✟✠ ✓✝ ✦✄✕✕ ✓✝ ✡✖ ✆✖✑☛✝✞✟✆✓✕ ✝✒✓✕✄✳ ✮✞ ✏✡✟☎✝

✡❉✆✑✄✝ ✆✖ ✧✓✟✆✡☛✝ ✡❉✆✑✓✞✆✡✖ ✝✞✓✞✄✝ ✓✝ ✻✩❤✺ ✻❤✺ ✻✩❤❀✺ ✻❤✩✺ ✻✩❤❑ ✓✖✑ ✻✩❤▲✳ ❋✂✄✝✄

✡❉✆✑✄✝ ✂✓✧✄ r✜✥✙✣❄✤❂✣▼ ✥✤r♦✚✤♦r✜✥ ✓✖✑ ✂✓✧✄ ☎☛✕✞✆☞✕✄ ✔✡✖✑✝✳ ✽☎☎✡✖✆✓ ✒✓✖ ✔✄

☞✟✄☞✓✟✄✑ ✡✖ ✕✓✟s✄ ✝✒✓✕✄ ✔✠ ◆❄✗✜r❖✥ ✵r✙✚✜✥✥✳ P✻❤❀ ✆✝ ✓✖ ✆☎☞✡✟✞✓✖✞ ✆✖✑☛✝✞✟✆✓✕

✒✂✄☎✆✒✓✕✳ ✮✞ ✆✝ ✓ ✝✞✟✡✖s ☎✡✖✡✔✓✝✆✒ ✓✒✆✑ ✓✖✑ ✆✝ ✓ ☞✡✦✄✟✏☛✕ ✡❉✆✑✆✝✆✖s ✓s✄✖✞✳ ❝✄✞✓✕✝

✓✖✑ ✖✡✖✰☎✄✞✓✕✝ ✟✄✓✒✞ ✦✆✞✂ P✻❤❀ ☛✖✑✄✟ ✑✆✏✏✄✟✄✖✞ ✒✡✖✑✆✞✆✡✖✝ ✞✡ s✆✧✄ ✻❤ ✡✟ ✻❤✩✳

✼✂✡✝☞✂✡✟☛✝ ✄❉✆✝✞✝ ✓✝ ✼❑ ✆✖ ✄✕✄☎✄✖✞✓✕ ✏✡✟☎✳ ✮✞ ✄❉✆✝✞✝ ✆✖ ✝✄✧✄✟✓✕ ❄✘✘✙✤r✙✵❂✚ ❇✙r✢✥✳

✮✞ ✏✡✟☎✝ ✂✠✑✟✆✑✄✺ ✼P❀ ✦✂✆✒✂ ✆✝ ✓ ✂✆s✂✕✠ ☞✡✆✝✡✖✡☛✝ s✓✝✳ ✮✞ ✏✡✟☎✝ ✞✦✡ ✞✠☞✄✝ ✡✏ ✂✓✕✆✑✄✝ ✓✝

✼❳❀ ✓✖✑ ✼❳▲✳ ✼❈✕❀ ✆✝ ☞✟✄☞✓✟✄✑ ✔✠ ✞✂✄ ✟✄✓✒✞✆✡✖ ✡✏ ✦✂✆✞✄ ☞✂✡✝☞✂✡✟☛✝ ✦✆✞✂ ✑✟✠ ✒✂✕✡✟✆✖✄

✦✂✆✕✄ ✼❈✕▲ ✆✝ ☞✟✄☞✓✟✄✑ ✔✠ ✞✂✄ ✟✄✓✒✞✆✡✖ ✡✏ ☞✂✡✝☞✂✡✟☛✝ ✦✆✞✂ ✾❤✩❈✕✩✳ ✼✂✡✝☞✂✡✟☛✝ ✏✡✟☎✝

✓ ✖☛☎✔✄✟ ✡✏ ✡❉✡✓✒✆✑✝✳ ❏✄☞✄✖✑✆✖s ☛☞✡✖ ✞✂✄ ✖☛☎✔✄✟ ✡✏ ✼◗❤P s✟✡☛☞✝✺ ✞✂✄✆✟ ✔✓✝✆✒✆✞✠

✧✓✟✆✄✝✳ ❋✂✄ ✡❉✡✓✒✆✑✝ ✦✂✆✒✂ ✂✓✧✄ ✼◗P ✔✡✖✑✝ ✓✟✄ s✡✡✑ ✟✄✑☛✒✆✖s ✓s✄✖✞✝✳

❚❘✜ ✴r✙♦✵ ✸❙ ✄✕✄☎✄✖✞✝ ✂✓✧✄ s✄✖✄✟✓✕ ✄✕✄✒✞✟✡✖✆✒ ✒✡✖✏✆s☛✟✓✞✆✡✖ ♥★✩♥✪
❑
✳ ❋✂✄✠ ✝✂✡✦

☎✓❉✆☎☛☎ ✡❉✆✑✓✞✆✡✖ ✝✞✓✞✄✺ ❍✁✳ ●✟✓✑✓✞✆✡✖ ✆✖ ☞✂✠✝✆✒✓✕ ✓✖✑ ✒✂✄☎✆✒✓✕ ☞✟✡☞✄✟✞✆✄✝ ✆✝

✡✔✝✄✟✧✄✑ ✆✖ ✞✂✄ s✟✡☛☞ ✌✁ ✄✕✄☎✄✖✞✝✳ ✮✖ ✕✓✔✡✟✓✞✡✟✠✺ ✑✆✡❉✠s✄✖ ✆✝ ☞✟✄☞✓✟✄✑ ✔✠ ✂✄✓✞✆✖s

❯❈✕❤❀ ✆✖ ☞✟✄✝✄✖✒✄ ✡✏ ❝✖❤✩✳ ✮✞ ✏✡✟☎✝ ✓ ✖☛☎✔✄✟ ✡✏ ✡❉✆✑✄✝ ✦✆✞✂ ☎✄✞✓✕✝✳ ✽✕✕✡✞✟✡☞✆✒ ✏✡✟☎

✡✏ ✡❉✠s✄✖ ✆✝ ❤❀ ✦✂✆✒✂ ✆✝ ✓ ✂✆s✂✕✠ ✡❉✆✑✆✝✆✖s ✓s✄✖✞✳ ✾☛✕☞✂☛✟ ✏✡✟☎✝ ✓ ✖☛☎✔✄✟ ✡✏ ✓✕✕✡✞✟✡☞✄✝✳

❤✏ ✞✂✄✝✄✺ ❱◗ ✓✖✑ ❲◗ ✏✡✟☎✝ ✡✏ ✝☛✕☞✂☛✟ ✓✟✄ ✞✂✄ ☎✡✝✞ ✆☎☞✡✟✞✓✖✞✳ ✾☛✕☞✂☛✟ ✒✡☎✔✆✖✄✝ ✦✆✞✂

✡❉✠s✄✖ ✞✡ s✆✧✄ ✡❉✆✑✄✝ ✝☛✒✂ ✓✝ ✾❤✩ ✓✖✑ ✾❤❀✳ ✾❤✩ ✆✝ ☞✟✄☞✓✟✄✑ ✔✠ ✞✂✄ ✑✆✟✄✒✞ ☛✖✆✡✖ ✡✏

✝☛✕☞✂☛✟ ✦✆✞✂ ✡❉✠s✄✖✳ ✾❤✩ ✆✝ ☛✝✄✑ ✆✖ ✞✂✄ ☎✓✖☛✏✓✒✞☛✟✄ ✡✏ P✩✾❤❑✳ ✾☛✕☞✂☛✟ ✏✡✟☎✝ ✓

✖☛☎✔✄✟ ✡✏ ✡❉✡✓✒✆✑✝✳ ✽☎✡✖s✝✞ ✞✂✄☎✺☎✡✝✞ ✆☎☞✡✟✞✓✖✞ ✆✝ P✩✾❤❑✳ ✮✞ ✆✝ ☞✟✄☞✓✟✄✑ ✔✠ ✚✙✣✤❄✚✤

✵r✙✚✜✥✥✳ ✮✞ ✆✝ ✓ ✑✄✂✠✑✟✓✞✆✖s ✓✖✑ ✡❉✆✑✆✝✆✖s ✓s✄✖✞✳ ✮✞ ✆✝ ☛✝✄✑ ✆✖ ✞✂✄ ☎✓✖☛✏✓✒✞☛✟✄ ✡✏

✝✄✧✄✟✓✕ ✒✡☎☞✡☛✖✑✝✳

✴r✙♦✵ ✸❨ ✡✏ ✞✂✄ ☞✄✟✆✡✑✆✒ ✞✓✔✕✄ ✒✡✖✝✆✝✞✝ ✡✏ ✞✂✄ ✏✡✕✕✡✦✆✖s ✄✕✄☎✄✖✞✝ ❩✺ ❈✕✺ ✿✟✺ ✮ ✓✖✑

✽✞✳❋✂✄✝✄ ✄✕✄☎✄✖✞✝ ✓✟✄ ✄❉✞✟✄☎✄✕✠ ✟✄✓✒✞✆✧✄ ✓✖✑ ✓✝ ✝☛✒✂ ✞✂✄✠ ✓✟✄ ✏✡☛✖✑ ✆✖ ✞✂✄

✒✡☎✔✆✖✄✑ ✝✞✓✞✄ ✡✖✕✠✳ ❋✂✄ ✒✡☎☎✡✖ ✡❉✆✑✓✞✆✡✖ ✝✞✓✞✄ ✡✏ ✞✂✄✝✄ ✄✕✄☎✄✖✞✝ ✆✝ ◗✌✳ P✡✦✄✧✄✟✺

✂✆s✂✄✝✞ ✡❉✆✑✓✞✆✡✖ ✝✞✓✞✄ ✒✓✖ ✔✄ ❍❬✳ ❋✂✄✠ ✝✂✡✦ ✟✄s☛✕✓✟ s✟✓✑✓✞✆✡✖ ✆✖ ☞✂✠✝✆✒✓✕ ✓✖✑

✒✂✄☎✆✒✓✕ ☞✟✡☞✄✟✞✆✄✝✳ ❋✂✄✠ ✏✡✟☎ ✡❉✆✑✄✝✺ ✂✠✑✟✡s✄✖ ✂✓✕✆✑✄✝✺ ✆✖✞✄✟✂✓✕✡s✄✖ ✒✡☎☞✡☛✖✑✝

✓✖✑ ✡❉✡✓✒✆✑✝✳ ❈✂✕✡✟✆✖✄ ✆✝ ✒✡✖✧✄✖✆✄✖✞✕✠ ✡✔✞✓✆✖✄✑ ✔✠ ✞✂✄ ✟✄✓✒✞✆✡✖ ✡✏ P❈✕ ✦✆✞✂ ❯❝✖❤❑✳

P❈✕ ✆✝ ☞✟✄☞✓✟✄✑ ✔✠ ✂✄✓✞✆✖s ✻✓❈✕ ✦✆✞✂ ✒✡✖✒✄✖✞✟✓✞✄✑ P✩✾❤❑✳ P✓✕✡s✄✖✝ ✒✡☎✔✆✖✄ ✦✆✞✂

✡✖✄ ✓✖✡✞✂✄✟ ✞✡ ✏✡✟☎ ❂✣✤✜r❘❄✘✙▼✜✣ ✚✙✢✵✙♦✣❃✥ ✡✏ ✞✂✄ ✞✠☞✄ ❳ ❳
✶
❭ ❪✖ ❫ ✌✺ ✍✺ ❊✺ ❬❴

✦✂✄✟✄ ❳
✶
✆✝ ✕✆s✂✞✄✟ ✞✂✓✖ ❳✳ ✽ ✖☛☎✔✄✟ ✡✏ ✡❉✡✓✒✆✑✝ ✡✏ ✂✓✕✡s✄✖✝ ✓✟✄ ✱✖✡✦✖✳ ✮✖ ✞✂✄

✝✞✟☛✒✞☛✟✄✝ ✡✏ ✞✂✄✝✄ ✡❉✡✓✒✆✑✝✺ ✂✓✕✡s✄✖ ✆✝ ✞✂✄ ✒✄✖✞✟✓✕ ✓✞✡☎ ✦✂✆✒✂ ✆✝ ✔✡✖✑✄✑ ✆✖ ✄✓✒✂

✒✓✝✄ ✦✆✞✂ ✡✖✄ ❤P ✔✡✖✑ ✓✝ ❳◗❤P✳ ✮✖ ✝✡☎✄ ✒✓✝✄✝ ❳ ❫ � ✔✡✖✑✝ ✓✟✄ ✓✕✝✡ ✏✡☛✖✑✳

✴r✙♦✵ ✸❵ ✡✏ ✞✂✄ ☞✄✟✆✡✑✆✒ ✞✓✔✕✄ ✒✡✖✝✆✝✞✝ ✡✏ ✣✙✗✘✜ ▼❄✥✜✥✳ ❋✂✄✠ ✂✓✧✄ ♥★
✩
♥✪

✬
✧✓✕✄✖✒✄

✝✂✄✕✕ ✄✕✄✒✞✟✡✖✆✒ ✒✡✖✏✆s☛✟✓✞✆✡✖ ✄❉✒✄☞✞ P✄ ✦✂✆✒✂ ✂✓✝ ✌★
✩
✳ ✽✕✕ ✞✂✄ s✓✝✄✝ ✄❉✒✄☞✞ ❜✖

✡✒✒☛✟ ✆✖ ✓✞☎✡✝☞✂✄✟✄✳ ❜✖ ✆✝ ✡✔✞✓✆✖✄✑ ✓✝ ✞✂✄ ✑✄✒✓✠ ☞✟✡✑☛✒✞ ✡✏
✩✩✬

❜✓✳

❏☛✄ ✞✡ ✒✡☎☞✕✄✞✄ ✡✒✞✄✞ ✡✏ ✡☛✞✄✟☎✡✝✞ ✝✂✄✕✕✺ ✞✂✄✠ ✂✓✧✄ ✕✄✝✝ ✞✄✖✑✄✖✒✠ ✞✡ ✏✡✟☎

✒✡☎☞✡☛✖✑✝✳ ❋✂✄ ✔✄✝✞ ✒✂✓✟✓✒✞✄✟✆✝✄✑ ✒✡☎☞✡☛✖✑✝ ✓✟✄ ✞✂✡✝✄ ✡✏ ❉✄✖✡✖ ✦✆✞✂ ✏✕☛✡✟✆✖✄

✓✖✑ ✡❉✠s✄✖ ✡✖✕✠ ☛✖✑✄✟ ✒✄✟✞✓✆✖ ✒✡✖✑✆✞✆✡✖✝✳ ❋✂✄✝✄ s✓✝✄✝ ✂✓✧✄ ✝✄✧✄✟✓✕ ☛✝✄✝✳ ✽✟s✡✖ ✆✝

☛✝✄✑ ✞✡ ☞✟✡✧✆✑✄ ✆✖✄✟✞ ✓✞☎✡✝☞✂✄✟✄✺ ✂✄✕✆☛☎ ✆✝ ☛✝✄✑ ✆✖ ✏✆✕✕✆✖s ✔✓✕✕✡✡✖✝ ✏✡✟ ☎✄✞✄✡✟✡✕✡s✆✒✓✕

✡✔✝✄✟✧✓✞✆✡✖✝✺ ✖✄✡✖ ✆✝ ☛✝✄✑ ✆✖ ✑✆✝✒✂✓✟s✄ ✞☛✔✄✝ ✓✖✑ ✏✕☛✡✟✄✝✒✄✖✞ ✔☛✕✔✝✳



✷✵✼ ❚�✁ ♣✲✂✄☎✆✝ ✞✄✁✟✁✠✡☛

☞✌✍ ❉✎☛✆✏☛☛ ✡�✁ ✑✁✠✁✒✓✄ ✆�✓✒✓✆✡✁✒✎☛✡✎✆☛ ☎✔ ✕✒☎✏✖ ✗✘ ✁✄✁✟✁✠✡☛ ✙✎✡� ✒✁✔✁✒✁✠✆✁ ✡☎

✡�✁✎✒ ✁✄✁✆✡✒☎✠✎✆ ✆☎✠✔✎✑✏✒✓✡✎☎✠t ☎✚✎✛✓✡✎☎✠ ☛✡✓✡✁t ✓✡☎✟✎✆ ☛✎✜✁t ✎☎✠✎☛✓✡✎☎✠ ✁✠✡�✓✄✖✢

✓✠✛ ✁✄✁✆✡✒☎✠✁✑✓✡✎❛✎✡✢✣

☞✌✤ ❲�✢ ✛☎✁☛ ✡�✁ ✒✁✓✆✡✎❛✎✡✢ ☎✔ ✠✎✡✒☎✑✁✠ ✛✎✔✔✁✒ ✔✒☎✟ ✖�☎☛✖�☎✒✏☛✥

☞✌✦ ❉✎☛✆✏☛☛ ✡�✁ ✡✒✁✠✛☛ ✎✠ ✆�✁✟✎✆✓✄ ✒✁✓✆✡✎❛✎✡✢ ☎✔ ✑✒☎✏✖ ✗✘ ✁✄✁✟✁✠✡☛✣

☞✌✧ ❲�✢ ✛☎✁☛ ★✩✸ ✔☎✒✟ �✢✛✒☎✑✁✠ ✪☎✠✛ ✪✏✡ ✫✩✸ ✛☎✁☛ ✠☎✡✥

☞✌✬ ✩☎✙ ✎☛ ✠✎✡✒☎✑✁✠ ✖✒✁✖✓✒✁✛ ✎✠ ✡�✁ ✄✓✪☎✒✓✡☎✒✢✥ ❲✒✎✡✁ ✡�✁ ✆�✁✟✎✆✓✄ ✁r✏✓✡✎☎✠☛

☎✔ ✡�✁ ✒✁✓✆✡✎☎✠☛ ✎✠❛☎✄❛✁✛✣

☞✌✭ ✩☎✙ ✎☛ ✓✟✟☎✠✎✓ ✟✓✠✏✔✓✆✡✏✒✁✛ ✎✠✛✏☛✡✒✎✓✄✄✢✥

☞✌☞ ■✄✄✏☛✡✒✓✡✁ �☎✙ ✆☎✖✖✁✒ ✟✁✡✓✄ ✆✓✠ ✑✎❛✁ ✛✎✔✔✁✒✁✠✡ ✖✒☎✛✏✆✡☛ ☎✠ ✒✁✓✆✡✎☎✠ ✙✎✡� ✩★✮✸✣

☞✌✯ ✕✎❛✁ ✡�✁ ✒✁☛☎✠✓✡✎✠✑ ☛✡✒✏✆✡✏✒✁☛ ☎✔ ★✮✰ ✓✠✛ ★✰✮✺✣

☞✌✱ ❚�✁ ✩★✩ ✓✠✑✄✁ ❛✓✄✏✁ ✎☛ �✎✑�✁✒ ✡�✓✠ ✩✫✩t ✩✳☛✩ ✓✠✛ ✩✴✪✩ ✓✠✑✄✁☛✣ ❲�✢✥

❬❍✶✹✻✽ ✾✓✠ ✪✁ ✁✚✖✄✓✎✠✁✛ ☎✠ ✡�✁ ✪✓☛✎☛ ☎✔ s♣
✸
�✢✪✒✎✛✎☛✓✡✎☎✠ ✎✠ ★✩✸ ✓✠✛ ☎✠✄✢

s✿♣ ✪☎✠✛✎✠✑ ✪✁✡✙✁✁✠ �✢✛✒☎✑✁✠ ✓✠✛ ☎✡�✁✒ ✁✄✁✟✁✠✡☛ ☎✔ ✡�✁ ✑✒☎✏✖❜✣

☞✌✍❀ ❲�✢ ✛☎✁☛ ❁✸✫ P ✮ ✁✚✎☛✡ ✪✏✡ ❁✸★ P ✮ ✛☎✁☛ ✠☎✡ ◆❁ P ✓✄✝✢✄ ✑✒☎✏✖❂✥

☞✌✍✍ ✞✚✖✄✓✎✠ ✙�✢ ★✩✸ ✎☛ ✪✓☛✎✆ ✙�✎✄✁ ✂✎✩✸ ✎☛ ☎✠✄✢ ✔✁✁✪✄✢ ✪✓☛✎✆✣

☞✌✍✤ ★✎✡✒☎✑✁✠ ✁✚✎☛✡☛ ✓☛ ✛✎✓✡☎✟✎✆ ✟☎✄✁✆✏✄✁ ✓✠✛ ✖�☎☛✖�☎✒✏☛ ✓☛ ✫❃✣ ❲�✢✥

☞✌✍✦ ❲✒✎✡✁ ✟✓✎✠ ✛✎✔✔✁✒✁✠✆✁☛ ✪✁✡✙✁✁✠ ✡�✁ ✖✒☎✖✁✒✡✎✁☛ ☎✔ ✙�✎✡✁ ✖�☎☛✖�☎✒✏☛ ✓✠✛ ✒✁✛

✖�☎☛✖�☎✒✏☛✣

☞✌✍✧ ❲�✢ ✛☎✁☛ ✠✎✡✒☎✑✁✠ ☛�☎✙ ✆✓✡✁✠✓✡✎☎✠ ✖✒☎✖✁✒✡✎✁☛ ✄✁☛☛ ✡�✓✠ ✖�☎☛✖�☎✒✏☛✥

☞✌✍✬ ✕✎❛✁ ✡�✁ ✛✎☛✖✒☎✖☎✒✡✎☎✠✓✡✎☎✠ ✒✁✓✆✡✎☎✠ ☎✔ ✩✸✫✮✸✣

☞✌✍✭ ✾✓✠ ✫✾✄✺ ✓✆✡ ✓☛ ✓✠ ☎✚✎✛✎☛✎✠✑ ✓☛ ✙✁✄✄ ✓☛ ✓ ✒✁✛✏✆✎✠✑ ✓✑✁✠✡✥ ❄✏☛✡✎✔✢✣

☞✌✍☞ ❄✏☛✡✎✔✢ ✡�✁ ✖✄✓✆✁✟✁✠✡ ☎✔ ✮t ✴t ✴✁t ❚✁ ✓✠✛ ✫☎ ✎✠ ✡�✁ ☛✓✟✁ ✑✒☎✏✖ ☎✔ ✡�✁

✖✁✒✎☎✛✎✆ ✡✓✪✄✁ ✎✠ ✡✁✒✟☛ ☎✔ ✁✄✁✆✡✒☎✠✎✆ ✆☎✠✔✎✑✏✒✓✡✎☎✠t ☎✚✎✛✓✡✎☎✠ ☛✡✓✡✁ ✓✠✛ �✢✛✒✎✛✁

✔☎✒✟✓✡✎☎✠✣

☞✌✍✯ ❲�✢ ✎☛ ✛✎☎✚✢✑✁✠ ✓ ✑✓☛ ✪✏✡ ☛✏✄✖�✏✒ ✓ ☛☎✄✎✛✥

☞✌✍✱ ❑✠☎✙✎✠✑ ✡�✁ ✁✄✁✆✡✒☎✠ ✑✓✎✠ ✁✠✡�✓✄✖✢ ❛✓✄✏✁☛ ✔☎✒ ✮ ❅ ✮
➊
✓✠✛ ✮ ❅ ✮

✰➊
✓☛ ❆✗❇✗

✓✠✛ ✼✵✷ ✝❄ ✟☎✄
➊❈

✒✁☛✖✁✆✡✎❛✁✄✢t �☎✙ ✆✓✠ ✢☎✏ ✓✆✆☎✏✠✡ ✔☎✒ ✡�✁ ✔☎✒✟✓✡✎☎✠ ☎✔ ✓

✄✓✒✑✁ ✠✏✟✪✁✒ ☎✔ ☎✚✎✛✁☛ �✓❛✎✠✑ ✮
✰➊

☛✖✁✆✎✁☛ ✓✠✛ ✠☎✡ ✮
➊
✥

◆❍✶✹✻✽ ✾☎✠☛✎✛✁✒ ✄✓✡✡✎✆✁ ✁✠✁✒✑✢ ✔✓✆✡☎✒ ✎✠ ✡�✁ ✔☎✒✟✓✡✎☎✠ ☎✔ ✆☎✟✖☎✏✠✛☛❂✣

☞✌✤❀ ❲�✎✆� ✓✁✒☎☛☎✄☛ ✛✁✖✄✁✡✁ ☎✜☎✠✁✥

☞✌✤✍ ❉✁☛✆✒✎✪✁ ✡�✁ ✟✓✠✏✔✓✆✡✏✒✁ ☎✔ ✩✰✴✮❃ ✪✢ ✆☎✠✡✓✆✡ ✖✒☎✆✁☛☛✥

☞✌✤✤ ✩☎✙ ✎☛ ✴✮✰ ✓✠ ✓✎✒ ✖☎✄✄✏✡✓✠✡✥

☞✌✤✦ ❲�✢ ✓✒✁ �✓✄☎✑✁✠☛ ☛✡✒☎✠✑ ☎✚✎✛✎☛✎✠✑ ✓✑✁✠✡☛✥

☞✌✤✧ ✞✚✖✄✓✎✠ ✙�✢ ✔✄✏☎✒✎✠✁ ✔☎✒✟☛ ☎✠✄✢ ☎✠✁ ☎✚☎✓✆✎✛t ✩✮♠✣

☞✌✤✬ ✞✚✖✄✓✎✠ ✙�✢ ✎✠☛✖✎✡✁ ☎✔ ✠✁✓✒✄✢ ✡�✁ ☛✓✟✁ ✁✄✁✆✡✒☎✠✁✑✓✡✎❛✎✡✢t ☎✚✢✑✁✠ ✔☎✒✟☛

�✢✛✒☎✑✁✠ ✪☎✠✛✎✠✑ ✙�✎✄✁ ✆�✄☎✒✎✠✁ ✛☎✁☛ ✠☎✡✣

☞✌✤✭ ❲✒✎✡✁ ✡✙☎ ✏☛✁☛ ☎✔ ✾✄✮✰✣

☞✌✤☞ ❲�✢ ✓✒✁ �✓✄☎✑✁✠☛ ✆☎✄☎✏✒✁✛✥

☞✌✤✯ ❲✒✎✡✁ ✡�✁ ✒✁✓✆✡✎☎✠☛ ☎✔ ♠✰ ✓✠✛ ✾✄✰ ✙✎✡� ✙✓✡✁✒✣

☞✌✤✱ ✩☎✙ ✆✓✠ ✢☎✏ ✖✒✁✖✓✒✁ ✾✄✰ ✔✒☎✟ ✩✾✄ ✓✠✛ ✩✾✄ ✔✒☎✟ ✾✄✰✥ ❲✒✎✡✁ ✒✁✓✆✡✎☎✠☛ ☎✠✄✢✣

☞✌✦❀ ❲�✓✡ ✎✠☛✖✎✒✁✛ ★✣ ✂✓✒✡✄✁✡✡ ✔☎✒ ✆✓✒✒✢✎✠✑ ☎✏✡ ✒✁✓✆✡✎☎✠ ✪✁✡✙✁✁✠ ❊✁ ✓✠✛ ✫✡♠❋✥

☞✌✦✍ ❲�✓✡ ✓✒✁ ✡�✁ ☎✚✎✛✓✡✎☎✠ ☛✡✓✡✁☛ ☎✔ ✖�☎☛✖�☎✒✏☛ ✎✠ ✡�✁ ✔☎✄✄☎✙✎✠✑●

◆✎❂ ✩✸✫✮✸ ◆✎✎❂ ✫✾✄✸ ◆✎✎✎❂ ✾✓✸✫✰ ◆✎❛❂ ★✓✸✫✮❃ ◆❛❂ ✫✮♠✸✥

Exercises



✷�✁❈✂✄☎✆✝✞✟✠

✼✡☛☞ ❲✟✆✞✄ r✌✍✌✎✏✄✑ ✄✒✓✌✞✆✔✎✝ ✕✔✟ ✞✂✄ ✕✔✍✍✔✖✆✎✗✘

✭✆✮ ◆✌❈✍ ✆✝ ✂✄✌✞✄✑ ✖✆✞✂ ✝✓✍✙✂✓✟✆✏ ✌✏✆✑ ✆✎ ✞✂✄ ✙✟✄✝✄✎✏✄ ✔✕ ✚✎✛✜✳

✭✆✆✮ ❈✂✍✔✟✆✎✄ ✗✌✝ ✆✝ ✙✌✝✝✄✑ ✆✎✞✔ ✌ ✝✔✍✓✞✆✔✎ ✔✕ ◆✌✢ ✆✎ ✖✌✞✄✟✳

✼✡☛☛ ❍✔✖ ✌✟✄ ✣✄✎✔✎ ✕✍✓✔✟✆✑✄✝ ✤✄✥✜✱ ✤✄✥✹ ✌✎✑ ✤✄✥✻ ✔r✞✌✆✎✄✑✦

✼✡☛✧ ❲✆✞✂ ✖✂✌✞ ✎✄✓✞✟✌✍ ☎✔✍✄✏✓✍✄ ✆✝ ❈✍✛
➊
✆✝✔✄✍✄✏✞✟✔✎✆✏✦ ✢✝ ✞✂✌✞ ☎✔✍✄✏✓✍✄ ✌ ★✄✖✆✝

r✌✝✄✦

✼✡☛✩ ❍✔✖ ✌✟✄ ✤✄✛✸ ✌✎✑ ✤✄✛✥✹ ✙✟✄✙✌✟✄✑✦

✼✡☛✪ ❆✟✟✌✎✗✄ ✞✂✄ ✕✔✍✍✔✖✆✎✗ ✆✎ ✞✂✄ ✔✟✑✄✟ ✔✕ ✙✟✔✙✄✟✞✠ ✆✎✑✆✏✌✞✄✑ ✕✔✟ ✄✌✏✂ ✝✄✞✘

✭✆✮ ✥✜✱ ❈✍✜✱ ✫✟✜✱ ✢✜ ✬ ✆✎✏✟✄✌✝✆✎✗ r✔✎✑ ✑✆✝✝✔✏✆✌✞✆✔✎ ✄✎✞✂✌✍✙✠✳

✭✆✆✮ ❍✥✱ ❍❈✍✱ ❍✫✟✱ ❍✢ ✬ ✆✎✏✟✄✌✝✆✎✗ ✌✏✆✑ ✝✞✟✄✎✗✞✂✳

✭✆✆✆✮ ◆❍✸✱ ✯❍✸✱ ❆✝❍✸✱ ✰r❍✸✱ ✫✆❍✸ ✲ ✆✎✏✟✄✌✝✆✎✗ r✌✝✄ ✝✞✟✄✎✗✞✂✳

✼✡☛✼ ❲✂✆✏✂ ✔✎✄ ✔✕ ✞✂✄ ✕✔✍✍✔✖✆✎✗ ✑✔✄✝ ✎✔✞ ✄✣✆✝✞✦

✭✆✮ ✤✄✛✥✹ ✭✆✆✮ ◆✄✥✜ ✭✆✆✆✮ ✤✄✥✜ ✭✆✴✮ ✤✄✥✻

✼✡☛✵ ●✆✴✄ ✞✂✄ ✕✔✟☎✓✍✌ ✌✎✑ ✑✄✝✏✟✆r✄ ✞✂✄ ✝✞✟✓✏✞✓✟✄ ✔✕ ✌ ✎✔r✍✄ ✗✌✝ ✝✙✄✏✆✄✝ ✖✂✆✏✂

✆✝ ✆✝✔✝✞✟✓✏✞✓✟✌✍ ✖✆✞✂✘

✭✆✮ ✢❈✍✹
➊

✭✆✆✮ ✢✫✟✜
➊

✭✆✆✆✮ ✫✟✛✸
➊

✼✡☛✶ ❲✂✠ ✑✔ ✎✔r✍✄ ✗✌✝✄✝ ✂✌✴✄ ✏✔☎✙✌✟✌✞✆✴✄✍✠ ✍✌✟✗✄ ✌✞✔☎✆✏ ✝✆✺✄✝✦

✼✡✧✽ ★✆✝✞ ✞✂✄ ✓✝✄✝ ✔✕ ✎✄✔✎ ✌✎✑ ✌✟✗✔✎ ✗✌✝✄✝✳

✾✿❀❁❂❃❀ ❄❅ ❇❅❉❂ ❊✿❄❂❋❄ ■❏❂❀❄❑❅✿❀

✼✡▲ ❍✆✗✂✄✟ ✞✂✄ ✙✔✝✆✞✆✴✄ ✔✣✆✑✌✞✆✔✎ ✝✞✌✞✄ ✔✕ ✏✄✎✞✟✌✍ ✌✞✔☎✱ ☎✔✟✄ ✖✆✍✍ r✄ ✆✞✝ ✙✔✍✌✟✆✝✆✎✗

✙✔✖✄✟ ✖✂✆✏✂✱ ✆✎ ✞✓✟✎✱ ✆✎✏✟✄✌✝✄✝ ✞✂✄ ✏✔✴✌✍✄✎✞ ✏✂✌✟✌✏✞✄✟ ✔✕ r✔✎✑ ✕✔✟☎✄✑

r✄✞✖✄✄✎ ✞✂✄ ✏✄✎✞✟✌✍ ✌✞✔☎ ✌✎✑ ✞✂✄ ✔✞✂✄✟ ✌✞✔☎✳

✼✡☞ ✫✄✏✌✓✝✄ ✫✆❍✸ ✆✝ ✞✂✄ ✍✄✌✝✞ ✝✞✌r✍✄ ✌☎✔✎✗ ✞✂✄ ✂✠✑✟✆✑✄✝ ✔✕ ●✟✔✓✙ ▼❖✳

✼✡☛ ✫✄✏✌✓✝✄ ✔✕ ✝✞✟✔✎✗ ✙P✲✙P ✔✴✄✟✍✌✙ ✟✄✝✓✍✞✆✎✗ ✆✎✞✔ ✞✂✄ ✞✟✆✙✍✄ r✔✎✑✱ ◆◗◆✳

✼✡✪ ✥✟✔☎ ✞✂✄ ✝✞✟✓✏✞✓✟✄ ✔✕ ◆✜✛❘ ✆✞ ✆✝ ✄✴✆✑✄✎✞ ✞✂✌✞ ✏✔✴✌✍✄✎✏✄ ✔✕ ✎✆✞✟✔✗✄✎ ✆✝ ✕✔✓✟✳

✼✡✼ ✫✔✞✂ ✌✟✄ ✝✙
✸
✂✠r✟✆✑✆✝✄✑✳ ✢✎ ✯❍✹

❙
✌✍✍ ✞✂✄ ✕✔✓✟ ✔✟r✆✞✌✍✝ ✌✟✄ r✔✎✑✄✑ ✖✂✄✟✄✌✝

✆✎ ✯❍✸ ✞✂✄✟✄ ✆✝ ✌ ✍✔✎✄ ✙✌✆✟ ✔✕ ✄✍✄✏✞✟✔✎✝ ✔✎ ✯✱ ✖✂✆✏✂ ✆✝ ✟✄✝✙✔✎✝✆r✍✄ ✕✔✟ ✍✔✎✄

✙✌✆✟✬r✔✎✑ ✙✌✆✟ ✟✄✙✓✍✝✆✔✎ ✆✎ ✯❍✸ ✟✄✑✓✏✆✎✗ ✞✂✄ r✔✎✑ ✌✎✗✍✄ ✞✔ ✍✄✝✝ ✞✂✌✎

▼�❚❯ ✷✁❱✳

✼✡▲✽ ✯❈✍❘ ❳ ❨✜✛ ❩ ✯✛❈✍✸ ❳ ✷❨❈✍

✼✡▲▲ ❬✂✟✄✄ ✯✲✛❍ ✗✟✔✓✙✝ ✌✟✄ ✙✟✄✝✄✎✞ ✆✎ ✞✂✄ ☎✔✍✄✏✓✍✄ ✔✕ ❍✸✯✛✹✳ ❬✂✄✟✄✕✔✟✄✱ ✆✞✝

r✌✝✆✏✆✞✠ ✆✝ ✞✂✟✄✄✳

✼✡▲✩ ✫✄✏✌✓✝✄ ✔✕ ✝☎✌✍✍ ✝✆✺✄ ✌✎✑ ✂✆✗✂ ✄✍✄✏✞✟✔✎✄✗✌✞✆✴✆✞✠ ✔✕ ✔✣✠✗✄✎✱ ☎✔✍✄✏✓✍✄✝ ✔✕

✖✌✞✄✟ ✌✟✄ ✂✆✗✂✍✠ ✌✝✝✔✏✆✌✞✄✑ ✞✂✟✔✓✗✂ ✂✠✑✟✔✗✄✎ r✔✎✑✆✎✗ ✟✄✝✓✍✞✆✎✗ ✆✎ ✆✞✝

✍✆✒✓✆✑ ✝✞✌✞✄✳

✼✡☞▲ ✫✔✞✂ ✞✂✄ ✰✲✛ r✔✎✑✝ ✌✟✄ ✏✔✴✌✍✄✎✞ ✌✎✑ ✂✌✴✄ ✄✒✓✌✍ ✝✞✟✄✎✗✞✂ ✑✓✄ ✞✔ ✟✄✝✔✎✌✞✆✎✗

✝✞✟✓✏✞✓✟✄✝✳

✼✡☞✩ ❍✜✰✛✹ ✆✝ ✌ ✴✄✟✠ ✝✞✟✔✎✗ ✌✏✆✑ ✆✎ ✖✌✞✄✟ ✍✌✟✗✄✍✠ r✄✏✌✓✝✄ ✔✕ ✆✞✝ ✕✆✟✝✞ ✆✔✎✆✝✌✞✆✔✎

✞✔ ❍✸✛
❙ ✌✎✑ ❍✰✛✹

➊✳ ❬✂✄ ✆✔✎✆✝✌✞✆✔✎ ✔✕ ❍✰✛✹
➊ ✞✔ ❍✸✛

❙ ✌✎✑ ✰✛✹
✜➊ ✆✝ ✴✄✟✠ ✴✄✟✠

✝☎✌✍✍✳ ❬✂✌✞ ✆✝ ✖✂✠ ❭ ❪❛ ❛❫ ❫❴❴ ✳

✼✡☛▲ ✢✎ ✗✄✎✄✟✌✍✱ ✆✎✞✄✟✂✌✍✔✗✄✎ ✏✔☎✙✔✓✎✑✝ ✌✟✄ ☎✔✟✄ ✟✄✌✏✞✆✴✄ ✞✂✌✎ ✂✌✍✔✗✄✎✝ ✑✓✄

✞✔ ✖✄✌t✄✟ ✤✲✤
❵
r✔✎✑✆✎✗ ✞✂✌✎ ✤✲✤ r✔✎✑✳ ❬✂✓✝✱ ✢❈✍ ✆✝ ☎✔✟✄ ✟✄✌✏✞✆✴✄ ✞✂✌✎ ✢✜✳

✼✡☛✧ ❜✌✑✔✎ ✆✝ ✟✌✑✆✔✌✏✞✆✴✄ ✖✆✞✂ ✴✄✟✠ ✝✂✔✟✞ ✂✌✍✕✬✍✆✕✄ ✖✂✆✏✂ ☎✌t✄✝ ✞✂✄ ✝✞✓✑✠ ✔✕

✏✂✄☎✆✝✞✟✠ ✔✕ ✟✌✑✔✎ ✑✆✕✕✆✏✓✍✞✳



❚�✁ ❞✂❜✄☎✆✝ ☎✞ ✟�✁ ✠✁✡☛☎☞☛✆ ✟✌❜✄✁ ✆☎✍✟✌☛✍✎ ✟�✁ ✁✄✁✏✁✍✟✎

☎✞ ✟�✁ ♦✡☎✑✠✎ ✒✓✔✕ ☛✍ ✖�☛✆� ✟�✁ ❞ ☎✡❜☛✟✌✄✎ ✌✡✁

✠✡☎♦✡✁✎✎☛♣✁✄✗ ✞☛✄✄✁☞ ☛✍ ✁✌✆� ☎✞ ✟�✁ ✞☎✑✡ ✄☎✍♦ ✠✁✡☛☎☞✎✘

❚�✁ ✁✄✁✏✁✍✟✎ ✆☎✍✎✟☛✟✑✟☛✍♦ ✟�✁ ❢ ✓❜✄☎✆✝ ✌✡✁ ✟�☎✎✁ ☛✍

✖�☛✆� ✟�✁ ✇ ❢ ✌✍☞ ✥ ❢ ☎✡❜☛✟✌✄✎ ✌✡✁ ✠✡☎♦✡✁✎✎☛♣✁✄✗ ✞☛✄✄✁☞

☛✍ ✟�✁ ✄✌✟✟✁✡ ✟✖☎ ✄☎✍♦ ✠✁✡☛☎☞✎✐ ✟�✁✎✁ ✁✄✁✏✁✍✟✎ ✌✡✁ ✞☎✡✏✌✄

✏✁✏❜✁✡✎ ☎✞ ♦✡☎✑✠ ✒ ✞✡☎✏ ✖�☛✆� ✟�✁✗ �✌♣✁ ❜✁✁✍ ✟✌✝✁✍

☎✑✟ ✟☎ ✞☎✡✏ ✌ ✎✁✠✌✡✌✟✁ ❢✓❜✄☎✆✝ ☎✞ ✟�✁ ✠✁✡☛☎☞☛✆ ✟✌❜✄✁✘

❚�✁ ✍✌✏✁✎ t✙✚✛✜✢t✢✣✛ ✤✦t✚✧✜ ✌✍☞ ✢✛✛✦✙ t✙✚✛✜✢t✢✣✛

✏✁✟✌✄✎ ✌✡✁ ☎✞✟✁✍ ✑✎✁☞ ✟☎ ✡✁✞✁✡ ✟☎ ✟�✁ ✁✄✁✏✁✍✟✎ ☎✞ ❞✓✌✍☞

❢✓❜✄☎✆✝✎ ✡✁✎✠✁✆✟☛♣✁✄✗✘

❚�✁✡✁ ✌✡✁ ✏✌☛✍✄✗ ✟�✡✁✁ ✎✁✡☛✁✎ ☎✞ ✟�✁ ✟✡✌✍✎☛✟☛☎✍

✏✁✟✌✄✎♠ ✒❞ ✎✁✡☛✁✎ ★✩✆ ✟☎ ✪✍✫♠ ✇❞ ✎✁✡☛✁✎ ★✬ ✟☎ ✭☞✫ ✌✍☞ ✥❞
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❂❬❃❁ ✼❂ ❁✳❨❁ ✾✺❳❂✳✴✺ ❂✾✻✺❳❨✾❁s ❉❬❃✾✳✴✳✾❅ ❀✼✴✴✺✼❊✳✴✳✾❅s ❁✳❨❁ ✾❁✺✻❀✼✴ ✼❳❉

✺✴✺❃✾✻✳❃✼✴ ❃✿❳❉❬❃✾✳✵✳✾❅ ✼❳❉ ❀✺✾✼✴✴✳❃ ✴❬❂✾✻✺❭ ♣✳✾❁ ✾❁✺ ✺q❃✺❄✾✳✿❳❂ ✿❇ r❳s

t❉s ❪❨ ✼❳❉ ✉❳s ✾❁✺❅ ❁✼✵✺ ✿❳✺ ✿✻ ❀✿✻✺ ✾❅❄✳❃✼✴ ❀✺✾✼✴✴✳❃ ❂✾✻❬❃✾❬✻✺❂ ✼✾

❳✿✻❀✼✴ ✾✺❀❄✺✻✼✾❬✻✺❂❭

8 38 .3 Ge rnGeneral
P e s p e  fP pe es fProperties ofProperties of
th  r i nthe Transitionth  r i nthe Transition
E e tElements
( - kl(d-Block)

✈❣ ✇❢ ① ②❥ ③④ ⑤♠ ②❦ ⑥❢ ②⑦ ⑧④

❁❃❄ ❁❃❄ ❊❃❃ ❊❃❃ ⑨ ❊❃❃ ❃❃❄ ❃❃❄ ❃❃❄ ⑨

●❊❃❃❯ ●❊❃❃❯ ●❊❃❃s ❃❃❄❯ ●❁❃❄❯ ●❁❃❄❯ ●❁❃❄❯

⑩ ⑧❥ ⑥❶ ③❦ ✇❣ ❷⑦ ❷❜ ❛❸ ❹❺ ②❸

❁❃❄ ❁❃❄ ❊❃❃ ❊❃❃ ❁❃❄ ❁❃❄ ❃❃❄ ❃❃❄ ❃❃❄ ⑨

●❊❃❃❯ ●❊❃❃❯ ●❁❃❄❯

❻❤ ❼❽ ✇❤ ❾ ❷♠ ❿❡ ➀❥ ❛♥ ❹⑦ ❼❺

❁❃❄ ❁❃❄ ❊❃❃ ❊❃❃ ❁❃❄ ❁❃❄ ❃❃❄ ❃❃❄ ❃❃❄ ⑨

●❃❃❄s❊❃❃❯ ●❊❃❃❯

➁➂➃➃➄➅➆ ➇➃➈➉➅➃➉➈➆➊ ➋➌ ➍➈➂➎➊➄➃➄➋➎ ➏➆➃➂➐➊

➑➒➓➓ ➔ ➒→➣↔ ➓↕➙➛➜↕➣ ➓➝➒➞➓➟ ➠➓➡ ➔ ➠↕➢➤➥→➙➤➦ ➓➦→➧↕ ➡➤➓➨↕➣➟
➓➓➡ ➔ ➓➝➒➞➓ ➓➦→➧↕ ➡➤➓➨↕➣➟ ➩ ➔ ➤ ➛↔➡➞➓➤➦ ➫↕➛➤➦ ➧➛➜➝➓➛➝➜↕➭➯

➲➳➵➸ ➺➸➻➼ ➽➾➚➪➶➹ ➘➪ ➴➚➷➬➘➪➮ ➱✃➘➪➬➹ ✃❐

➬➾❒➪➹➘➬➘✃➪ ➚➷➚➴➚➪➬➹

❮❁✺ ✾✻✼❳❂✳✾✳✿❳ ❀✺✾✼✴❂ ●❫✳✾❁ ✾❁✺ ✺q❃✺❄✾✳✿❳
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❁✼✵✺ ✴✿❫ ✵✿✴✼✾✳✴✳✾❅❭ ❮❁✺✳✻ ❀✺✴✾✳❳❨ ✼❳❉ ❊✿✳✴✳❳❨

❄✿✳❳✾❂ ✼✻✺ ❁✳❨❁❭ ❰✳❨❭ Ï❭Ð ❉✺❄✳❃✾❂ ✾❁✺ ❀✺✴✾✳❳❨

❄✿✳❳✾❂ ✿❇ ✾❁✺ Ñ❞s ❏❞ ✼❳❉ Ò❞ ✾✻✼❳❂✳✾✳✿❳ ❀✺✾✼✴❂❭

❮❁✺ ❁✳❨❁ ❀✺✴✾✳❳❨ ❄✿✳❳✾❂ ✿❇ ✾❁✺❂✺ ❀✺✾✼✴❂ ✼✻✺

✼✾✾✻✳❊❬✾✺❉ ✾✿ ✾❁✺ ✳❳✵✿✴✵✺❀✺❳✾ ✿❇ ❨✻✺✼✾✺✻

❳❬❀❊✺✻ ✿❇ ✺✴✺❃✾✻✿❳❂ ❇✻✿❀ ●❳ÓÐ❯❞ ✳❳ ✼❉❉✳✾✳✿❳ ✾✿

✾❁✺ ❳Ô ✺✴✺❃✾✻✿❳❂ ✳❳ ✾❁✺ ✳❳✾✺✻✼✾✿❀✳❃ ❀✺✾✼✴✴✳❃

❊✿❳❉✳❳❨❭ Õ❳ ✼❳❅ ✻✿❫ ✾❁✺ ❀✺✴✾✳❳❨ ❄✿✳❳✾❂ ✿❇ ✾❁✺❂✺

❀✺✾✼✴❂ ✻✳❂✺ ✾✿ ✼ ❀✼q✳❀❬❀ ✼✾ ❞
Ö

✺q❃✺❄✾ ❇✿✻

✼❳✿❀✼✴✿❬❂ ✵✼✴❬✺❂ ✿❇ ✉❳ ✼❳❉ ❮❃ ✼❳❉ ❇✼✴✴

✻✺❨❬✴✼✻✴❅ ✼❂ ✾❁✺ ✼✾✿❀✳❃ ❳❬❀❊✺✻ ✳❳❃✻✺✼❂✺❂❭

❮❁✺❅ ❁✼✵✺ ❁✳❨❁ ✺❳✾❁✼✴❄✳✺❂ ✿❇ ✼✾✿❀✳❂✼✾✳✿❳ ❫❁✳❃❁

✼✻✺ ❂❁✿❫❳ ✳❳ ❰✳❨❭ Ï❭×❭ ❮❁✺ ❀✼q✳❀✼ ✼✾ ✼❊✿❬✾

✾❁✺ ❀✳❉❉✴✺ ✿❇ ✺✼❃❁ ❂✺✻✳✺❂ ✳❳❉✳❃✼✾✺ ✾❁✼✾ ✿❳✺

❬❳❄✼✳✻✺❉ ✺✴✺❃✾✻✿❳ ❄✺✻ ❞ ✿✻❊✳✾✼✴ ✳❂ ❄✼✻✾✳❃❬✴✼✻✴❅
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✍✎✏✑✒✓✎✔✕✖ ✍✑✓ ✗✘✓✑✙✚ ✛✙✘✖✓✎✘✑✜✛✢ ✛✙✘✖✓✎✢✘✛✑✙✣ ✤✙ ✚✖✙✖✓✎✕✥ ✚✓✖✎✘✖✓ ✘✦✖

✙✒✜✔✖✓ ✑✍ ✏✎✕✖✙✢✖ ✖✕✖✢✘✓✑✙✗✥ ✗✘✓✑✙✚✖✓ ✛✗ ✘✦✖ ✓✖✗✒✕✘✎✙✘ ✔✑✙♥✛✙✚✣ ✧✛✙✢✖

✘✦✖ ✖✙✘✦✎✕t★ ✑✍ ✎✘✑✜✛✗✎✘✛✑✙ ✛✗ ✎✙ ✛✜t✑✓✘✎✙✘ ✍✎✢✘✑✓ ✛✙ ♥✖✘✖✓✜✛✙✛✙✚ ✘✦✖

✗✘✎✙♥✎✓♥ ✖✕✖✢✘✓✑♥✖ t✑✘✖✙✘✛✎✕ ✑✍ ✎ ✜✖✘✎✕✥ ✜✖✘✎✕✗ s✛✘✦ ✏✖✓★ ✦✛✚✦ ✖✙✘✦✎✕t★

✑✍ ✎✘✑✜✛✗✎✘✛✑✙ ♦✛✣✖✣✥ ✏✖✓★ ✦✛✚✦ ✔✑✛✕✛✙✚ t✑✛✙✘✩ ✘✖✙♥ ✘✑ ✔✖ ✙✑✔✕✖ ✛✙ ✘✦✖✛✓

✓✖✎✢✘✛✑✙✗ ♦✗✖✖ ✕✎✘✖✓ ✍✑✓ ✖✕✖✢✘✓✑♥✖ t✑✘✖✙✘✛✎✕✗✩✣

❆✙✑✘✦✖✓ ✚✖✙✖✓✎✕✛✗✎✘✛✑✙ ✘✦✎✘ ✜✎★ ✔✖ ♥✓✎s✙ ✍✓✑✜ ✪✛✚✣ ✫✣✬ ✛✗ ✘✦✎✘ ✘✦✖

✜✖✘✎✕✗ ✑✍ ✘✦✖ ✗✖✢✑✙♥ ✎✙♥ ✘✦✛✓♥ ✗✖✓✛✖✗ ✦✎✏✖ ✚✓✖✎✘✖✓ ✖✙✘✦✎✕t✛✖✗ ✑✍

✎✘✑✜✛✗✎✘✛✑✙ ✘✦✎✙ ✘✦✖ ✢✑✓✓✖✗t✑✙♥✛✙✚ ✖✕✖✜✖✙✘✗ ✑✍ ✘✦✖ ✍✛✓✗✘ ✗✖✓✛✖✗❛ ✘✦✛✗ ✛✗ ✎✙

✛✜t✑✓✘✎✙✘ ✍✎✢✘✑✓ ✛✙ ✎✢✢✑✒✙✘✛✙✚ ✍✑✓ ✘✦✖ ✑✢✢✒✓✓✖✙✢✖ ✑✍ ✜✒✢✦ ✜✑✓✖ ✍✓✖✐✒✖✙✘

✜✖✘✎✕ ♠ ✜✖✘✎✕ ✔✑✙♥✛✙✚ ✛✙ ✢✑✜t✑✒✙♥✗ ✑✍ ✘✦✖ ✦✖✎✏★ ✘✓✎✙✗✛✘✛✑✙ ✜✖✘✎✕✗✣

❋✭✮✯ ✰✯✱

✳r❡✴❞✵ ✹✴ ❡✴✺✻✼✽✾✹❡✵

✿❢ ✼✺✿❀✹✵✼✺✹✿✴ ✿❢
✺r✼✴✵✹✺✹✿✴ ❡✽❡❀❡✴✺✵

✤✙ ✚✖✙✖✓✎✕✥ ✛✑✙✗ ✑✍ ✘✦✖ ✗✎✜✖ ✢✦✎✓✚✖ ✛✙ ✎ ✚✛✏✖✙ ✗✖✓✛✖✗ ✗✦✑s t✓✑✚✓✖✗✗✛✏✖

♥✖✢✓✖✎✗✖ ✛✙ ✓✎♥✛✒✗ s✛✘✦ ✛✙✢✓✖✎✗✛✙✚ ✎✘✑✜✛✢ ✙✒✜✔✖✓✣ ❁✦✛✗ ✛✗ ✔✖✢✎✒✗✖ ✘✦✖

✙✖s ✖✕✖✢✘✓✑✙ ✖✙✘✖✓✗ ✎ ❂ ✑✓✔✛✘✎✕ ✖✎✢✦ ✘✛✜✖ ✘✦✖ ✙✒✢✕✖✎✓ ✢✦✎✓✚✖ ✛✙✢✓✖✎✗✖✗
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✒✍✔✓✓ ✘✑✖✘✗✕✒✘✑✖ ✓✖✒✍✕✙✣✘✓✗ ✑✤ ✒✍✓ ✤✘✔✗✒ ✔✑❜ ✓✙✓✚✓✖✒✗✧ ✾✍✓✗✓ ❤✕✙✦✓✗

✗✍✑❜ ✒✍✕✒ ✒✍✓ ✗✦✥✥✓✗✗✘❤✓ ✓✖✒✍✕✙✣✘✓✗ ✑✤ ✒✍✓✗✓ ✓✙✓✚✓✖✒✗ ✏✑ ✖✑✒ ✘✖✥✔✓✕✗✓

✕✗ ✗✒✓✓✣✙✎ ✕✗ ✘✖ ✒✍✓ ✚✕✘✖ ✢✔✑✦✣ ✓✙✓✚✓✖✒✗✧ ❀✙✒✍✑✦✢✍ ✒✍✓ ✤✘✔✗✒ ✘✑✖✘✗✕✒✘✑✖

✓✖✒✍✕✙✣✎✳ ✘✖ ✢✓✖✓✔✕✙✳ ✘✖✥✔✓✕✗✓✗✳ ✒✍✓ ✚✕✢✖✘✒✦✏✓ ✑✤ ✒✍✓ ✘✖✥✔✓✕✗✓ ✘✖ ✒✍✓

✗✓✥✑✖✏ ✕✖✏ ✒✍✘✔✏ ✘✑✖✘✗✕✒✘✑✖ ✓✖✒✍✕✙✣✘✓✗ ✤✑✔ ✒✍✓ ✗✦✥✥✓✗✗✘❤✓ ✓✙✓✚✓✖✒✗✳

✘✖ ✢✓✖✓✔✕✙✳ ✘✗ ✚✦✥✍ ✍✘✢✍✓✔✧

✾✍✓ ✘✔✔✓✢✦✙✕✔ ✒✔✓✖✏ ✘✖ ✒✍✓ ✤✘✔✗✒ ✘✑✖✘✗✕✒✘✑✖ ✓✖✒✍✕✙✣✎ ✑✤ ✒✍✓ ✰✻

✚✓✒✕✙✗✳ ✒✍✑✦✢✍ ✑✤ ✙✘✒✒✙✓ ✥✍✓✚✘✥✕✙ ✗✘✢✖✘✤✘✥✕✖✥✓✳ ✥✕✖ ✜✓ ✕✥✥✑✦✖✒✓✏ ✤✑✔

✜✎ ✥✑✖✗✘✏✓✔✘✖✢ ✒✍✕✒ ✒✍✓ ✔✓✚✑❤✕✙ ✑✤ ✑✖✓ ✓✙✓✥✒✔✑✖ ✕✙✒✓✔✗ ✒✍✓ ✔✓✙✕✒✘❤✓

✓✖✓✔✢✘✓✗ ✑✤ ❡s ✕✖✏ ✰✻ ✑✔✜✘✒✕✙✗✧ ✪✑ ✒✍✓ ✦✖✘✣✑✗✘✒✘❤✓ ✘✑✖✗ ✍✕❤✓ ✻
♥

✥✑✖✤✘✢✦✔✕✒✘✑✖✗ ❜✘✒✍ ✖✑ ❡s ✓✙✓✥✒✔✑✖✗✧ ✾✍✓✔✓ ✘✗ ✒✍✦✗✳ ✕ ✔✓✑✔✢✕✖✘✗✕✒✘✑✖

✓✖✓✔✢✎ ✕✥✥✑✚✣✕✖✎✘✖✢ ✘✑✖✘✗✕✒✘✑✖ ❜✘✒✍ ✗✑✚✓ ✢✕✘✖✗ ✘✖ ✓✛✥✍✕✖✢✓ ✓✖✓✔✢✎

✕✗ ✒✍✓ ✖✦✚✜✓✔ ✑✤ ✓✙✓✥✒✔✑✖✗ ✘✖✥✔✓✕✗✓✗ ✕✖✏ ✤✔✑✚ ✒✍✓ ✒✔✕✖✗✤✓✔✓✖✥✓ ✑✤ s

✓✙✓✥✒✔✑✖✗ ✘✖✒✑ ✻ ✑✔✜✘✒✕✙✗✧ ✾✍✓✔✓ ✘✗ ✒✍✓ ✢✓✖✓✔✕✙✙✎ ✓✛✣✓✥✒✓✏ ✘✖✥✔✓✕✗✘✖✢

✒✔✓✖✏ ✘✖ ✒✍✓ ❤✕✙✦✓✗ ✕✗ ✒✍✓ ✓✤✤✓✥✒✘❤✓ ✖✦✥✙✓✕✔ ✥✍✕✔✢✓ ✘✖✥✔✓✕✗✓✗✧ ✼✑❜✓❤✓✔✳

✒✍✓ ❤✕✙✦✓ ✑✤ t✔ ✘✗ ✙✑❜✓✔ ✜✓✥✕✦✗✓ ✑✤ ✒✍✓ ✕✜✗✓✖✥✓ ✑✤ ✕✖✎ ✥✍✕✖✢✓ ✘✖ ✒✍✓

✻ ✥✑✖✤✘✢✦✔✕✒✘✑✖ ✕✖✏ ✒✍✓ ❤✕✙✦✓ ✤✑✔ ✯✖ ✍✘✢✍✓✔ ✜✓✥✕✦✗✓ ✘✒ ✔✓✣✔✓✗✓✖✒✗ ✕✖

✘✑✖✘✗✕✒✘✑✖ ✤✔✑✚ ✒✍✓ ❡s ✙✓❤✓✙✧ ✾✍✓ ✙✑❜✓✗✒ ✥✑✚✚✑✖ ✑✛✘✏✕✒✘✑✖ ✗✒✕✒✓ ✑✤

✒✍✓✗✓ ✚✓✒✕✙✗ ✘✗ ❁✬✧ ✾✑ ✤✑✔✚ ✒✍✓ ❃
❄❅

✘✑✖✗ ✤✔✑✚ ✒✍✓ ✢✕✗✓✑✦✗ ✕✒✑✚✗✳ ✒✍✓

✗✦✚ ✑✤ ✒✍✓ ✤✘✔✗✒ ✕✖✏ ✗✓✥✑✖✏ ✘✑✖✘✗✕✒✘✑✖ ✓✖✓✔✢✘✓✗ ✘✗ ✔✓❆✦✘✔✓✏ ✘✖ ✕✏✏✘✒✘✑✖

✒✑ ✒✍✓ ✓✖✒✍✕✙✣✎ ✑✤ ✕✒✑✚✘✗✕✒✘✑✖ ✤✑✔ ✓✕✥✍ ✓✙✓✚✓✖✒✧ ✾✍✓ ✏✑✚✘✖✕✖✒ ✒✓✔✚

✘✗ ✒✍✓ ✗✓✥✑✖✏ ✘✑✖✘✗✕✒✘✑✖ ✓✖✒✍✕✙✣✎ ❜✍✘✥✍ ✗✍✑❜✗ ✦✖✦✗✦✕✙✙✎ ✍✘✢✍ ❤✕✙✦✓✗

✤✑✔ t✔ ✕✖✏ t✦ ❜✍✓✔✓ ✒✍✓ ✻
❈
✕✖✏ ✻

❊❋
✥✑✖✤✘✢✦✔✕✒✘✑✖✗ ✑✤ ✒✍✓ ❃

❅
✘✑✖✗ ✕✔✓

✏✘✗✔✦✣✒✓✏✳ ❜✘✒✍ ✥✑✖✗✘✏✓✔✕✜✙✓ ✙✑✗✗ ✑✤ ✓✛✥✍✕✖✢✓ ✓✖✓✔✢✎✧ ✾✍✓ ❤✕✙✦✓ ✤✑✔

✯✖ ✘✗ ✥✑✔✔✓✗✣✑✖✏✘✖✢✙✎ ✙✑❜ ✕✗ ✒✍✓ ✘✑✖✘✗✕✒✘✑✖ ✥✑✖✗✘✗✒✗ ✑✤ ✒✍✓ ✔✓✚✑❤✕✙

✑✤ ✕✖ ✓✙✓✥✒✔✑✖ ❜✍✘✥✍ ✕✙✙✑❜✗ ✒✍✓ ✣✔✑✏✦✥✒✘✑✖ ✑✤ ✒✍✓ ✗✒✕✜✙✓ ✻
❊❋

✥✑✖✤✘✢✦✔✕✒✘✑✖✧ ✾✍✓ ✒✔✓✖✏ ✘✖ ✒✍✓ ✒✍✘✔✏ ✘✑✖✘✗✕✒✘✑✖ ✓✖✒✍✕✙✣✘✓✗ ✘✗ ✖✑✒

✥✑✚✣✙✘✥✕✒✓✏ ✜✎ ✒✍✓ ❡s ✑✔✜✘✒✕✙ ✤✕✥✒✑✔ ✕✖✏ ✗✍✑❜✗ ✒✍✓ ✢✔✓✕✒✓✔ ✏✘✤✤✘✥✦✙✒✎

✑✤ ✔✓✚✑❤✘✖✢ ✕✖ ✓✙✓✥✒✔✑✖ ✤✔✑✚ ✒✍✓ ✻
❈
✫❃✖

❄❅
✮ ✕✖✏ ✻

❊❋
✫✯✖

❄❅
✮ ✘✑✖✗

✗✦✣✓✔✘✚✣✑✗✓✏ ✦✣✑✖ ✒✍✓ ✢✓✖✓✔✕✙ ✘✖✥✔✓✕✗✘✖✢ ✒✔✓✖✏✧ ■✖ ✢✓✖✓✔✕✙✳ ✒✍✓

✒✍✘✔✏ ✘✑✖✘✗✕✒✘✑✖ ✓✖✒✍✕✙✣✘✓✗ ✕✔✓ ❆✦✘✒✓ ✍✘✢✍ ✕✖✏ ✒✍✓✔✓ ✘✗ ✕ ✚✕✔✵✓✏

✜✔✓✕✵ ✜✓✒❜✓✓✖ ✒✍✓ ❤✕✙✦✓✗ ✤✑✔ ❃✖
❄❅

✕✖✏ ●✓
❄❅
✧ ❀✙✗✑ ✒✍✓ ✍✘✢✍ ❤✕✙✦✓✗ ✤✑✔

✽★❍★❍ ❏❑▲▼◆❖P▼❑▲

◗▲P❘❖❙❯▼❱◆



✷�✁❈✂✄☎✆✝✞✟✠

❝✡☛☛☞✌✱ ✍✎❝✏☞✑ ✒✍✓ ✔✎✍❝ ✎✍✓✎❝✒✕☞ ✖✗✘ ✎✕ ✎✙ ✓✎✚✚✎❝❢✑✕ ✕✡ ✡✛✕✒✎✍ ✡✜✎✓✒✕✎✡✍

✙✕✒✕☞ s✌☞✒✕☞✌ ✕✗✒✍ ✕✖✡ ✚✡✌ ✕✗☞✙☞ ☞✑☞✢☞✍✕✙✣

❆✑✕✗✡❢s✗ ✎✡✍✎✙✒✕✎✡✍ ☞✍✕✗✒✑☛✎☞✙ s✎✤☞ ✙✡✢☞ s❢✎✓✒✍❝☞ ❝✡✍❝☞✌✍✎✍s ✕✗☞

✌☞✑✒✕✎✤☞ ✙✕✒✛✎✑✎✕✎☞✙ ✡✚ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙✱ ✕✗✎✙ ☛✌✡✛✑☞✢ ✎✙ ✤☞✌✘ ❝✡✢☛✑☞✜ ✒✍✓

✍✡✕ ✒✢☞✍✓✒✛✑☞ ✕✡ ✌☞✒✓✘ s☞✍☞✌✒✑✎✙✒✕✎✡✍✣

❖✍☞ ✡✚ ✕✗☞ ✍✡✕✒✛✑☞ ✚☞✒✕❢✌☞✙ ✡✚ ✒ ✕✌✒✍✙✎✕✎✡✍ ☞✑☞✢☞✍✕ ✎✙ ✕✗☞ s✌☞✒✕ ✤✒✌✎☞✕✘

✡✚ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✎✕ ✢✒✘ ✙✗✡✖ ✎✍ ✎✕✙ ❝✡✢☛✡❢✍✓✙✣ ♦✒✛✑☞ ✥✣✦ ✑✎✙✕✙ ✕✗☞

❝✡✢✢✡✍ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✡✚ ✕✗☞ ✚✎✌✙✕ ✌✡✖ ✕✌✒✍✙✎✕✎✡✍ ☞✑☞✢☞✍✕✙✣

✽✧★✧✩ ✪✫✬✭✮✯✬✰✲

❙✯✮✯✳✴

✵✶ ❚✐ ❱ ✸r ▼♥ ❋❡ ✸✹ ◆✐ ✸✉ ❩♥

✺✷ ✺✷ ✺✷ ✻✼ ✻✼ ✻✼ ✻✼ ✺� ✻✼

✺✾ ✺✾ ✺✾ ✻✿ ✺✾ ✻✿ ✻✿ ✺✾ ✻✼

✻❀ ✺❁ ✺❁ ✺❁ ✺❁ ✺❁ ✺❁

✻❂ ✺❃ ✺❃

✻❄ ✺✁ ✺✁

✻❅

❚❇❉❊❡ ●❍✿■ ❏❑✐▲❇P✐✹♥ ✵P❇P❡◗ ✹❘ P❯❡ ❘✐r◗P r✹❲ ❚r❇♥◗✐P✐✹♥ ▼❡P❇❊◗

❳P❯❡ ❨✹◗P ✶✹❨❨✹♥ ✹♥❡◗ ❇r❡ ✐♥ ❉✹❊▲ P❬❭❡◗❪

♦✗☞ ☞✑☞✢☞✍✕✙ ✖✗✎❝✗ s✎✤☞ ✕✗☞ s✌☞✒✕☞✙✕ ✍❢✢✛☞✌ ✡✚ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙

✡❝❝❢✌ ✎✍ ✡✌ ✍☞✒✌ ✕✗☞ ✢✎✓✓✑☞ ✡✚ ✕✗☞ ✙☞✌✎☞✙✣ ❫✒✍s✒✍☞✙☞✱ ✚✡✌ ☞✜✒✢☛✑☞✱

☞✜✗✎✛✎✕✙ ✒✑✑ ✕✗☞ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✚✌✡✢ ❴❵ ✕✡ ❴❛✣ ♦✗☞ ✑☞✙✙☞✌ ✍❢✢✛☞✌ ✡✚

✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✒✕ ✕✗☞ ☞✜✕✌☞✢☞ ☞✍✓✙ ✙✕☞✢✙ ✚✌✡✢ ☞✎✕✗☞✌ ✕✡✡ ✚☞✖ ☞✑☞❝✕✌✡✍✙

✕✡ ✑✡✙☞ ✡✌ ✙✗✒✌☞ ❜❞❝✱ ♦✎❣ ✡✌ ✕✡✡ ✢✒✍✘ ✓ ☞✑☞❝✕✌✡✍✙ ❜✗☞✍❝☞ ✚☞✖☞✌ ✡✌✛✎✕✒✑✙

✒✤✒✎✑✒✛✑☞ ✎✍ ✖✗✎❝✗ ✕✡ ✙✗✒✌☞ ☞✑☞❝✕✌✡✍✙ ✖✎✕✗ ✡✕✗☞✌✙❣ ✚✡✌ ✗✎s✗☞✌ ✤✒✑☞✍❝☞

❜❤❢✱ ❥✍❣✣ ♦✗❢✙✱ ☞✒✌✑✘ ✎✍ ✕✗☞ ✙☞✌✎☞✙ ✙❝✒✍✓✎❢✢❜❦❦❣ ✎✙ ✤✎✌✕❢✒✑✑✘ ❢✍✏✍✡✖✍

✒✍✓ ✕✎✕✒✍✎❢✢ ❜❦❧❣ ✎✙ ✢✡✌☞ ✙✕✒✛✑☞ ✕✗✒✍ ♦✎❜❦❦❦❣ ✡✌ ♦✎❜❦❦❣✣ ❆✕ ✕✗☞ ✡✕✗☞✌ ☞✍✓✱

✕✗☞ ✡✍✑✘ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞ ✡✚ ✔✎✍❝ ✎✙ ❴❵ ❜✍✡ ♠ ☞✑☞❝✕✌✡✍✙ ✒✌☞ ✎✍✤✡✑✤☞✓❣✣ ♦✗☞

✢✒✜✎✢❢✢ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✡✚ ✌☞✒✙✡✍✒✛✑☞ ✙✕✒✛✎✑✎✕✘ ❝✡✌✌☞✙☛✡✍✓ ✎✍ ✤✒✑❢☞

✕✡ ✕✗☞ ✙❢✢ ✡✚ ✕✗☞ ♣ ✒✍✓ ♠ ☞✑☞❝✕✌✡✍✙ ❢☛✕✡ ✢✒✍s✒✍☞✙☞ ❜♦✎
qt
❖✈✱ ❧

t
❖✈
✇
✱

❤✌
t①
❖②
✈③
✱ ❫✍

tqq
❖②
③
❣ ✚✡✑✑✡✖☞✓ ✛✘ ✒ ✌✒✕✗☞✌ ✒✛✌❢☛✕ ✓☞❝✌☞✒✙☞ ✎✍ ✙✕✒✛✎✑✎✕✘ ✡✚

✗✎s✗☞✌ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙✱ ✙✡ ✕✗✒✕ ✕✗☞ ✕✘☛✎❝✒✑ ✙☛☞❝✎☞✙ ✕✡ ✚✡✑✑✡✖ ✒✌☞ ④☞
qq⑤qqq
✱

❤✡
qq⑤qqq
✱ ⑥✎

qq
✱ ❤❢

q⑤qq
✱ ❥✍

qq
✣

♦✗☞ ✤✒✌✎✒✛✎✑✎✕✘ ✡✚ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙✱ ✒ ❝✗✒✌✒❝✕☞✌✎✙✕✎❝ ✡✚ ✕✌✒✍✙✎✕✎✡✍ ☞✑☞✢☞✍✕✙✱

✒✌✎✙☞✙ ✡❢✕ ✡✚ ✎✍❝✡✢☛✑☞✕☞ ✚✎✑✑✎✍s ✡✚ ♠ ✡✌✛✎✕✒✑✙ ✎✍ ✙❢❝✗ ✒ ✖✒✘ ✕✗✒✕ ✕✗☞✎✌

✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✓✎✚✚☞✌ ✚✌✡✢ ☞✒❝✗ ✡✕✗☞✌ ✛✘ ❢✍✎✕✘✱ ☞✣s✣✱ ❧
qq
✱ ❧

qqq
✱ ❧

qt
✱ ❧

t
✣ ♦✗✎✙

✎✙ ✎✍ ❝✡✍✕✌✒✙✕ ✖✎✕✗ ✕✗☞ ✤✒✌✎✒✛✎✑✎✕✘ ✡✚ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✡✚ ✍✡✍ ✕✌✒✍✙✎✕✎✡✍

☞✑☞✢☞✍✕✙ ✖✗☞✌☞ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✍✡✌✢✒✑✑✘ ✓✎✚✚☞✌ ✛✘ ✒ ❢✍✎✕ ✡✚ ✕✖✡✣

❆✍ ✎✍✕☞✌☞✙✕✎✍s ✚☞✒✕❢✌☞ ✎✍ ✕✗☞ ✤✒✌✎✒✛✎✑✎✕✘ ✡✚ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✡✚ ✕✗☞ ♠➊✛✑✡❝✏

☞✑☞✢☞✍✕✙ ✎✙ ✍✡✕✎❝☞✓ ✒✢✡✍s ✕✗☞ s✌✡❢☛✙ ❜s✌✡❢☛✙ ⑦ ✕✗✌✡❢s✗ ⑧⑨❣✣ ❆✑✕✗✡❢s✗ ✎✍

✕✗☞ ⑩➊✛✑✡❝✏ ✕✗☞ ✑✡✖☞✌ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✒✌☞ ✚✒✤✡❢✌☞✓ ✛✘ ✕✗☞ ✗☞✒✤✎☞✌ ✢☞✢✛☞✌✙

❜✓❢☞ ✕✡ ✎✍☞✌✕ ☛✒✎✌ ☞✚✚☞❝✕❣✱ ✕✗☞ ✡☛☛✡✙✎✕☞ ✎✙ ✕✌❢☞ ✎✍ ✕✗☞ s✌✡❢☛✙ ✡✚ ♠❶✛✑✡❝✏✣ ④✡✌

☞✜✒✢☛✑☞✱ ✎✍ s✌✡❢☛ ❷✱ ❫✡❜❧❦❣ ✒✍✓ ❸❜❧❦❣ ✒✌☞ ✚✡❢✍✓ ✕✡ ✛☞ ✢✡✌☞ ✙✕✒✛✑☞ ✕✗✒✍

❤✌❜❧❦❣✣ ♦✗❢✙ ❤✌❜❧❦❣ ✎✍ ✕✗☞ ✚✡✌✢ ✡✚ ✓✎❝✗✌✡✢✒✕☞ ✎✍ ✒❝✎✓✎❝ ✢☞✓✎❢✢ ✎✙ ✒ ✙✕✌✡✍s

✡✜✎✓✎✙✎✍s ✒s☞✍✕✱ ✖✗☞✌☞✒✙ ❫✡❖❹ ✒✍✓ ❸❖❹ ✒✌☞ ✍✡✕✣

❺✡✖ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞✙ ✒✌☞ ✚✡❢✍✓ ✖✗☞✍ ✒ ❝✡✢☛✑☞✜ ❝✡✢☛✡❢✍✓ ✗✒✙ ✑✎s✒✍✓✙

❝✒☛✒✛✑☞ ✡✚ ❻❶✒❝❝☞☛✕✡✌ ❝✗✒✌✒❝✕☞✌ ✎✍ ✒✓✓✎✕✎✡✍ ✕✡ ✕✗☞ ❼❶✛✡✍✓✎✍s✣ ④✡✌ ☞✜✒✢☛✑☞✱

✎✍ ⑥✎❜❤❖❣② ✒✍✓ ④☞❜❤❖❣❽✱ ✕✗☞ ✡✜✎✓✒✕✎✡✍ ✙✕✒✕☞ ✡✚ ✍✎❝✏☞✑ ✒✍✓ ✎✌✡✍ ✎✙ ✔☞✌✡✣



✷✶✼ ❚�✁ ❞✲ ✂✄☎ ❢✲ ✆✝✞✟✠ ✡✝✁☛✁✄☞✌

◆✍✎✏ ✍ ✑✒✍✓✔✕✑✕✖✓ ✏✗✏✎✏✓✑ ✘✙✕✚✙ ✛✖✏✔ ✓✖✑ ✏✜✙✕✢✕✑ ✣✍✒✕✍✢✗✏

✖✜✕✛✍✑✕✖✓ ✔✑✍✑✏✔♦

❙✚✍✓✛✕✤✎ ✥❩ ❂ ✦✧★ ✛✖✏✔ ✓✖✑ ✏✜✙✕✢✕✑ ✣✍✒✕✍✢✗✏ ✖✜✕✛✍✑✕✖✓ ✔✑✍✑✏✔♦

   8 3E l  Example 8.3

o oSolution

  e  st  Q iIntext Question

✩✍✢✗✏ ✪♦✫ ✚✖✓✑✍✕✓✔ ✑✙✏ ✑✙✏✒✎✖✚✙✏✎✕✚✍✗

♣✍✒✍✎✏✑✏✒✔ ✒✏✗✍✑✏✛ ✑✖ ✑✙✏

✑✒✍✓✔t✖✒✎✍✑✕✖✓ ✖t ✑✙✏ ✔✖✗✕✛ ✎✏✑✍✗ ✍✑✖✎✔

✑✖ ✬
✭✮

✕✖✓✔ ✕✓ ✔✖✗✤✑✕✖✓ ✍✓✛ ✑✙✏✕✒

✔✑✍✓✛✍✒✛ ✏✗✏✚✑✒✖✛✏ ♣✖✑✏✓✑✕✍✗✔♦ ✩✙✏

✖✢✔✏✒✣✏✛ ✣✍✗✤✏✔ ✖t ❊
✯

✍✓✛ ✑✙✖✔✏

✚✍✗✚✤✗✍✑✏✛ ✤✔✕✓❝ ✑✙✏ ✛✍✑✍ ✖t ✩✍✢✗✏ ✪♦✫

✍✒✏ ✚✖✎♣✍✒✏✛ ✕✓ ❛✕❝♦ ✪♦✫♦

✩✙✏ ✤✓✕✰✤✏ ✢✏✙✍✣✕✖✤✒ ✖t ✱✤✳

✙✍✣✕✓❝ ✍ ♣✖✔✕✑✕✣✏ ❊
✯
✳ ✍✚✚✖✤✓✑✔ t✖✒ ✕✑✔

✕✓✍✢✕✗✕✑✐ ✑✖ ✗✕✢✏✒✍✑✏ ✴✭ t✒✖✎ ✍✚✕✛✔♦ ✵✓✗✐

✖✜✕✛✕✔✕✓❝ ✍✚✕✛✔ ✥✓✕✑✒✕✚ ✍✓✛ ✙✖✑

✚✖✓✚✏✓✑✒✍✑✏✛ ✔✤✗♣✙✤✒✕✚★ ✒✏✍✚✑ ✘✕✑✙ ✱✤✳

✑✙✏ ✍✚✕✛✔ ✢✏✕✓❝ ✒✏✛✤✚✏✛♦ ✩✙✏ ✙✕❝✙

✏✓✏✒❝✐ ✑✖ ✑✒✍✓✔t✖✒✎ ✱✤✥✔★ ✑✖ ✱✤
✭✮

✥✍✰★

✕✔ ✓✖✑ ✢✍✗✍✓✚✏✛ ✢✐ ✕✑✔ ✙✐✛✒✍✑✕✖✓

✏✓✑✙✍✗♣✐♦ ✩✙✏ ❝✏✓✏✒✍✗ ✑✒✏✓✛ ✑✖✘✍✒✛✔

✗✏✔✔ ✓✏❝✍✑✕✣✏ ❊
✯

✣✍✗✤✏✔ ✍✚✒✖✔✔ ✑✙✏

✔✏✒✕✏✔ ✕✔ ✒✏✗✍✑✏✛ ✑✖ ✑✙✏ ❝✏✓✏✒✍✗ ✕✓✚✒✏✍✔✏

✕✓ ✑✙✏ ✔✤✎ ✖t ✑✙✏ t✕✒✔✑ ✍✓✛ ✔✏✚✖✓✛

✕✖✓✕✔✍✑✕✖✓ ✏✓✑✙✍✗♣✕✏✔♦ ✸✑ ✕✔ ✕✓✑✏✒✏✔✑✕✓❝

✑✖ ✓✖✑✏ ✑✙✍✑ ✑✙✏ ✣✍✗✤✏ ✖t ❊
✯

t✖✒ ✬✓✳ ◆✕

✍✓✛ ✹✓ ✍✒✏ ✎✖✒✏ ✓✏❝✍✑✕✣✏ ✑✙✍✓

✏✜♣✏✚✑✏✛ t✒✖✎ ✑✙✏ ✑✒✏✓✛♦

✽✺✻✺✾ ✿❀❁❃❄❅ ❆❃ ❇❈❁ ❉
❋●

❍❉ ■❇❏❃❄❏❀❄

❑▲❁▼❇❀❖❄❁ P❖❇❁❃❇❆❏▲❅

  I  u ne  sIntext Question

✽✺◗ ✩✙✏ ❊
✯
✥✬

✭✮
❘✬★ ✣✍✗✤✏ t✖✒ ✚✖♣♣✏✒ ✕✔ ♣✖✔✕✑✕✣✏ ✥❯❱♦❲✫❳★♦ ❨✙✍✑ ✕✔ ♣✖✔✔✕✢✗✐

✑✙✏ ✒✏✍✔✖✓ t✖✒ ✑✙✕✔❬ ✥✴✕✓✑❭ ✚✖✓✔✕✛✏✒ ✕✑✔ ✙✕❝✙ ❪❫❴
✯

✍✓✛ ✗✖✘ ❪❤❵❜❴
✯
★

❨✙✐ ✕✔ ✱✒
✭✮

✒✏✛✤✚✕✓❝ ✍✓✛ ✬✓
❡✮

✖✜✕✛✕✔✕✓❝ ✘✙✏✓ ✢✖✑✙ ✙✍✣✏ ❣
❥

✚✖✓t✕❝✤✒✍✑✕✖✓♦

✱✒
✭✮

✕✔ ✒✏✛✤✚✕✓❝ ✍✔ ✕✑✔ ✚✖✓t✕❝✤✒✍✑✕✖✓ ✚✙✍✓❝✏✔ t✒✖✎ ❣
❥

✑✖ ❣
❡
✳ ✑✙✏ ✗✍✑✑✏✒

✙✍✣✕✓❝ ✍ ✙✍✗t❦t✕✗✗✏✛ ❧✭♠ ✗✏✣✏✗ ✥✔✏✏ ♥✓✕✑ q★ ♦ ✵✓ ✑✙✏ ✖✑✙✏✒ ✙✍✓✛✳ ✑✙✏ ✚✙✍✓❝✏

t✒✖✎ ✬✓
✭✮

✑✖ ✬✓
❡✮

✒✏✔✤✗✑✔ ✕✓ ✑✙✏ ✙✍✗t❦t✕✗✗✏✛ ✥❣
r
★ ✚✖✓t✕❝✤✒✍✑✕✖✓ ✘✙✕✚✙ ✙✍✔

✏✜✑✒✍ ✔✑✍✢✕✗✕✑✐♦

  x e mp  Example 8.4

ut oSolution

s✉✈✇ ①✇②③ ④⑤⑥⑦⑧⑨⑦❞ ⑩❶❞ ❷⑩❸❷❹❸⑩❺⑦❞ ⑨⑩❸❹⑦⑥ ❢❻⑧ ❺❼⑦ ⑥❺⑩❶❞⑩⑧❞

⑦❸⑦❷❺⑧❻❞⑦ ❽❻❺⑦❶❺❾⑩❸⑥

❿➀➁➂ ➃ ➄➀➅ ❻❢ ❺❼⑦ ⑦❸⑦➆⑦❶❺⑥ ➇❾ ❺❻ ➈❶



✷�✁❈✂✄☎✆✝✞✟✠
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❙
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❩ ❬ ❭✄❫❴❵

❩ ❜ ❝❣❴✐

❩ ❥ ❧❫❴♠

❩ ♦ ❚♣❴❫ ❧❫❴q ❝❣❴❫ ❭✄❴❫

❩ r ✉✟❫❴✐ ❚♣❫❴✐ ❧❫❴✐ ❝❣❫❴✐ ❭✄❫❴✐ ✇✁❫❴✐
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①

❩ ✷ ❚♣❴ ❧❴ ②❝❣❴③ ❭✄❴ ✇✁❴ ❝✞❴ ④♣❴ ❝⑤❴ ⑥✄❴

❩ ✶ ❝⑤❫❴

⑦⑧⑨⑩❶ ❷❸❹❺ ❻❼❽❾❶❿ ➀➁ ➂❾ ➃❶➄⑧⑩❿

➅ ➆➇➈➉➋ ➌➈➇➋➉➍

➎➏➀➐➑❿

➂ ➒ ➓ ❹ ➔ ❷ → ➣↔ ➣➣ ➣↕

❻❼❽❾⑧➄❽➀➙

➛➐➜⑨❶➏

Exa l  Example 8.5E a l  x  Example 8.5❍✘✥ ✥✘✚✖✎ ✻✘✚ ❛✧✧✘✚✍✏ ❆✘✣ ✏✑✒ ✗✍✧✣✒❛✓✗✍❁ ✘✦✗✎✗✓✗✍❁ ✕✘✥✒✣ ✗✍ ✏✑✒

✓✒✣✗✒✓ ◗✢✩
✪
➝ ✙✣✩✢▲

✩➊
➝ t✍✢❘

➊
➞

❅✑✗✓ ✗✓ ✎✚✒ ✏✘ ✏✑✒ ✗✍✧✣✒❛✓✗✍❁ ✓✏❛❡✗✖✗✏✻ ✘❆ ✏✑✒ ✖✘✥✒✣ ✓✕✒✧✗✒✓ ✏✘ ✥✑✗✧✑ ✏✑✒✻

❛✣✒ ✣✒✎✚✧✒✎✜

  t  Q st iIntext Question

➟➠➡ ❍✘✥ ✥✘✚✖✎ ✻✘✚ ❛✧✧✘✚✍✏ ❆✘✣ ✏✑✒ ✗✣✣✒❁✚✖❛✣ ✺❛✣✗❛✏✗✘✍ ✘❆ ✗✘✍✗✓❛✏✗✘✍

✒✍✏✑❛✖✕✗✒✓ ✼❆✗✣✓✏ ❛✍✎ ✓✒✧✘✍✎✽ ✗✍ ✏✑✒ ❆✗✣✓✏ ✓✒✣✗✒✓ ✘❆ ✏✑✒ ✏✣❛✍✓✗✏✗✘✍ ✒✖✒✔✒✍✏✓➞

u oS l tiSolution
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♦
✈✒✕✖✌✏ ✒✡✌✗

✘
♦

❱ ✙✡ ▼✓ ❋✌ ✙✠ ◆✎ ✙✖

✭▼
✚✛
✴▼✮ ➊✜✢✜✣ ➊ ✥✢✤✜ ➊✜✢✜✣ ➊ ✥✢✦✦ ➊ ✥✢✧✣ ➊ ✥✢✧★ ✰✥✢✩✦
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✳
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✴❋✌
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✰✩ ✏☛✒☛✌ ✠✍ ▼✓ ✎✏ ✠✍ ✕✎☛☛✕✌ ✎✔✬✠✡☛✒✓✵✌✢
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  p  6E  Example 8.6

  I  i e t sIntext Questions
❀❁r ❲☞✱ ✎✏ ☛☞✌ ☞✎✯☞✌✏☛ ✠✫✎✶✒☛✎✠✓ ✏☛✒☛✌ ✠✍ ✒ ✔✌☛✒✕ ✌✫☞✎✲✎☛✌✶ ✎✓ ✎☛✏ ✠✫✎✶✌ ✠✡

✍✕✖✠✡✎✶✌ ✠✓✕✱❄
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✔❜✓✕✱ ✑✔ ✑✵✒ ✔❝❝✳✖✖✒✕❝✒ ✔✽ ✎ ❜✓✗✒ ✖✎✕✱✒ ✔✽ ✔✍✓✗✎✑✓✔✕ ✘✑✎✑✒✘ ✓✕ ✑✵✒✘✒

✒✏✒❂✒✕✑✘ ✎✕✗ ✴✎✖✑✏❍ ✸✒❝✎✳✘✒ ✑✵✒✓✖ ✖✎✗✓✔✎❝✑✓❄✓✑❍ ❝✖✒✎✑✒✘ ✘✴✒❝✓✎✏ ✴✖✔✸✏✒❂✘

✓✕ ✑✵✒✓✖ ✘✑✳✗❍❅ ✑✵✒ ✑❜✔ ✘✒✖✓✒✘ ❜✓✏✏ ✸✒ ❝✔✕✘✓✗✒✖✒✗ ✘✒✴✎✖✎✑✒✏❍ ✵✒✖✒✉

❁✵✒ ✕✎❂✒✘✶ ✘❍❂✸✔✏✘✶ ✒✏✒❝✑✖✔✕✓❝ ❝✔✕✽✓✱✳✖✎✑✓✔✕✘ ✔✽ ✎✑✔❂✓❝ ✎✕✗ ✘✔❂✒

✓✔✕✓❝ ✘✑✎✑✒✘ ✎✕✗ ✎✑✔❂✓❝ ✎✕✗ ✓✔✕✓❝ ✖✎✗✓✓ ✔✽ ✏✎✕✑✵✎✕✳❂ ✎✕✗ ✏✎✕✑✵✎✕✔✓✗✘

✭✽✔✖ ❜✵✓❝✵ ✑✵✒ ✱✒✕✒✖✎✏ ✘❍❂✸✔✏ ❤✕ ✓✘ ✳✘✒✗✮ ✎✖✒ ✱✓❄✒✕ ✓✕ ❁✎✸✏✒ ✬✉✐✉
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☛☞✸✡
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P✎✸✡

❙✎✸✡

❊✏✸✡

●✍✸✡

❚✑✸✡

❉✒✸✡

❍✓✸✡

❊✌✸✡

❚✎✸✡

❨✑✸✡

▲✏✸✡

☛☞✹✡

P✌✹✡

❚✑✹✡

❨✑✔✡
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❙✎✔

❊✏✔✡
✶✶✕

✶✕✕

✾✕

✺✖ ✻✶ ✻✺✺✾ ✻✗ ✻✖ ✻✾ ✖✶
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✙
✚✛
✜✢
✣
✚✚
✤
✥
✦

❆✧★✩✪✫ ✬✭✩✮✯✰

✡

✽✱✲✱✳ ✴✵✼✿❀❁❂❃❄✿

❅❂❃❇❄❋❏❁❑❀❄❂❃▼

✽✱✲✱❖ ◗❀❂❘❄✿ ❑❃❯

❱❂❃❄✿ ❲❄❳✼▼

❩❬ ❭❪❫ ❴❵ ❛❜❬❵❝ ❬❞❪❬ ❪❬❜❭❡ ❜❢ ❬❞❵❡❵ ❵❣❵❭❵❛❬❡ ❞❪❤❵ ❵❣❵✐❬❥❜❛❦✐

✐❜❛❢❦❧♠❥❪❬❦❜❛ ♥❦❬❞ ♦s
♣
✐❜❭❭❜❛ ❴♠❬ ♥❦❬❞ ❤❪❥❦❪❴❣❵ ❜✐✐♠q❪❛✐❫ ❜❢ rt ❣❵❤❵❣

✉✈❪❴❣❵ ✇①②③① ④❜♥❵❤❵❥⑤ ❬❞❵ ❵❣❵✐❬❥❜❛❦✐ ✐❜❛❢❦❧♠❥❪❬❦❜❛❡ ❜❢ ❪❣❣ ❬❞❵ ❬❥❦q❜❡❦❬❦❤❵

❦❜❛❡ ✉❬❞❵ ❭❜❡❬ ❡❬❪❴❣❵ ❜⑥❦❝❪❬❦❜❛ ❡❬❪❬❵ ❜❢ ❪❣❣ ❬❞❵ ❣❪❛❬❞❪❛❜❦❝❡③ ❪❥❵ ❜❢ ❬❞❵

❢❜❥❭ rt
⑦
✉❛ ⑧ ⑨ ❬❜ ⑨r ♥❦❬❞ ❦❛✐❥❵❪❡❦❛❧ ❪❬❜❭❦✐ ❛♠❭❴❵❥③①

✈❞❵ ❜❤❵❥❪❣❣ ❝❵✐❥❵❪❡❵ ❦❛ ❪❬❜❭❦✐ ❪❛❝ ❦❜❛❦✐ ❥❪❝❦❦ ❢❥❜❭ ❣❪❛❬❞❪❛♠❭ ❬❜

❣♠❬❵❬❦♠❭ ✉❬❞❵ ✵❑❃❀⑩❑❃❂❄❯ ✿❂❃❀❁❑✿❀❄❂❃③ ❦❡ ❪ ♠❛❦❶♠❵ ❢❵❪❬♠❥❵ ❦❛ ❬❞❵

✐❞❵❭❦❡❬❥❫ ❜❢ ❬❞❵ ❣❪❛❬❞❪❛❜❦❝❡① ❩❬ ❞❪❡ ❢❪❥ ❥❵❪✐❞❦❛❧

✐❜❛❡❵❶♠❵❛✐❵❡ ❦❛ ❬❞❵ ✐❞❵❭❦❡❬❥❫ ❜❢ ❬❞❵ ❬❞❦❥❝

❬❥❪❛❡❦❬❦❜❛ ❡❵❥❦❵❡ ❜❢ ❬❞❵ ❵❣❵❭❵❛❬❡① ✈❞❵ ❝❵✐❥❵❪❡❵

❦❛ ❪❬❜❭❦✐ ❥❪❝❦❦ ✉❝❵❥❦❤❵❝ ❢❥❜❭ ❬❞❵ ❡❬❥♠✐❬♠❥❵❡ ❜❢

❭❵❬❪❣❡③ ❦❡ ❛❜❬ ❶♠❦❬❵ ❥❵❧♠❣❪❥ ❪❡ ❦❬ ❦❡ ❥❵❧♠❣❪❥ ❦❛

❷
❸❹

❦❜❛❡ ✉❺❦❧① ✇①♦③① ✈❞❦❡ ✐❜❛❬❥❪✐❬❦❜❛ ❦❡⑤ ❜❢

✐❜♠❥❡❵⑤ ❡❦❭❦❣❪❥ ❬❜ ❬❞❪❬ ❜❴❡❵❥❤❵❝ ❦❛ ❪❛ ❜❥❝❦❛❪❥❫

❬❥❪❛❡❦❬❦❜❛ ❡❵❥❦❵❡ ❪❛❝ ❦❡ ❪❬❬❥❦❴♠❬❵❝ ❬❜ ❬❞❵ ❡❪❭❵

✐❪♠❡❵⑤ ❬❞❵ ❦❭q❵❥❢❵✐❬ ❡❞❦❵❣❝❦❛❧ ❜❢ ❜❛❵ ❵❣❵✐❬❥❜❛

❴❫ ❪❛❜❬❞❵❥ ❦❛ ❬❞❵ ❡❪❭❵ ❡♠❴❻❡❞❵❣❣① ④❜♥❵❤❵❥⑤ ❬❞❵

❡❞❦❵❣❝❦❛❧ ❜❢ ❜❛❵ r t ❵❣❵✐❬❥❜❛ ❴❫ ❪❛❜❬❞❵❥ ❦❡ ❣❵❡❡

❬❞❪❛ ❜❛❵ ❼ ❵❣❵✐❬❥❜❛ ❴❫ ❪❛❜❬❞❵❥ ♥❦❬❞ ❬❞❵ ❦❛✐❥❵❪❡❵

❦❛ ❛♠✐❣❵❪❥ ✐❞❪❥❧❵ ❪❣❜❛❧ ❬❞❵ ❡❵❥❦❵❡① ✈❞❵❥❵ ❦❡

❢❪❦❥❣❫ ❥❵❧♠❣❪❥ ❝❵✐❥❵❪❡❵ ❦❛ ❬❞❵ ❡❦❽❵❡ ♥❦❬❞

❦❛✐❥❵❪❡❦❛❧ ❪❬❜❭❦✐ ❛♠❭❴❵❥①

✈❞❵ ✐♠❭♠❣❪❬❦❤❵ ❵❢❢❵✐❬ ❜❢ ❬❞❵ ✐❜❛❬❥❪✐❬❦❜❛ ❜❢

❬❞❵ ❣❪❛❬❞❪❛❜❦❝ ❡❵❥❦❵❡⑤ ❾❛❜♥❛ ❪❡ ❿➀➁➂➃➀➁➄➅❼

➆➄➁➂➇➀➆➂➅➄➁⑤ ✐❪♠❡❵❡ ❬❞❵ ❥❪❝❦❦ ❜❢ ❬❞❵ ❭❵❭❴❵❥❡

❜❢ ❬❞❵ ❬❞❦❥❝ ❬❥❪❛❡❦❬❦❜❛ ❡❵❥❦❵❡ ❬❜ ❴❵ ❤❵❥❫ ❡❦❭❦❣❪❥

❬❜ ❬❞❜❡❵ ❜❢ ❬❞❵ ✐❜❥❥❵❡q❜❛❝❦❛❧ ❭❵❭❴❵❥❡ ❜❢ ❬❞❵

❡❵✐❜❛❝ ❡❵❥❦❵❡① ✈❞❵ ❪❣❭❜❡❬ ❦❝❵❛❬❦✐❪❣ ❥❪❝❦❦ ❜❢ ➈❥

✉⑨♦➉ q❭③ ❪❛❝ ④❢ ✉⑨➊② q❭③⑤ ❪ ✐❜❛❡❵❶♠❵❛✐❵ ❜❢

❬❞❵ ❣❪❛❬❞❪❛❜❦❝ ✐❜❛❬❥❪✐❬❦❜❛⑤ ❪✐✐❜♠❛❬ ❢❜❥ ❬❞❵❦❥

❜✐✐♠❥❥❵❛✐❵ ❬❜❧❵❬❞❵❥ ❦❛ ❛❪❬♠❥❵ ❪❛❝ ❢❜❥ ❬❞❵

❝❦❢❢❦✐♠❣❬❫ ❢❪✐❵❝ ❦❛ ❬❞❵❦❥ ❡❵q❪❥❪❬❦❜❛①

❩❛ ❬❞❵ ❣❪❛❬❞❪❛❜❦❝❡⑤ ➋❪✉❩❩❩③ ❪❛❝ ➋❛✉❩❩❩③ ✐❜❭q❜♠❛❝❡ ❪❥❵ q❥❵❝❜❭❦❛❪❛❬

❡q❵✐❦❵❡① ④❜♥❵❤❵❥⑤ ❜✐✐❪❡❦❜❛❪❣❣❫ ➌➍ ❪❛❝ ➌r ❦❜❛❡ ❦❛ ❡❜❣♠❬❦❜❛ ❜❥ ❦❛ ❡❜❣❦❝

✐❜❭q❜♠❛❝❡ ❪❥❵ ❪❣❡❜ ❜❴❬❪❦❛❵❝① ✈❞❦❡ ❦❥❥❵❧♠❣❪❥❦❬❫ ✉❪❡ ❦❛ ❦❜❛❦❡❪❬❦❜❛

❵❛❬❞❪❣q❦❵❡③ ❪❥❦❡❵❡ ❭❪❦❛❣❫ ❢❥❜❭ ❬❞❵ ❵⑥❬❥❪ ❡❬❪❴❦❣❦❬❫ ❜❢ ❵❭q❬❫⑤ ❞❪❣❢❻❢❦❣❣❵❝

❜❥ ❢❦❣❣❵❝ t ❡♠❴❡❞❵❣❣① ✈❞♠❡⑤ ❬❞❵ ❢❜❥❭❪❬❦❜❛ ❜❢ ➎❵
➏➐

❦❡ ❢❪❤❜♠❥❵❝ ❴❫ ❦❬❡

❛❜❴❣❵ ❧❪❡ ✐❜❛❢❦❧♠❥❪❬❦❜❛⑤ ❴♠❬ ❦❬ ❦❡ ❪ ❡❬❥❜❛❧ ❜⑥❦❝❪❛❬ ❥❵❤❵❥❬❦❛❧ ❬❜ ❬❞❵

✐❜❭❭❜❛ ➌➑ ❡❬❪❬❵① ✈❞❵ ➒
➓
❤❪❣♠❵ ❢❜❥ ➎❵

➔❹
→ ➎❵

❸❹
❦❡ ➌ ⑨①➣r ↔ ♥❞❦✐❞

❡♠❧❧❵❡❬❡ ❬❞❪❬ ❦❬ ✐❪❛ ❜⑥❦❝❦❡❵ ♥❪❬❵❥① ④❜♥❵❤❵❥⑤ ❬❞❵ ❥❵❪✐❬❦❜❛ ❥❪❬❵ ❦❡ ❤❵❥❫

❡❣❜♥ ❪❛❝ ❞❵❛✐❵ ➎❵✉❩↔③ ❦❡ ❪ ❧❜❜❝ ❪❛❪❣❫❬❦✐❪❣ ❥❵❪❧❵❛❬① ↕❥⑤ ➙❝⑤ ✈❴ ❪❛❝ ➛❫

❪❣❡❜ ❵⑥❞❦❴❦❬ ➌r ❡❬❪❬❵ ❴♠❬ ❜❛❣❫ ❦❛ ❜⑥❦❝❵❡⑤ ❷➜♣① ➝♠
♣❹
❦❡ ❢❜❥❭❵❝ ❴❫ ❣❜❡❦❛❧

❬❞❵ ❬♥❜ s ❵❣❵✐❬❥❜❛❡ ❪❛❝ ❦❬❡ t
➞
✐❜❛❢❦❧♠❥❪❬❦❜❛ ❪✐✐❜♠❛❬❡ ❢❜❥ ❬❞❵ ❢❜❥❭❪❬❦❜❛

❜❢ ❬❞❦❡ ❦❜❛① ④❜♥❵❤❵❥⑤ ➝♠
♣❹
❦❡ ❪ ❡❬❥❜❛❧ ❥❵❝♠✐❦❛❧ ❪❧❵❛❬ ✐❞❪❛❧❦❛❧ ❬❜ ❬❞❵

✐❜❭❭❜❛ ➌➑ ❡❬❪❬❵① ➟❦❭❦❣❪❥❣❫ ➠❴
♣❹

♥❞❦✐❞ ❞❪❡ t
➡➔

✐❜❛❢❦❧♠❥❪❬❦❜❛ ❦❡ ❪

❥❵❝♠✐❬❪❛❬① ✈❴
➏➐
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♣qq rst q✉✈rs✉✈✇①②③ ✉④t ③①q⑤t④⑥ ⑦s①rt ③✇⑧r ⑨tr✉q③ ✉✈② r✉④✈①③s ④✉⑩①②q⑥ ①✈ ✉①④❶

❷st s✉④②✈t③③ ①✈❸④t✉③t③ ⑦①rs ①✈❸④t✉③①✈❹ ✉r✇⑨①❸ ✈❺⑨❻t④❼ ③✉⑨✉④①❺⑨ ❻t①✈❹

③rttq s✉④②❶ ❷st①④ ⑨tqr①✈❹ ⑩✇①✈r③ ④✉✈❹t ❻tr⑦tt✈ ❽❾❾❾ r✇ ❽❿❾❾ ➀ ❻❺r

③✉⑨✉④①❺⑨ ⑨tqr③ ✉r ❽➁❿➂ ➀❶ ❷st⑥ s✉⑤t r⑥⑩①❸✉q ⑨tr✉qq①❸ ③r④❺❸r❺④t ✉✈② ✉④t

❹✇✇② ❸✇✈②❺❸r✇④③ ✇⑧ st✉r ✉✈② tqt❸r④①❸①r⑥❶ ➃t✈③①r⑥ ✉✈② ✇rst④ ⑩④✇⑩t④r①t③

❸s✉✈❹t ③⑨✇✇rsq⑥ t➄❸t⑩r ⑧✇④ ➅❺ ✉✈② ➆❻ ✉✈② ✇❸❸✉③①✇✈✉qq⑥ ⑧✇④ ➇⑨ ✉✈② ❷⑨❶

➈✉✈⑥ r④①⑤✉qt✈r q✉✈rs✉✈✇①② ①✇✈③ ✉④t ❸✇q✇❺④t② ❻✇rs ①✈ rst ③✇q①② ③r✉rt

✉✈② ①✈ ✉➉❺t✇❺③ ③✇q❺r①✇✈③❶ ➋✇q✇❺④ ✇⑧ rst③t ①✇✈③ ⑨✉⑥ ❻t ✉rr④①❻❺rt② r✇

rst ⑩④t③t✈❸t ✇⑧ ➌ tqt❸r④✇✈③❶ ➍t①rst④ ➎✉
➏➐
✈✇④ ➎❺

➏➐
①✇✈ ③s✇⑦③ ✉✈⑥ ❸✇q✇❺④

❻❺r rst ④t③r ②✇ ③✇❶ ➑✇⑦t⑤t④❼ ✉❻③✇④⑩r①✇✈ ❻✉✈②③ ✉④t ✈✉④④✇⑦❼ ⑩④✇❻✉❻q⑥

❻t❸✉❺③t ✇⑧ rst t➄❸①r✉r①✇✈ ⑦①rs①✈ ➌ qt⑤tq❶ ❷st q✉✈rs✉✈✇①② ①✇✈③ ✇rst④ rs✉✈

rst ➌
➒
r⑥⑩t ➓➎✉

➏➐
✉✈② ➋t

➔➐
→ ✉✈② rst ➌

➣➔
r⑥⑩t ➓➆❻

↔➐
✉✈② ➎❺

➏➐
→ ✉④t ✉qq

⑩✉④✉⑨✉❹✈tr①❸❶ ❷st ⑩✉④✉⑨✉❹✈tr①③⑨ ④①③t③ r✇ ⑨✉➄①⑨❺⑨ ①✈ ✈t✇②⑥⑨①❺⑨❶

❷st ⑧①④③r ①✇✈①③✉r①✇✈ t✈rs✉q⑩①t③ ✇⑧ rst q✉✈rs✉✈✇①②③ ✉④t ✉④✇❺✈②

➁❾❾ ↕➙ ⑨✇q
➛➣
❼ rst ③t❸✇✈② ✉❻✇❺r ❽❿❾❾ ↕➙ ⑨✇q

➛➣
❸✇⑨⑩✉④✉❻qt ⑦①rs rs✇③t

✇⑧ ❸✉q❸①❺⑨❶ ♣ ②tr✉①qt② ②①③❸❺③③①✇✈ ✇⑧ rst ⑤✉④①✉r①✇✈ ✇⑧ rst rs①④② ①✇✈①③✉r①✇✈

t✈rs✉q⑩①t③ ①✈②①❸✉rt③ rs✉r rst t➄❸s✉✈❹t t✈rs✉q⑩⑥ ❸✇✈③①②t④✉r①✇✈③ ➓✉③ ①✈

➂➜ ✇④❻①r✉q③ ✇⑧ rst ⑧①④③r r④✉✈③①r①✇✈ ③t④①t③→❼ ✉⑩⑩t✉④ r✇ ①⑨⑩✉④r ✉ ❸t④r✉①✈

②t❹④tt ✇⑧ ③r✉❻①q①r⑥ r✇ t⑨⑩r⑥❼ s✉q⑧➝⑧①qqt② ✉✈② ❸✇⑨⑩qtrtq⑥ ⑧①qqt② ✇④❻①r✉q③

➌ qt⑤tq❶ ❷s①③ ①③ ①✈②①❸✉rt② ⑧④✇⑨ rst ✉❻✈✇④⑨✉qq⑥ q✇⑦ ⑤✉q❺t ✇⑧ rst rs①④②

①✇✈①③✉r①✇✈ t✈rs✉q⑩⑥ ✇⑧ q✉✈rs✉✈❺⑨❼ ❹✉②✇q①✈①❺⑨ ✉✈② q❺rtr①❺⑨❶

➞✈ rst①④ ❸st⑨①❸✉q ❻ts✉⑤①✇❺④❼ ①✈ ❹t✈t④✉q❼ rst t✉④q①t④ ⑨t⑨❻t④③ ✇⑧ rst ③t④①t③

✉④t ➉❺①rt ④t✉❸r①⑤t ③①⑨①q✉④ r✇ ❸✉q❸①❺⑨ ❻❺r❼ ⑦①rs ①✈❸④t✉③①✈❹ ✉r✇⑨①❸ ✈❺⑨❻t④❼

rst⑥ ❻ts✉⑤t ⑨✇④t q①↕t ✉q❺⑨①✈①❺⑨❶ ➟✉q❺t③ ⑧✇④ ➠
➡
⑧✇④ rst s✉q⑧➝④t✉❸r①✇✈➢

➎✈
➏➐
➓✉➉→ ➤ ➂t

➛
➥ ➎✈➓③→

➦➧➨➧➩ ➫➭➯➭➲➳➵

➸➺➳➲➳➻➼➭➲➽➾➼➽➻➾
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.8 .6    c i The Actinoids

❛❱❲ ❳❨ ❩❬❲ ❱❛❨❭❲ ❪❫ ❴❵❝❵ ❩❪ ❴❵❝❞ ❡

❲❢❣❲✐❩ ❫❪❱ ❥❦ ❫❪❱ ❧❬❳❣❬ ❩❬❲ ♠❛♦❦❲ ❳♣

❴ ❵❝q ❡❝ r❬❳♣ ❳♣s ❪❫ ❣❪❦❱♣❲s ❛ ♣t❛♦♦

♠❛❱❳❛❩❳❪❨❝ r❬❲ t❲❩❛♦♣ ❣❪t✈❳❨❲ ❧❳❩❬

❬✉①❱❪❭❲❨ ❧❬❲❨ ❭❲❨❩♦✉ ❬❲❛❩❲① ❳❨ ❩❬❲

❭❛♣❝ r❬❲ ❣❛❱✈❳①❲♣s ②❨③④s ②❨⑤④③ ❛❨① ②❨④⑤
❛❱❲ ❫❪❱t❲① ❧❬❲❨ ❩❬❲ t❲❩❛♦♣ ❛❱❲ ❬❲❛❩❲①

❧❳❩❬ ❣❛❱✈❪❨❝ r❬❲✉ ♦❳✈❲❱❛❩❲ ❬✉①❱❪❭❲❨

❫❱❪t ①❳♦❦❩❲ ❛❣❳①♣ ❛❨① ✈❦❱❨ ❳❨ ❬❛♦❪❭❲❨♣

❩❪ ❫❪❱t ❬❛♦❳①❲♣❝ r❬❲✉ ❫❪❱t ❪❢❳①❲♣ ⑥⑤⑦③
❛❨① ❬✉①❱❪❢❳①❲♣ ⑥⑧⑦⑨⑩③❝ r❬❲

❬✉①❱❪❢❳①❲♣ ❛❱❲ ①❲❫❳❨❳❩❲ ❣❪t✐❪❦❨①♣s ❨❪❩

❶❦♣❩ ❬✉①❱❛❩❲① ❪❢❳①❲♣❝ r❬❲✉ ❛❱❲ ✈❛♣❳❣

♦❳❷❲ ❛♦❷❛♦❳❨❲ ❲❛❱❩❬ t❲❩❛♦ ❪❢❳①❲♣ ❛❨①

❬✉①❱❪❢❳①❲♣❝ r❬❲❳❱ ❭❲❨❲❱❛♦ ❱❲❛❣❩❳❪❨♣ ❛❱❲
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×

➴➷➬ ➮➱
Ø

➮➱ Ô ❐✁✁ ➼✁
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➼➼ ß✆➚✝✞✄➚✆➪☎ ß✝ ➮➱ ➘➘➴➷➬ ➮➱ ➘✃ ➮➱
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✍✘✚✥✓✍✌✍✡✒ ☛✎✑ ✌✠✡ ☛✑✑✍✌✍✏✎ ✏✜ ☞☛✓✣✏✎ ☛✎✑ ☛✕✕✏✖✍✎✔ ✘✡✌☛✕✒ ✒✥☞✠ ☛✒ ✪✓✙ ✱✎

☛✎✑ ◆✍✢ ✰✏✘✡ ☞✏✘✚✏✥✎✑✒ ☛✓✡ ✘☛✎✥✜☛☞✌✥✓✡✑ ✜✏✓ ✒✚✡☞✍☛✕ ✚✥✓✚✏✒✡✒ ✒✥☞✠ ☛✒

❚✍✐ ✜✏✓ ✌✠✡ ✚✍✔✘✡✎✌ ✍✎✑✥✒✌✓✖ ☛✎✑ ✱✎✐✲ ✜✏✓ ✥✒✡ ✍✎ ✑✓✖ ✣☛✌✌✡✓✖ ☞✡✕✕✒✢ ❚✠✡

✣☛✌✌✡✓✖ ✍✎✑✥✒✌✓✖ ☛✕✒✏ ✓✡❞✥✍✓✡✒ ✳✎ ☛✎✑ ◆✍✴✪✑✢ ❚✠✡ ✡✕✡✘✡✎✌✒ ✏✜ ✸✓✏✥✚ ✹✹

☛✓✡ ✒✌✍✕✕ ✛✏✓✌✠✖ ✏✜ ✣✡✍✎✔ ☞☛✕✕✡✑ ✌✠✡ ☞✏✍✎☛✔✡ ✘✡✌☛✕✒✙ ☛✕✌✠✏✥✔✠ ♦✔ ☛✎✑ ♦✥



✷✸✸ ❚�✁ ❞✲ ✂✄☎ ❢✲ ✆✝✞✟✠ ✡✝✁☛✁✄☞✌

❛✍✎ ✍✎✏✑✍✒✓✑✎✔ ✑✕ ✓✕✖✖✎✓✑✒✕✗ ✒✑✎✘✏ ❛✗✔ ✑✙✎ ✓✕✗✑✎✘✚✕✍❛✍✛ ✜✢ ✣✓✕✚✚✎✍✤ ✓✕✒✗✏

❛✍✎ ✓✕✚✚✎✍✥✓✕❛✑✎✔ ✏✑✎✎✖✦ ✧✙✎ ✣✏✒✖★✎✍✤ ✜✢ ✓✕✒✗✏ ❛✍✎ ❛ ✩✪✫✬✒ ❛✖✖✕✛✦ ✭❛✗✛ ✕✮

✑✙✎ ✘✎✑❛✖✏ ❛✗✔✫✕✍ ✑✙✎✒✍ ✓✕✘✚✕✪✗✔✏ ❛✍✎ ✎✏✏✎✗✑✒❛✖ ✓❛✑❛✖✛✏✑✏ ✒✗ ✑✙✎ ✓✙✎✘✒✓❛✖

✒✗✔✪✏✑✍✛✦ ✐✯❖✺ ✓❛✑❛✖✛✏✎✏ ✑✙✎ ✕✰✒✔❛✑✒✕✗ ✕✮ ✱❖✯ ✒✗ ✑✙✎ ✘❛✗✪✮❛✓✑✪✍✎ ✕✮

✏✪✖✚✙✪✍✒✓ ❛✓✒✔✦ ✧✒✩✖✹ ✳✒✑✙ ✴✵✶✩✻✼✽✼ ✮✕✍✘✏ ✑✙✎ ♠❛✏✒✏ ✕✮ ✑✙✎ ✾✒✎✿✖✎✍ ✓❛✑❛✖✛✏✑✏

✪✏✎✔ ✑✕ ✘❛✗✪✮❛✓✑✪✍✎ ✚✕✖✛✎✑✙✛✖✎✗✎ ✶✚✕✖✛✑✙✎✗✎✽✦ ✉✍✕✗ ✓❛✑❛✖✛✏✑✏ ❛✍✎ ✪✏✎✔ ✒✗

✑✙✎ ✻❛♠✎✍ ✚✍✕✓✎✏✏ ✮✕✍ ✑✙✎ ✚✍✕✔✪✓✑✒✕✗ ✕✮ ❛✘✘✕✗✒❛ ✮✍✕✘ ✬✯✫✻✯ ✘✒✰✑✪✍✎✏✦

✬✒✓◆✎✖ ✓❛✑❛✖✛✏✑✏ ✎✗❛♠✖✎ ✑✙✎ ✙✛✔✍✕✿✎✗❛✑✒✕✗ ✕✮ ✮❛✑✏ ✑✕ ✚✍✕✓✎✎✔✦ ✉✗ ✑✙✎ ♦❛✓◆✎✍

✚✍✕✓✎✏✏ ✑✙✎ ✕✰✒✔❛✑✒✕✗ ✕✮ ✎✑✙✛✗✎ ✑✕ ✎✑✙❛✗❛✖ ✒✏ ✓❛✑❛✖✛✏✎✔ ♠✛ ♣✔✩✖✯✦ ✬✒✓◆✎✖

✓✕✘✚✖✎✰✎✏ ❛✍✎ ✪✏✎✮✪✖ ✒✗ ✑✙✎ ✚✕✖✛✘✎✍✒✏❛✑✒✕✗ ✕✮ ❛✖◆✛✗✎✏ ❛✗✔ ✕✑✙✎✍ ✕✍✿❛✗✒✓
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t❲❃❄❙❳ ❨✄ ☞�✁✌✁ ✁✝✁☛✁✄☞✌ ☞�✁ ❈✄✄✁❘ ❞ ✞❘❩❈☞✂✝✌ ✂❘✁ ◗❘✞❉❘✁✌✌❈❬✁✝❭ ❊❈✝✝✁☎❳ ❚�✁ ❪❂❃❄❅❆❇ ❈✌ ◗✝✂✟✁☎

❅❍t❏❯❱❙ ✂☞ ☞�✁ ❃❅tt❅❜ ✞❊ ☞�✁ ■❙❋❯❅❱❯❆ t❲❃❄❙ ✂✄☎ ❈✄ ☞�✁ ✁✝✁☛✁✄☞✌ ✞❊ ☞�❈✌ ❩✝✞✟✠❫ ❴❢ ✂✄☎

❵❢ ✞❘❩❈☞✂✝✌ ✂❘✁ ◗❘✞❉❘✁✌✌❈❬✁✝❭ ❊❈✝✝✁☎❳

❡✞❘❘✁✌◗✞✄☎❈✄❉ ☞✞ ☞�✁ ❊❈✝✝❈✄❉ ✞❊ ✸❞❫ ❴❞ ✂✄☎ ❵❞ ✞❘❩❈☞✂✝✌❫ ☞�❘✁✁ ✌✁❘❈✁✌ ✞❊ ☞❘✂✄✌❈☞❈✞✄

✁✝✁☛✁✄☞✌ ✂❘✁ ❣✁✝✝ ❘✁✟✞❉✄❈✌✁☎❳ ❤✝✝ ☞�✁ ☞❘✂✄✌❈☞❈✞✄ ✁✝✁☛✁✄☞✌ ✁❥�❈❩❈☞ ☞❭◗❈✟✂✝ ☛✁☞✂✝✝❈✟ ◗❘✞◗✁❘☞❈✁✌

✌P✟� ✂✌ s�❈❉� ☞✁✄✌❈✝✁ ✌☞❘✁✄❉☞�❫ ☎P✟☞❈✝❈☞❭❫ ☛✂✝✝✁✂❩❈✝❈☞❭❫ ☞�✁❘☛✂✝ ✂✄☎ ✁✝✁✟☞❘❈✟✂✝ ✟✞✄☎P✟☞❈❬❈☞❭

✂✄☎ ☛✁☞✂✝✝❈✟ ✟�✂❘✂✟☞✁❘❳ ❚�✁❈❘ ☛✁✝☞❈✄❉ ✂✄☎ ❩✞❈✝❈✄❉ ◗✞❈✄☞✌ ✂❘✁ �❈❉� ❣�❈✟� ✂❘✁ ✂☞☞❘❈❩P☞✁☎

☞✞ ☞�✁ ❈✄❬✞✝❬✁☛✁✄☞ ✞❊ ❦♥ s➊❧ ❞ ✁✝✁✟☞❘✞✄✌ ❘✁✌P✝☞❈✄❉ ❈✄☞✞ ❏t❋❅qr ❯qt❙❋❲t❅❜❯❆ ❃❅q❱❯qr❳ ❨✄

☛✂✄❭ ✞❊ ☞�✁✌✁ ◗❘✞◗✁❘☞❈✁✌❫ ☞�✁ ☛✂❥❈☛✂ ✞✟✟P❘ ✂☞ ✂❩✞P☞ ☞�✁ ☛❈☎☎✝✁ ✞❊ ✁✂✟� ✌✁❘❈✁✌ ❣�❈✟�

❈✄☎❈✟✂☞✁✌ ☞�✂☞ ✞✄✁ P✄◗✂❈❘✁☎ ✁✝✁✟☞❘✞✄ ◗✁❘ ❞ ✞❘❩❈☞✂✝ ❈✌ ◗✂❘☞❈✟P✝✂❘✝❭ ✂ ❊✂❬✞P❘✂❩✝✁ ✟✞✄❊❈❉P❘✂☞❈✞✄

❊✞❘ ✌☞❘✞✄❉ ❈✄☞✁❘✂☞✞☛❈✟ ❈✄☞✁❘✂✟☞❈✞✄❳

✈❍❆❆❙❏❏❯✇❙ ❯❅q❯❏❲t❯❅q ❙qt①❲❄■❯❙❏ ☎✞ ✄✞☞ ❈✄✟❘✁✂✌✁ ✂✌ ✌☞✁✁◗✝❭ ✂✌ ❈✄ ☞�✁ ☛✂❈✄ ❉❘✞P◗

✁✝✁☛✁✄☞✌ ❣❈☞� ❈✄✟❘✁✂✌❈✄❉ ✂☞✞☛❈✟ ✄P☛❩✁❘❳ ②✁✄✟✁❫ ☞�✁ ✝✞✌✌ ✞❊ ❬✂❘❈✂❩✝✁ ✄P☛❩✁❘ ✞❊ ✁✝✁✟☞❘✞✄✌
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❈✄ ☞�✁ ❩✁�✂❬❈✞P❘ ✞❊ ☞❘✂✄✌❈☞❈✞✄ ✁✝✁☛✁✄☞✌ ❈☛◗✂❘☞ ✟✁❘☞✂❈✄ ☎❈✌☞❈✄✟☞ ✟�✂❘✂✟☞✁❘❈✌☞❈✟✌ ☞✞ ☞�✁✌✁

✁✝✁☛✁✄☞✌❳ ❚�P✌❫ ❈✄ ✂☎☎❈☞❈✞✄ ☞✞ ❬✂❘❈✂❩✝✁ ✞❥❈☎✂☞❈✞✄ ✌☞✂☞✁✌❫ ☞�✁❭ ✁❥�❈❩❈☞ ◗✂❘✂☛✂❉✄✁☞❈✟

❩✁�✂❬❈✞P❘❫ ✟✂☞✂✝❭☞❈✟ ◗❘✞◗✁❘☞❈✁✌ ✂✄☎ ☞✁✄☎✁✄✟❭ ❊✞❘ ☞�✁ ❊✞❘☛✂☞❈✞✄ ✞❊ ✟✞✝✞P❘✁☎ ❈✞✄✌❫ ❈✄☞✁❘✌☞❈☞❈✂✝

✟✞☛◗✞P✄☎✌ ✂✄☎ ✟✞☛◗✝✁❥✁✌❳
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❲✂☛✞ ✆✝ ✞✂✄ ✄✏✏✄✡✞ ♦✏ ✆☞✡✟✄☛✝✆☞❝ ✥❍ ♦☞ ☛ ✝♦✌✢✞✆♦☞ ♦✏ ✥♦✞☛✝✝✆✢☎ ❡✆✡✂✟♦☎☛✞✄✮

✽✦✧✳ ❉✄✝✡✟✆✛✄ ✞✂✄ ♦✘✆❡✆✝✆☞❝ ☛✡✞✆♦☞ ♦✏ ✥♦✞☛✝✝✆✢☎ ❡✆✡✂✟♦☎☛✞✄ ☛☞❡ ✚✟✆✞✄ ✞✂✄ ✆♦☞✆✡

✄✶✢☛✞✆♦☞✝ ✏♦✟ ✆✞✝ ✟✄☛✡✞✆♦☞ ✚✆✞✂★

✭✆✩ ✆♦❡✆❡✄ ✭✆✆✩ ✆✟♦☞✭✲✲✩ ✝♦✌✢✞✆♦☞ ☛☞❡ ✭✆✆✆✩ ❍✫❙

Exercises



✷✸✺ ❚�✁ ❞✲ ✂✄☎ ❢✲ ✆✝✞✟✠ ✡✝✁☛✁✄☞✌

✽✍✎✏ ❉✁✌✟✑✒✓✁ ☞�✁ ✔✑✁✔✂✑✂☞✒✞✄ ✞✕ ✔✞☞✂✌✌✒✖☛ ✔✁✑☛✂✄✗✂✄✂☞✁✘ ✙✞✚ ☎✞✁✌ ☞�✁ ✂✟✒☎✒✕✒✁☎

✔✁✑☛✂✄✗✂✄✂☞✁ ✌✞✝✖☞✒✞✄ ✑✁✂✟☞ ✚✒☞� ♣✒✛ ✒✑✞✄♣✜✜✛ ✒✞✄✌ ♣✒✒✛ ✭✢✣ ✂✄☎ ♣✒✒✒✛ ✞✥✂✝✒✟ ✂✟✒☎✤

❲✑✒☞✁ ☞�✁ ✒✞✄✒✟ ✁r✖✂☞✒✞✄✌ ✕✞✑ ☞�✁ ✑✁✂✟☞✒✞✄✌✘

✽✍✎✦ ❋✞✑ ✧
✣★
✴✧ ✂✄☎ ✧

✩★
✴✧

✣★
✌✪✌☞✁☛✌ ☞�✁ ❊

✫
✬✂✝✖✁✌ ✕✞✑ ✌✞☛✁ ☛✁☞✂✝✌ ✂✑✁ ✂✌ ✕✞✝✝✞✚✌✮

❈✑
✣★
✴❈✑ ✲✯✘✰✱ ❈✑

✩
✴❈✑

✣★
✲✯✘✳ ✱

✧✄
✣★
✴✧✄ ✲✵✘✷✱ ✧✄

✩★
✴✧✄

✣★
✶✵✘✺ ✱

❋✁
✣★
✴❋✁ ✲✯✘✳✱ ❋✁

✩★
✴❋✁

✣★
✶✯✘✹ ✱

❯✌✁ ☞�✒✌ ☎✂☞✂ ☞✞ ✟✞☛☛✁✄☞ ✖✔✞✄✮

♣✒✛ ☞�✁ ✌☞✂✓✒✝✒☞✪ ✞✕ ❋✁
✩★
✒✄ ✂✟✒☎ ✌✞✝✖☞✒✞✄ ✂✌ ✟✞☛✔✂✑✁☎ ☞✞ ☞�✂☞ ✞✕ ❈✑

✩★
✞✑ ✧✄

✩★
✂✄☎

♣✒✒✛ ☞�✁ ✁✂✌✁ ✚✒☞� ✚�✒✟� ✒✑✞✄ ✟✂✄ ✓✁ ✞✥✒☎✒✌✁☎ ✂✌ ✟✞☛✔✂✑✁☎ ☞✞ ✂ ✌✒☛✒✝✂✑ ✔✑✞✟✁✌✌

✕✞✑ ✁✒☞�✁✑ ✟�✑✞☛✒✖☛ ✞✑ ☛✂✄✗✂✄✁✌✁ ☛✁☞✂✝✘

✽✍✎✽ P✑✁☎✒✟☞ ✚�✒✟� ✞✕ ☞�✁ ✕✞✝✝✞✚✒✄✗ ✚✒✝✝ ✓✁ ✟✞✝✞✖✑✁☎ ✒✄ ✂r✖✁✞✖✌ ✌✞✝✖☞✒✞✄✤ ❚✒
✩★
✻ ✱

✩★
✻

❈✖
★
✻ ✭✟

✩★
✻ ✧✄

✣★
✻ ❋✁

✩★
✂✄☎ ❈✞

✣★
✘ ✼✒✬✁ ✑✁✂✌✞✄✌ ✕✞✑ ✁✂✟�✘

✽✍✎✾ ❈✞☛✔✂✑✁ ☞�✁ ✌☞✂✓✒✝✒☞✪ ✞✕ ✶✷ ✞✥✒☎✂☞✒✞✄ ✌☞✂☞✁ ✕✞✑ ☞�✁ ✁✝✁☛✁✄☞✌ ✞✕ ☞�✁ ✕✒✑✌☞

☞✑✂✄✌✒☞✒✞✄ ✌✁✑✒✁✌✘

✽✍✿❀ ❈✞☛✔✂✑✁ ☞�✁ ✟�✁☛✒✌☞✑✪ ✞✕ ✂✟☞✒✄✞✒☎✌ ✚✒☞� ☞�✂☞ ✞✕ ☞�✁ ✝✂✄☞�✂✄✞✒☎✌ ✚✒☞� ✌✔✁✟✒✂✝

✑✁✕✁✑✁✄✟✁ ☞✞✮

♣✒✛ ✁✝✁✟☞✑✞✄✒✟ ✟✞✄✕✒✗✖✑✂☞✒✞✄ ♣✒✒✒✛ ✞✥✒☎✂☞✒✞✄ ✌☞✂☞✁

♣✒✒✛ ✂☞✞☛✒✟ ✂✄☎ ✒✞✄✒✟ ✌✒❛✁✌ ✂✄☎ ♣✒✬✛ ✟�✁☛✒✟✂✝ ✑✁✂✟☞✒✬✒☞✪✘

✽✍✿✎ ✙✞✚ ✚✞✖✝☎ ✪✞✖ ✂✟✟✞✖✄☞ ✕✞✑ ☞�✁ ✕✞✝✝✞✚✒✄✗✮

♣✒✛ ✢✕ ☞�✁ ❞
❁
✌✔✁✟✒✁✌✻ ❈✑

✣★
✒✌ ✌☞✑✞✄✗✝✪ ✑✁☎✖✟✒✄✗ ✚�✒✝✁ ☛✂✄✗✂✄✁✌✁♣✜✜✜✛

✒✌ ✌☞✑✞✄✗✝✪ ✞✥✒☎✒✌✒✄✗✘

♣✒✒✛ ❈✞✓✂✝☞♣✜✜✛ ✒✌ ✌☞✂✓✝✁ ✒✄ ✂r✖✁✞✖✌ ✌✞✝✖☞✒✞✄ ✓✖☞ ✒✄ ☞�✁ ✔✑✁✌✁✄✟✁ ✞✕

✟✞☛✔✝✁✥✒✄✗ ✑✁✂✗✁✄☞✌ ✒☞ ✒✌ ✁✂✌✒✝✪ ✞✥✒☎✒✌✁☎✘

♣✒✒✒✛ ❚�✁ ❞
❂
✟✞✄✕✒✗✖✑✂☞✒✞✄ ✒✌ ✬✁✑✪ ✖✄✌☞✂✓✝✁ ✒✄ ✒✞✄✌✘

✽✍✿✿ ❲�✂☞ ✒✌ ☛✁✂✄☞ ✓✪ ❃☎✒✌✔✑✞✔✞✑☞✒✞✄✂☞✒✞✄❄✤ ✼✒✬✁ ☞✚✞ ✁✥✂☛✔✝✁✌ ✞✕ ☎✒✌✔✑✞✔✞✑☞✒✞✄✂☞✒✞✄

✑✁✂✟☞✒✞✄ ✒✄ ✂r✖✁✞✖✌ ✌✞✝✖☞✒✞✄✘

✽✍✿❅ ❲�✒✟� ☛✁☞✂✝ ✒✄ ☞�✁ ✕✒✑✌☞ ✌✁✑✒✁✌ ✞✕ ☞✑✂✄✌✒☞✒✞✄ ☛✁☞✂✝✌ ✁✥�✒✓✒☞✌ ✶✵ ✞✥✒☎✂☞✒✞✄

✌☞✂☞✁ ☛✞✌☞ ✕✑✁r✖✁✄☞✝✪ ✂✄☎ ✚�✪✤

✽✍✿❆ ❈✂✝✟✖✝✂☞✁ ☞�✁ ✄✖☛✓✁✑ ✞✕ ✖✄✔✂✒✑✁☎ ✁✝✁✟☞✑✞✄✌ ✒✄ ☞�✁ ✕✞✝✝✞✚✒✄✗ ✗✂✌✁✞✖✌ ✒✞✄✌✮ ✧✄
✩★
✻

❈✑
✩★
✻ ✱

✩★
✂✄☎ ❚✒

✩★
✘ ❲�✒✟� ✞✄✁ ✞✕ ☞�✁✌✁ ✒✌ ☞�✁ ☛✞✌☞ ✌☞✂✓✝✁ ✒✄ ✂r✖✁✞✖✌ ✌✞✝✖☞✒✞✄✤

✽✍✿❇ ✼✒✬✁ ✁✥✂☛✔✝✁✌ ✂✄☎ ✌✖✗✗✁✌☞ ✑✁✂✌✞✄✌ ✕✞✑ ☞�✁ ✕✞✝✝✞✚✒✄✗ ✕✁✂☞✖✑✁✌ ✞✕ ☞�✁ ☞✑✂✄✌✒☞✒✞✄

☛✁☞✂✝ ✟�✁☛✒✌☞✑✪✮

♣✒✛ ❚�✁ ✝✞✚✁✌☞ ✞✥✒☎✁ ✞✕ ☞✑✂✄✌✒☞✒✞✄ ☛✁☞✂✝ ✒✌ ✓✂✌✒✟✻ ☞�✁ �✒✗�✁✌☞ ✒✌

✂☛✔�✞☞✁✑✒✟✴✂✟✒☎✒✟✘

♣✒✒✛ ● ☞✑✂✄✌✒☞✒✞✄ ☛✁☞✂✝ ✁✥�✒✓✒☞✌ �✒✗�✁✌☞ ✞✥✒☎✂☞✒✞✄ ✌☞✂☞✁ ✒✄ ✞✥✒☎✁✌

✂✄☎ ✕✝✖✞✑✒☎✁✌✘

♣✒✒✒✛ ❚�✁ �✒✗�✁✌☞ ✞✥✒☎✂☞✒✞✄ ✌☞✂☞✁ ✒✌ ✁✥�✒✓✒☞✁☎ ✒✄ ✞✥✞✂✄✒✞✄✌ ✞✕ ✂ ☛✁☞✂✝✘

✽✍✿✏ ✜✄☎✒✟✂☞✁ ☞�✁ ✌☞✁✔✌ ✒✄ ☞�✁ ✔✑✁✔✂✑✂☞✒✞✄ ✞✕✮

♣✒✛ ❑✣❈✑✣✢❍ ✕✑✞☛ ✟�✑✞☛✒☞✁ ✞✑✁✘ ♣✒✒✛ ❑✧✄✢❁ ✕✑✞☛ ✔✪✑✞✝✖✌✒☞✁ ✞✑✁✘

✽✍✿✦ ❲�✂☞ ✂✑✁ ✂✝✝✞✪✌✤ ■✂☛✁ ✂✄ ✒☛✔✞✑☞✂✄☞ ✂✝✝✞✪ ✚�✒✟� ✟✞✄☞✂✒✄✌ ✌✞☛✁ ✞✕ ☞�✁

✝✂✄☞�✂✄✞✒☎ ☛✁☞✂✝✌✘ ✧✁✄☞✒✞✄ ✒☞✌ ✖✌✁✌✘

✽✍✿✽ ❲�✂☞ ✂✑✁ ✒✄✄✁✑ ☞✑✂✄✌✒☞✒✞✄ ✁✝✁☛✁✄☞✌✤ ❉✁✟✒☎✁ ✚�✒✟� ✞✕ ☞�✁ ✕✞✝✝✞✚✒✄✗ ✂☞✞☛✒✟

✄✖☛✓✁✑✌ ✂✑✁ ☞�✁ ✂☞✞☛✒✟ ✄✖☛✓✁✑✌ ✞✕ ☞�✁ ✒✄✄✁✑ ☞✑✂✄✌✒☞✒✞✄ ✁✝✁☛✁✄☞✌ ✮ ✷✰✻ ✺✰✻

❏✳✻ ✰✺✻ ✵✯✷✻ ✵✯✳✘

✽✍✿✾ ❚�✁ ✟�✁☛✒✌☞✑✪ ✞✕ ☞�✁ ✂✟☞✒✄✞✒☎ ✁✝✁☛✁✄☞✌ ✒✌ ✄✞☞ ✌✞ ✌☛✞✞☞� ✂✌ ☞�✂☞ ✞✕ ☞�✁

✝✂✄☞�✂✄✞✒☎✌✘ ❧✖✌☞✒✕✪ ☞�✒✌ ✌☞✂☞✁☛✁✄☞ ✓✪ ✗✒✬✒✄✗ ✌✞☛✁ ✁✥✂☛✔✝✁✌ ✕✑✞☛ ☞�✁

✞✥✒☎✂☞✒✞✄ ✌☞✂☞✁ ✞✕ ☞�✁✌✁ ✁✝✁☛✁✄☞✌✘

✽✍❅❀ ❲�✒✟� ✒✌ ☞�✁ ✝✂✌☞ ✁✝✁☛✁✄☞ ✒✄ ☞�✁ ✌✁✑✒✁✌ ✞✕ ☞�✁ ✂✟☞✒✄✞✒☎✌✤ ❲✑✒☞✁ ☞�✁ ✁✝✁✟☞✑✞✄✒✟

✟✞✄✕✒✗✖✑✂☞✒✞✄ ✞✕ ☞�✒✌ ✁✝✁☛✁✄☞✘ ❈✞☛☛✁✄☞ ✞✄ ☞�✁ ✔✞✌✌✒✓✝✁ ✞✥✒☎✂☞✒✞✄ ✌☞✂☞✁ ✞✕

☞�✒✌ ✁✝✁☛✁✄☞✘



✷�✁❈✂✄☎✆✝✞✟✠

❆✡☛☞✌✍☛ ✎✏ ✑✏✒✌ ✓✡✎✌✔✎ ✕✖✌☛✎✗✏✡☛

✽✘✙ ❙✆✚✛✄✟ ✜✢ ✣ ✤✥✦ ✧★✩ ✄✪✂✆✫✆✞ ✬✷ ✭✪✆✮★✞✆✭✩ ✝✞★✞✄ ✯✂✄✟✄✆✩ ✆✞ ✯✆✚✚ ✂★✛✄

✆✩✧✭☎✐✚✄✞✄✚✠ ✰✆✚✚✄✮ ❞✲✭✟✫✆✞★✚✝ ✜✤❞✦✱ ✂✄✩✧✄ ★ ✞✟★✩✝✆✞✆✭✩ ✄✚✄☎✄✩✞✳

✽✘✴ ■✩ ✞✂✄ ✰✭✟☎★✞✆✭✩ ✭✰ ☎✄✞★✚✚✆✧ ✫✭✩✮✝✱ ✩✭ ✄✚✄✞✟✭✩✝ ✰✟✭☎ �❞✲✭✟✫✆✞★✚✝ ★✟✄ ✆✩✛✭✚✛✄✮
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➄
❈❹

➊
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❖✓ ✚✛✏ ✜✕✢✌✢ ✒✣ ✚✛✏ ✣✒✤✤✒✥✌✓✦ ✒✜✢✏✖✙✕✚✌✒✓✢ ✧✕✔✏ ✥✌✚✛ ✕★✩✏✒✩✢ ✢✒✤✩✚✌✒✓✢✪

✕✢✢✌✦✓ ✢✏✑✒✓✔✕✖✗ ✙✕✤✏✓✑✏✢ ✚✒ ✧✏✚✕✤✢ ✌✓ ✚✛✏ ✣✒✤✤✒✥✌✓✦ ✑✒✧s✒✩✓✔✢✫

S lutiSolutionS utl iSolution
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☞☛P☞✟✞✝❙❘☞ ✂✝ ✟❬❘ P✞☞✆☞ ✂❴ ✆☞✂✠❘✄✆☞✠❜ ❢❘ ❘♣✟❘✝☎❘☎ ❫✞✝✟

❢✂❴❴q☞ ✟❬❘✂✄❛ ✂❴ ✟❘✟✄✞❬❘☎✄✞❩ ❙✞✄P✂✝ ✞✟✂✠ ✞✝☎ ✠✂☎✆❴✆❘☎

✆✟ ❴✂✄ ✝✆✟✄✂❣❘✝❜ r❘✄✝❘✄ ☞❬✂◆❘☎ ✂✡✟✆❙✞❩ ✞✝☎ ❘❩❘❙✟✄✆❙✞❩ ☎✆❴❴❘✄❘✝❙❘☞ P❘✟◆❘❘✝
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❢❘❯ ✞✟ ✟❬❘ ✞❣❘ ✂❴ ✷✁ ❛❘✞✄☞ P❘❙✞✠❘ ✞ ❴☛❩❩ ✡✄✂❴❘☞☞✂✄ ✞✟ ✉❘❙❬✝✆☞❙❬❘
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④⑤⑥⑦⑧⑨⑩ ❶⑤⑨❷❸ ⑤❹ ❺❻❼⑨ ❽⑥❷❾❿❽❿➀⑩➀❷➁ ❽❷⑥ ⑦⑤⑨❷ ⑤❹

➀➂❷ ❾⑤⑦❽⑤⑧➃➁❸ ➄❿➀➂ ❷➅❾❷❸❸ ❺❻➆➇➈

✐✆❦ ③☎❈❩➉❜➊②❢➋ ✷

✐✆✆❦ ②✆❈❩➉❜❲❢➉➌ ✷

✐✆✆✆❦ ③✟❈❩➍❜✷❢❈❩ ♦

✐✆❫❦ ❈✂❈❩➋❜➊②❢➋ ❚

✐❫❦ ③✟❈❩➉❜✷②❢➋ ♦
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❆ ✓✔✔✕✖✗✘✙✚✗✔✘ ✛✘✚✗✚✜ ✓✔✘✢✚✗✚✣✚✛✢ ✙ ✓✛✘✚✕✙✤ ✥✛✚✙✤ ✙✚✔✥ ✔✕ ✗✔✘ ✦✔✘✖✛✖
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✗✢ ✙ ✓✔✔✕✖✗✘✙✚✗✔✘ ✛✘✚✗✚✜ ✗✘ ✐✴✗✓✴ ✚✴✛ ✓✔✦✙✤✚ ✗✔✘ ✗✢ ✢✣✕✕✔✣✘✖✛✖ ✦✜

✚✴✕✛✛ ✙✥✥✔✘✗✙ ✥✔✤✛✓✣✤✛✢ ✙✘✖ ✚✴✕✛✛ ✓✴✤✔✕✗✖✛ ✗✔✘✢★ ✵✚✴✛✕ ✛✧✙✥✪✤✛✢

✙✕✛ ✬✱✗✰✯✵✳✹❪✫ ✬✶✚✯✤✺✰✱✲✸✳✺❪✫ ✬✩✛✰✯✱✳✻❪
✹✼
✫ ✬✯✔✰✱✲✸✳✻❪

✸✽
★

✭❜✮ ✡✑✎✏☞❛✾ ❛✏☛✿❀✍☛✎

■✘ ✙ ✓✔✔✕✖✗✘✙✚✗✔✘ ✛✘✚✗✚✜✫ ✚✴✛ ✙✚✔✥❁✗✔✘ ✚✔ ✐✴✗✓✴ ✙ t✗✧✛✖ ✘✣✥✦✛✕

✔t ✗✔✘✢❁♦✕✔✣✪✢ ✙✕✛ ✦✔✣✘✖ ✗✘ ✙ ✖✛t✗✘✗✚✛ ♦✛✔✥✛✚✕✗✓✙✤ ✙✕✕✙✘♦✛✥✛✘✚

✙✕✔✣✘✖ ✗✚✫ ✗✢ ✓✙✤✤✛✖ ✚✴✛ ✓✛✘✚✕✙✤ ✙✚✔✥ ✔✕ ✗✔✘★ ✩✔✕ ✛✧✙✥✪✤✛✫ ✚✴✛

✓✛✘✚✕✙✤ ✙✚✔✥❁✗✔✘ ✗✘ ✚✴✛ ✓✔✔✕✖✗✘✙✚✗✔✘ ✛✘✚✗✚✗✛✢❝ ✬✱✗✯✤✺✰✲✺✵✳✹❪✫

✬✯✔✯✤✰✱✲✸✳❂❪
✺✽
✙✘✖ ✬✩✛✰✯✱✳✻❪

✸✼
✙✕✛ ✱✗

✺✽
✫ ✯✔

✸✽
✙✘✖ ✩✛

✸✽
✫ ✕✛✢✪✛✓✚✗❃✛✤✜★

❚✴✛✢✛ ✓✛✘✚✕✙✤ ✙✚✔✥✢❁✗✔✘✢ ✙✕✛ ✙✤✢✔ ✕✛t✛✕✕✛✖ ✚✔ ✙✢ ▲❄❅❇❉ ❊❋❇●❉★

✭❍✮ ❏✍❑❛✎✌▼

❚✴✛ ✗✔✘✢ ✔✕ ✥✔✤✛✓✣✤✛✢ ✦✔✣✘✖ ✚✔ ✚✴✛ ✓✛✘✚✕✙✤ ✙✚✔✥❁✗✔✘ ✗✘ ✚✴✛

✓✔✔✕✖✗✘✙✚✗✔✘ ✛✘✚✗✚✜ ✙✕✛ ✓✙✤✤✛✖ ✤✗♦✙✘✖✢★ ❚✴✛✢✛ ✥✙✜ ✦✛ ✢✗✥✪✤✛ ✗✔✘✢

✢✣✓✴ ✙✢ ✯✤
✼
✫ ✢✥✙✤✤ ✥✔✤✛✓✣✤✛✢ ✢✣✓✴ ✙✢ ✲✺✵ ✔✕ ✱✲✸✫ ✤✙✕♦✛✕ ✥✔✤✛✓✣✤✛✢

✢✣✓✴ ✙✢ ✲✺✱✯✲✺✯✲✺✱✲✺ ✔✕ ✱✰✯✲✺✯✲✺✱✲✺✳✸ ✔✕ ✛❃✛✘ ✥✙✓✕✔✥✔✤✛✓✣✤✛✢✫

✢✣✓✴ ✙✢ ✪✕✔✚✛✗✘✢★

❲✴✛✘ ✙ ✤✗♦✙✘✖ ✗✢ ✦✔✣✘✖ ✚✔ ✙ ✥✛✚✙✤ ✗✔✘ ✚✴✕✔✣♦✴ ✙ ✢✗✘♦✤✛ ✖✔✘✔✕

✙✚✔✥✫ ✙✢ ✐✗✚✴ ✯✤
✼
✫ ✲✺✵ ✔✕ ✱✲✸✫ ✚✴✛ ✤✗♦✙✘✖ ✗✢ ✢✙✗✖ ✚✔ ✦✛ ✉◆❇●❄◆❖❊❖❄P

❲✴✛✘ ✙ ✤✗♦✙✘✖ ✓✙✘ ✦✗✘✖ ✚✴✕✔✣♦✴ ✚✐✔ ✖✔✘✔✕ ✙✚✔✥✢ ✙✢ ✗✘

✲✺✱✯✲✺✯✲✺✱✲✺ ✰✛✚✴✙✘✛◗❘✫❙◗✖✗✙✥✗✘✛✳ ✔✕ ✯✺✵✹
✺✼
✰✔✧✙✤✙✚✛✳✫ ✚✴✛

✤✗♦✙✘✖ ✗✢ ✢✙✗✖ ✚✔ ✦✛ ●❇●❄◆❖❊❖❄ ✙✘✖ ✐✴✛✘ ✢✛❃✛✕✙✤ ✖✔✘✔✕ ✙✚✔✥✢ ✙✕✛

✪✕✛✢✛✘✚ ✗✘ ✙ ✢✗✘♦✤✛ ✤✗♦✙✘✖ ✙✢ ✗✘ ✱✰✯✲✺✯✲✺✱✲✺✳✸✫ ✚✴✛ ✤✗♦✙✘✖ ✗✢ ✢✙✗✖

✚✔ ✦✛ ♣❯❱❳●❄◆❖❊❖❄★ ❨✚✴✜✤✛✘✛✖✗✙✥✗✘✛✚✛✚✕✙✙✓✛✚✙✚✛ ✗✔✘ ✰❨❩❚❆
✹✼
✳ ✗✢

✙✘ ✗✥✪✔✕✚✙✘✚ ✴✛✧✙✖✛✘✚✙✚✛ ✤✗♦✙✘✖★ ■✚ ✓✙✘ ✦✗✘✖ ✚✴✕✔✣♦✴ ✚✐✔

✘✗✚✕✔♦✛✘ ✙✘✖ t✔✣✕ ✔✧✜♦✛✘ ✙✚✔✥✢ ✚✔ ✙ ✓✛✘✚✕✙✤ ✥✛✚✙✤ ✗✔✘★

❲✴✛✘ ✙ ✖✗◗ ✔✕ ✪✔✤✜✖✛✘✚✙✚✛ ✤✗♦✙✘✖ ✣✢✛✢ ✗✚✢ ✚✐✔ ✔✕ ✥✔✕✛ ✖✔✘✔✕

✙✚✔✥✢ ✚✔ ✦✗✘✖ ✙ ✢✗✘♦✤✛ ✥✛✚✙✤ ✗✔✘✫ ✗✚ ✗✢ ✢✙✗✖ ✚✔ ✦✛ ✙ ❋❬❄❱❊❖❄ ✤✗♦✙✘✖★

❚✴✛ ✘✣✥✦✛✕ ✔t ✢✣✓✴ ✤✗♦✙✚✗✘♦ ♦✕✔✣✪✢ ✗✢ ✓✙✤✤✛✖ ✚✴✛ ●❄◆❖❇❋❇❖❳ ✔t ✚✴✛

✤✗♦✙✘✖★ ❧✣✓✴ ✓✔✥✪✤✛✧✛✢✫ ✓✙✤✤✛✖ ✓✴✛✤✙✚✛ ✓✔✥✪✤✛✧✛✢ ✚✛✘✖ ✚✔ ✦✛ ✥✔✕✛

✢✚✙✦✤✛ ✚✴✙✘ ✢✗✥✗✤✙✕ ✓✔✥✪✤✛✧✛✢ ✓✔✘✚✙✗✘✗✘♦ ✣✘✗✖✛✘✚✙✚✛ ✤✗♦✙✘✖✢ ✰t✔✕

✕✛✙✢✔✘✢ ✢✛✛ ❧✛✓✚✗✔✘ r★❭✳★ ❫✗♦✙✘✖ ✐✴✗✓✴ ✓✙✘

✤✗♦✙✚✛ ✚✴✕✔✣♦✴ ✚✐✔ ✖✗tt✛✕✛✘✚ ✙✚✔✥✢ ✗✢ ✓✙✤✤✛✖

❊❴❵❇●❄◆❖❊❖❄ ❱❇❞❊◆●★ ❨✧✙✥✪✤✛✢ ✔t ✢✣✓✴

✤✗♦✙✘✖✢ ✙✕✛ ✚✴✛ ✱✵✺
✼
✙✘✖ ❧✯✱

✼
✗✔✘✢★ ✱✵✺

✼
✗✔✘

✓✙✘ ✓✔✔✕✖✗✘✙✚✛ ✛✗✚✴✛✕ ✚✴✕✔✣♦✴ ✘✗✚✕✔♦✛✘ ✔✕

✚✴✕✔✣♦✴ ✔✧✜♦✛✘ ✚✔ ✙ ✓✛✘✚✕✙✤ ✥✛✚✙✤ ✙✚✔✥❁✗✔✘★

❧✗✥✗✤✙✕✤✜✫ ❧✯✱
✼
✗✔✘ ✓✙✘ ✓✔✔✕✖✗✘✙✚✛ ✚✴✕✔✣♦✴ ✚✴✛

✢✣✤✪✴✣✕ ✔✕ ✘✗✚✕✔♦✛✘ ✙✚✔✥★

✭✌✮ ✡☛☛☞✌✍✎❛✏✍☛✎ ✎❡✿❜✑☞

❚✴✛ ✓✔✔✕✖✗✘✙✚✗✔✘ ✘✣✥✦✛✕ ✰✯✱✳ ✔t ✙ ✥✛✚✙✤ ✗✔✘ ✗✘ ✙ ✓✔✥✪✤✛✧ ✓✙✘ ✦✛

✖✛t✗✘✛✖ ✙✢ ✚✴✛ ✘✣✥✦✛✕ ✔t ✤✗♦✙✘✖ ✖✔✘✔✕ ✙✚✔✥✢ ✚✔ ✐✴✗✓✴ ✚✴✛ ✥✛✚✙✤ ✗✢

✖✗✕✛✓✚✤✜ ✦✔✘✖✛✖★ ✩✔✕ ✛✧✙✥✪✤✛✫ ✗✘ ✚✴✛ ✓✔✥✪✤✛✧ ✗✔✘✢✫ ✬✶✚✯✤✻❪
✺✼
✙✘✖

✬✱✗✰✱✲✸✳✹❪
✺✽
✫ ✚✴✛ ✓✔✔✕✖✗✘✙✚✗✔✘ ✘✣✥✦✛✕ ✔t ✶✚ ✙✘✖ ✱✗ ✙✕✛ ❢ ✙✘✖ ❣

✕✛✢✪✛✓✚✗❃✛✤✜★ ❧✗✥✗✤✙✕✤✜✫ ✗✘ ✚✴✛ ✓✔✥✪✤✛✧ ✗✔✘✢✫ ✬✩✛✰✯✺✵✹✳✸❪
✸✼
✙✘✖

✬✯✔✰✛✘✳✸❪
✸✽
✫ ✚✴✛ ✓✔✔✕✖✗✘✙✚✗✔✘ ✘✣✥✦✛✕ ✔t ✦✔✚✴✫ ✩✛ ✙✘✖ ✯✔✫ ✗✢ ❢ ✦✛✓✙✣✢✛

✯✺✵✹
✺✼
✙✘✖ ✛✘ ✰✛✚✴✙✘✛◗❘✫❙◗✖✗✙✥✗✘✛✳ ✙✕✛ ✖✗✖✛✘✚✙✚✛ ✤✗♦✙✘✖✢★

9.9.29.9.2 Def ni ns fDefinitions off n ns De i  fDefinitions of
eSSome

p a tI orImportant
TTerms

e g P ni  Pe ni g Pertaining toPertaining to
C in nCoordinationnC i nCoordination

mC p dCompounds



✷�✁ ❈✂✂✄☎✆✝✞✟✆✂✝ ❈✂✠✡✂☛✝☎☞

■✌ ✍✎ ✍✏✑✒✓✌✔✕✌ ✌✒ ✕✒✌✖ ✗✖✓✖ ✌✗✔✌ ✘✒✒✓✙✍✕✔✌✍✒✕ ✕✚✏✛✖✓ ✒✜ ✌✗✖ ✘✖✕✌✓✔✢

✔✌✒✏❛✍✒✕ ✍✎ ✙✖✌✖✓✏✍✕✖✙ ✒✕✢✣ ✛✣ ✌✗✖ ✕✚✏✛✖✓ ✒✜ ✎✍✤✏✔ ✛✒✕✙✎ ✜✒✓✏✖✙ ✛✣

✌✗✖ ✢✍✤✔✕✙ t✍✌✗ ✌✗✖ ✘✖✕✌✓✔✢ ✔✌✒✏❛✍✒✕✥ ✦✍ ✛✒✕✙✎✧ ✍✜ ✜✒✓✏✖✙ ✛✖✌t✖✖✕ ✌✗✖

✢✍✤✔✕✙ ✔✕✙ ✌✗✖ ✘✖✕✌✓✔✢ ✔✌✒✏❛✍✒✕✧ ✔✓✖ ✕✒✌ ✘✒✚✕✌✖✙ ✜✒✓ ✌✗✍✎ ✑✚✓✑✒✎✖✥

✭❡✮ ★✩✩✪✫✬✯✰✱✬✩✯ ✲✳✴❡✪❡

❚✗✖ ✘✖✕✌✓✔✢ ✔✌✒✏❛✍✒✕ ✔✕✙ ✌✗✖ ✢✍✤✔✕✙✎ ✔✌✌✔✘✗✖✙ ✌✒ ✍✌ ✔✓✖ ✖✕✘✢✒✎✖✙ ✍✕

✎s✚✔✓✖ ✛✓✔✘✵✖✌ ✔✕✙ ✍✎ ✘✒✢✢✖✘✌✍✶✖✢✣ ✌✖✓✏✖✙ ✔✎ ✌✗✖ ❝✸✸✹✺✻✼✽✾✻✸✼

✿❀❁❂✹❂✥ ❚✗✖ ✍✒✕✍✎✔✛✢✖ ✤✓✒✚✑✎ ✔✓✖ t✓✍✌✌✖✕ ✒✚✌✎✍✙✖ ✌✗✖ ✛✓✔✘✵✖✌ ✔✕✙

✔✓✖ ✘✔✢✢✖✙ ✘✒✚✕✌✖✓ ✍✒✕✎✥ ❃✒✓ ✖❄✔✏✑✢✖✧ ✍✕ ✌✗✖ ✘✒✏✑✢✖❄ ❅❆❬❃✖❇❉❊❋●❪✧

✌✗✖ ✘✒✒✓✙✍✕✔✌✍✒✕ ✎✑✗✖✓✖ ✍✎ ❬❃✖❇❉❊❋●❪
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❶➃ ➙➉❶❿➅➆➇➂➛➉❽➈➜
➝



✷�✁ ❈✂✂✄☎✆✝✞✟✆✂✝ ❈✂✠✡✂☛✝☎☞

❚✌✍✎ ✏✑✒✓ ✔✕ ✍✎✔✖✓✗✍✎✖ ✘✙✎✔

✘✗✍✎✓✎ ❛✌✓✚ ✛✍✛✓✚✏✘✏✓ ✙✍✜✘✚✛✎

▲ ✢ ▲ ✥❡✣✤✣✦ ✧★✩ ✪★✩ ✪★✩ ✧★✩ ✭✓✚✫✬

✘✗✓ ✒✗✓✎✓✚✏ ✍✚ ✮✔✖✒✙✓✯✓✎ ✔✕ ✕✔✗✖✰✙✘

✥❬✱✩✭▲ ✢ ▲✫✩✬ ✭❪✍✜✲ ✳✲✴✫✲

❆✚✔✏✌✓✗ ✏✑✒✓ ✔✕ ✜✓✔✖✓✏✗✍✮✘✙

✍✎✔✖✓✗✍✎✖ ✔✮✮✰✗✎ ✍✚ ✔✮✏✘✌✓✛✗✘✙

✮✔✔✗✛✍✚✘✏✍✔✚ ✓✚✏✍✏✍✓✎ ✔✕ ✏✌✓ ✏✑✒✓

✥❬✘✸❜✸✬ ✙✍✵✓ ✥✪✔✭✧★✸✫✸✭✧✶✩✫✸✬✲ ✹✕

✏✌✗✓✓ ✛✔✚✔✗ ✘✏✔✖✎ ✔✕ ✏✌✓ ✎✘✖✓

✙✍✜✘✚✛✎ ✔✮✮✰✒✑ ✘✛❧✘✮✓✚✏ ✒✔✎✍✏✍✔✚✎

✘✏ ✏✌✓ ✮✔✗✚✓✗✎ ✔✕ ✘✚ ✔✮✏✘✌✓✛✗✘✙

✕✘✮✓❢ ❛✓ ✌✘✺✓ ✏✌✓ ✻✼✽✾✼✿ ❀✻✼✽❁

✾✐❂❃❄❅✲ ❇✌✓✚ ✏✌✓ ✒✔✎✍✏✍✔✚✎ ✘✗✓

✘✗✔✰✚✛ ✏✌✓ ✖✓✗✍✛✍✘✚ ✔✕ ✏✌✓

✔✮✏✘✌✓✛✗✔✚❢ ❛✓ ✜✓✏ ✏✌✓ ❃❄❅✾♠✾❂❉✼✿

❀❃❄❅❁ ✾✐❂❃❄❅ ✭❪✍✜✲ ✳✲❊✫✲

❋●❍■ ❏■❑▼ ◆❖P◗❖❘❙❯❱❲❳ ❯❨P◗❖❙❨ ❩❱❯❨ ❲❭❫ ❘❙❲❭❨❴

P♦ ❵❝P❝❳❞❩❖❭❴❞❣

❇✌✑ ✍✎ ✜✓✔✖✓✏✗✍✮✘✙ ✍✎✔✖✓✗✍✎✖ ✚✔✏ ✒✔✎✎✍❜✙✓ ✍✚ ✏✓✏✗✘✌✓✛✗✘✙ ✮✔✖✒✙✓✯✓✎

✌✘✺✍✚✜ ✏❛✔ ✛✍✕✕✓✗✓✚✏ ✏✑✒✓✎ ✔✕ ✰✚✍✛✓✚✏✘✏✓ ✙✍✜✘✚✛✎ ✮✔✔✗✛✍✚✘✏✓✛ ❛✍✏✌

✏✌✓ ✮✓✚✏✗✘✙ ✖✓✏✘✙ ✍✔✚ t

❚✓✏✗✘✌✓✛✗✘✙ ✮✔✖✒✙✓✯✓✎ ✛✔ ✚✔✏ ✎✌✔❛ ✜✓✔✖✓✏✗✍✮✘✙ ✍✎✔✖✓✗✍✎✖ ❜✓✮✘✰✎✓

✏✌✓ ✗✓✙✘✏✍✺✓ ✒✔✎✍✏✍✔✚✎ ✔✕ ✏✌✓ ✰✚✍✛✓✚✏✘✏✓ ✙✍✜✘✚✛✎ ✘✏✏✘✮✌✓✛ ✏✔ ✏✌✓ ✮✓✚✏✗✘✙

✖✓✏✘✙ ✘✏✔✖ ✘✗✓ ✏✌✓ ✎✘✖✓ ❛✍✏✌ ✗✓✎✒✓✮✏ ✏✔ ✓✘✮✌ ✔✏✌✓✗✲

ut oS l iSolution

✶✒✏✍✮✘✙ ✍✎✔✖✓✗✎ ✘✗✓ ✖✍✗✗✔✗ ✍✖✘✜✓✎ ✏✌✘✏

✮✘✚✚✔✏ ❜✓ ✎✰✒✓✗✍✖✒✔✎✓✛ ✔✚ ✔✚✓

✘✚✔✏✌✓✗✲ ❚✌✓✎✓ ✘✗✓ ✮✘✙✙✓✛ ✘✎

❡❤❥❤❦♥♣q❡rs✲ ❚✌✓ ✖✔✙✓✮✰✙✓✎ ✔✗ ✍✔✚✎

✏✌✘✏ ✮✘✚✚✔✏ ❜✓ ✎✰✒✓✗✍✖✒✔✎✓✛ ✘✗✓

✮✘✙✙✓✛ ✉✈♥r❥✇✲ ❚✌✓ ✏❛✔ ✕✔✗✖✎ ✘✗✓ ✮✘✙✙✓✛

①❡②❦r♣ ③①④ ✘✚✛ ✇❥❡⑤♣ ③✇④ ✛✓✒✓✚✛✍✚✜

✰✒✔✚ ✏✌✓ ✛✍✗✓✮✏✍✔✚ ✏✌✓✑ ✗✔✏✘✏✓ ✏✌✓

✒✙✘✚✓ ✔✕ ✒✔✙✘✗✍✎✓✛ ✙✍✜✌✏ ✍✚ ✘

✒✔✙✘✗✍✖✓✏✓✗ ✭① ✗✔✏✘✏✓✎ ✏✔ ✏✌✓ ✗✍✜✌✏❢ ✇ ✏✔

✏✌✓ ✙✓✕✏✫✲ ✶✒✏✍✮✘✙ ✍✎✔✖✓✗✍✎✖ ✍✎ ✮✔✖✖✔✚

✍✚ ✔✮✏✘✌✓✛✗✘✙ ✮✔✖✒✙✓✯✓✎ ✍✚✺✔✙✺✍✚✜

✛✍✛✓✚✏✘✏✓ ✙✍✜✘✚✛✎ ✭❪✍✜✲ ✳✲⑥✫✲

✹✚ ✘ ✮✔✔✗✛✍✚✘✏✍✔✚

✓✚✏✍✏✑ ✔✕ ✏✌✓ ✏✑✒✓

✥⑦✏✪✙✩✭✓✚✫✩✬
✩⑧

❢ ✔✚✙✑ ✏✌✓

✉♥s⑨✍✎✔✖✓✗ ✎✌✔❛✎ ✔✒✏✍✮✘✙

✘✮✏✍✺✍✏✑ ✭❪✍✜✲ ✳✲⑩✫✲

❶❷❸❷❹ ❺❻❼✾✽✼✿ ❽✐❂❃❄❅✾✐❃

❾❿➀➁➂➁➃➄ ➅✡✟✆➆✞➇ ✆☞✂✠➈✄☞ ➉☎ ✞✝☎ ➇➊ ✂➋ ➌❈✂➉➈✝➊➍➎
➍➏

❋●❍■❏■➐

➑➒❘❯❱❲❳ ❯❨P◗❖❙❨

❩❫ ❲❭❫ ❳❴ P♦ ❱❯❨➓

❵➔❘❝❳❞❩❖❭❴❞❣
❞→

❋●❍■ ❏■➣

↔↕❖ ♦❲❱❯❲❳ ❩♦❲❱❴ ❲❭❫

◗❖❙❯❫❯P❭❲❳ ❩◗❖❙❴

❯❨P◗❖❙❨ P♦

❵❝P❩➙➛➜❴➜❩➙➑❞❴➜❣

   E a l  Example 9.4



✷�✁❈✂✄☎✆✝✞✟✠

▲✡☛☞✌✍✎ ✡✏✑✒✎✓✡✏✒ ✌✓✡✏✎✏ ✡☛ ✌ ✔✑✑✓✕✡☛✌✖✡✑☛ ✔✑✒✗✑✘☛✕ ✔✑☛✖✌✡☛✡☛✍

✌✒❛✡✕✎☛✖✌✖✎ ✙✡✍✌☛✕✚ ✛ ✏✡✒✗✙✎ ✎✜✌✒✗✙✎ ✡✏ ✗✓✑✢✡✕✎✕ ❛✣ ✔✑✒✗✙✎✜✎✏

✔✑☛✖✌✡☛✡☛✍ ✖❝✎ ✖❝✡✑✔✣✌☛✌✖✎ ✙✡✍✌☛✕✤ ✥✦✧
➊
✤ ✱❝✡✔❝ ✒✌✣ ❛✡☛✕ ✖❝✓✑✘✍❝ ✖❝✎

☛✡✖✓✑✍✎☛ ✖✑ ✍✡✢✎ ♥★✥✦✧ ✑✓ ✖❝✓✑✘✍❝ ✏✘✙✗❝✘✓ ✖✑ ✍✡✢✎ ♥★✧✦✥✚ ✩✪✓✍✎☛✏✎☛

✕✡✏✔✑✢✎✓✎✕ ✏✘✔❝ ❛✎❝✌✢✡✑✘✓ ✡☛ ✖❝✎ ✔✑✒✗✙✎✜ ❞✦✑✫✥✬✸✮✺✫✥✭✯✮✰✦✙✯✤ ✱❝✡✔❝ ✡✏

✑❛✖✌✡☛✎✕ ✌✏ ✖❝✎ ✓✎✕ ♦✑✓✒✤ ✡☛ ✱❝✡✔❝ ✖❝✎ ☛✡✖✓✡✖✎ ✙✡✍✌☛✕ ✡✏ ❛✑✘☛✕ ✖❝✓✑✘✍❝

✑✜✣✍✎☛ ✫★✭✥✭✮✤ ✌☛✕ ✌✏ ✖❝✎ ✣✎✙✙✑✱ ♦✑✓✒✤ ✡☛ ✱❝✡✔❝ ✖❝✎ ☛✡✖✓✡✖✎ ✙✡✍✌☛✕ ✡✏

❛✑✘☛✕ ✖❝✓✑✘✍❝ ☛✡✖✓✑✍✎☛ ✫★✥✭✯✮✚

❚❝✡✏ ✖✣✗✎ ✑♦ ✡✏✑✒✎✓✡✏✒ ✌✓✡✏✎✏ ♦✓✑✒ ✖❝✎ ✡☛✖✎✓✔❝✌☛✍✎ ✑♦ ✙✡✍✌☛✕✏ ❛✎✖✱✎✎☛

✔✌✖✡✑☛✡✔ ✌☛✕ ✌☛✡✑☛✡✔ ✎☛✖✡✖✡✎✏ ✑♦ ✕✡♦♦✎✓✎☛✖ ✒✎✖✌✙ ✡✑☛✏ ✗✓✎✏✎☛✖ ✡☛ ✌ ✔✑✒✗✙✎✜✚

✛☛ ✎✜✌✒✗✙✎ ✡✏ ✗✓✑✢✡✕✎✕ ❛✣ ❞✦✑✫✥✬✸✮✻✰❞✦✓✫✦✥✮✻✰✤ ✡☛ ✱❝✡✔❝ ✖❝✎ ✥✬✸ ✙✡✍✌☛✕✏

✌✓✎ ❛✑✘☛✕ ✖✑ ✦✑
✸✲
✌☛✕ ✖❝✎ ✦✥

➊
✙✡✍✌☛✕✏ ✖✑ ✦✓

✸✲
✚ ✳☛ ✡✖✏ ✔✑✑✓✕✡☛✌✖✡✑☛

✡✏✑✒✎✓ ❞✦✓✫✥✬✸✮✻✰❞✦✑✫✦✥✮✻✰✤ ✖❝✎ ✥✬✸ ✙✡✍✌☛✕✏ ✌✓✎ ❛✑✘☛✕ ✖✑ ✦✓
✸✲
✌☛✕ ✖❝✎

✦✥
➊
✙✡✍✌☛✕✏ ✖✑ ✦✑

✸✲
✚

❚❝✡✏ ♦✑✓✒ ✑♦ ✡✏✑✒✎✓✡✏✒ ✌✓✡✏✎✏ ✱❝✎☛ ✖❝✎ ✔✑✘☛✖✎✓ ✡✑☛ ✡☛ ✌ ✔✑✒✗✙✎✜ ✏✌✙✖

✡✏ ✡✖✏✎✙♦ ✌ ✗✑✖✎☛✖✡✌✙ ✙✡✍✌☛✕ ✌☛✕ ✔✌☛ ✕✡✏✗✙✌✔✎ ✌ ✙✡✍✌☛✕ ✱❝✡✔❝ ✔✌☛ ✖❝✎☛

❛✎✔✑✒✎ ✖❝✎ ✔✑✘☛✖✎✓ ✡✑☛✚ ✛☛ ✎✜✌✒✗✙✎ ✡✏ ✗✓✑✢✡✕✎✕ ❛✣ ✖❝✎ ✡✑☛✡✏✌✖✡✑☛

✡✏✑✒✎✓✏ ❞✦✑✫✥✬✸✮✺✧✭✹✰❪✓ ✌☛✕ ❞✦✑✫✥✬✸✮✺❪✓✰✧✭✹✚

✾✴✵✴✶ ✼✽✿❀❁❂❃

■❄❅❆❃❇✽❄❆

✾✴✵✴✵ ❉❅❅❇❊✽✿❁❋✽❅✿

■❄❅❆❃❇✽❄❆

✾✴✵✴● ■❅✿✽❄❁❋✽❅✿

■❄❅❆❃❇✽❄❆

✭✘✖ ✑♦ ✖❝✎ ♦✑✙✙✑✱✡☛✍ ✖✱✑ ✔✑✑✓✕✡☛✌✖✡✑☛ ✎☛✖✡✖✡✎✏ ✱❝✡✔❝ ✡✏ ✔❝✡✓✌✙

✫✑✗✖✡✔✌✙✙✣ ✌✔✖✡✢✎✮❍

✫✌✮ ❏❑▼◆❞✦✓✦✙✯✫✑✜✮✯✰
✸➊

✫❛✮ t❖P◗▼◆❞✦✓✦✙✯✫✑✜✮✯✰
✸➊

❚❝✎ ✖✱✑ ✎☛✖✡✖✡✎✏ ✌✓✎ ✓✎✗✓✎✏✎☛✖✎✕ ✌✏

❘✓✌✱ ✏✖✓✘✔✖✘✓✎✏ ✑♦ ✍✎✑✒✎✖✓✡✔✌✙ ✡✏✑✒✎✓✏ ✑♦ ❞❙✎✫✥✬✸✮✯✫✦✥✮✹✰
➊

l i nSolutionl i nSolution
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❨❳❨▲❍❏ ❳⑤ ❙ ◆❵❍⑥❱▲ ❘❍❯❙❵❚▲❛ ▲❱▲❲❏❚❳❍ ⑩❑❵❱▲ ♠❸▲❸➃✈
❹✇
❑❙◆ ❙ ❯❙❚❙❨❙⑥❍▲❏❵❲

❨❳❨▲❍❏ ❳⑤ ⑤❵❜▲ ❘❍❯❙❵❚▲❛ ▲❱▲❲❏❚❳❍◆❦ ♠r❳❸➃✈
❹✇
❵◆ ❯❙❚❙❨❙⑥❍▲❏❵❲ ⑩❵❏❑ ⑤❳❘❚

❘❍❯❙❵❚▲❛ ▲❱▲❲❏❚❳❍◆ ⑩❑❵❱▲ ♠r❳qr❥➅✉t❹✈
❹✇
❵◆ ❛❵❙❨❙⑥❍▲❏❵❲❦ ⑨❑❵◆ ❙❯❯❙❚▲❍❏

❙❍❳❨❙❱❫ ❵◆ ▲❩❯❱❙❵❍▲❛ ❴❫ ❜❙❱▲❍❲▲ ❴❳❍❛ ❏❑▲❳❚❫ ❵❍ ❏▲❚❨◆ ❳⑤ ⑤❳❚❨❙❏❵❳❍ ❳⑤

❵❍❍▲❚ ❳❚❴❵❏❙❱ ❙❍❛ ❳❘❏▲❚ ❳❚❴❵❏❙❱ ❲❳❳❚❛❵❍❙❏❵❳❍ ▲❍❏❵❏❵▲◆❦ ♠➁❍qr♥t➃✈
❹✇
❭ ♠❸▲qr♥t➃✈

❹✇

❙❍❛ ♠r❳qr❥➅✉t❹✈
❹✇
❙❚▲ ❵❍❍▲❚ ❳❚❴❵❏❙❱ ❲❳❨❯❱▲❩▲◆ ❵❍❜❳❱❜❵❍⑥ ❝

❥
❡❢
❹
❑❫❴❚❵❛❵◆❙❏❵❳❍❭

❏❑▲ ⑤❳❚❨▲❚ ❏⑩❳ ❲❳❨❯❱▲❩▲◆ ❙❚▲ ❯❙❚❙❨❙⑥❍▲❏❵❲ ❙❍❛ ❏❑▲ ❱❙❏❏▲❚ ❛❵❙❨❙⑥❍▲❏❵❲❦

➅❍ ❏❑▲ ❳❏❑▲❚ ❑❙❍❛❭ ♠➁❍r❱➃✈
❹✇
❭ ♠❸▲❸➃✈

❹✇
❙❍❛ ♠r❳❸➃➆✈

❹✇
❙❚▲ ❳❘❏▲❚ ❳❚❴❵❏❙❱

❲❳❨❯❱▲❩▲◆ ❵❍❜❳❱❜❵❍⑥ ❡❢
❹
❝
❥
❑❫❴❚❵❛❵◆❙❏❵❳❍ ❙❍❛ ❙❚▲ ❯❙❚❙❨❙⑥❍▲❏❵❲

❲❳❚❚▲◆❯❳❍❛❵❍⑥ ❏❳ ⑤❳❘❚❭ ⑤❵❜▲ ❙❍❛ ⑤❳❘❚ ❘❍❯❙❵❚▲❛ ▲❱▲❲❏❚❳❍◆❦
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✍☞ ✥✤✦ ✛✚✤ ✧✜☛★✍✗✖ ✖✡☛
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❙✍✎✗☛ ✖✡☛ ✗✏✏✜★✍✎✔✖✍✏✎ ✎✪✓✫☛✜ ✏✘ ✚✎
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✸
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✢
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✾✳✴✳❋ ●❉❊❀✻✼❛ ❍✶❂❛❄

❅❆❂✽❉❊

❲✡✍✑☛ ✖✡☛ ■✛ ✖✡☛✏✜✒✮ ✖✏ ✔ ✑✔✜✕☛✜ ☛❣✖☛✎✖✮ ☛❣✌✑✔✍✎☞ ✖✡☛ ✘✏✜✓✔✖✍✏✎✮ ☞✖✜✪✗✖✪✜☛☞

✔✎★ ✓✔✕✎☛✖✍✗ ✫☛✡✔♣✍✏✪✜ ✏✘ ✗✏✏✜★✍✎✔✖✍✏✎ ✗✏✓✌✏✪✎★☞✮ ✍✖ ☞✪✘✘☛✜☞ ✘✜✏✓

✖✡☛ ✘✏✑✑✏✇✍✎✕ ☞✡✏✜✖✗✏✓✍✎✕☞t

✯✍✱ ❏✖ ✍✎♣✏✑♣☛☞ ✔ ✎✪✓✫☛✜ ✏✘ ✔☞☞✪✓✌✖✍✏✎☞✤

✯✍✍✱ ❏✖ ★✏☛☞ ✎✏✖ ✕✍♣☛ ✲✪✔✎✖✍✖✔✖✍♣☛ ✍✎✖☛✜✌✜☛✖✔✖✍✏✎ ✏✘ ✓✔✕✎☛✖✍✗ ★✔✖✔✤

✯✍✍✍✱ ❏✖ ★✏☛☞ ✎✏✖ ☛❣✌✑✔✍✎ ✖✡☛ ✗✏✑✏✪✜ ☛❣✡✍✫✍✖☛★ ✫✒ ✗✏✏✜★✍✎✔✖✍✏✎ ✗✏✓✌✏✪✎★☞✤

✯✍♣✱ ❏✖ ★✏☛☞ ✎✏✖ ✕✍♣☛ ✔ ✲✪✔✎✖✍✖✔✖✍♣☛ ✍✎✖☛✜✌✜☛✖✔✖✍✏✎ ✏✘ ✖✡☛ ✖✡☛✜✓✏★✒✎✔✓✍✗

✏✜ ❑✍✎☛✖✍✗ ☞✖✔✫✍✑✍✖✍☛☞ ✏✘ ✗✏✏✜★✍✎✔✖✍✏✎ ✗✏✓✌✏✪✎★☞✤

✯♣✱ ❏✖ ★✏☛☞ ✎✏✖ ✓✔❑☛ ☛❣✔✗✖ ✌✜☛★✍✗✖✍✏✎☞ ✜☛✕✔✜★✍✎✕ ✖✡☛ ✖☛✖✜✔✡☛★✜✔✑ ✔✎★

☞✲✪✔✜☛ ✌✑✔✎✔✜ ☞✖✜✪✗✖✪✜☛☞ ✏✘ ✭▼✗✏✏✜★✍✎✔✖☛ ✗✏✓✌✑☛❣☛☞✤

✯♣✍✱ ❏✖ ★✏☛☞ ✎✏✖ ★✍☞✖✍✎✕✪✍☞✡ ✫☛✖✇☛☛✎ ✇☛✔❑ ✔✎★ ☞✖✜✏✎✕ ✑✍✕✔✎★☞✤

❚✡☛ ✗✜✒☞✖✔✑ ✘✍☛✑★ ✖✡☛✏✜✒ ✯◆❖❚✱ ✍☞ ✔✎ ☛✑☛✗✖✜✏☞✖✔✖✍✗ ✓✏★☛✑ ✇✡✍✗✡ ✗✏✎☞✍★☛✜☞

✖✡☛ ✓☛✖✔✑▼✑✍✕✔✎★ ✫✏✎★ ✖✏ ✫☛ ✍✏✎✍✗ ✔✜✍☞✍✎✕ ✌✪✜☛✑✒ ✘✜✏✓ ☛✑☛✗✖✜✏☞✖✔✖✍✗

✍✎✖☛✜✔✗✖✍✏✎☞ ✫☛✖✇☛☛✎ ✖✡☛ ✓☛✖✔✑ ✍✏✎ ✔✎★ ✖✡☛ ✑✍✕✔✎★✤ ✐✍✕✔✎★☞ ✔✜☛ ✖✜☛✔✖☛★

✔☞ ✌✏✍✎✖ ✗✡✔✜✕☛☞ ✍✎ ✗✔☞☛ ✏✘ ✔✎✍✏✎☞ ✏✜ ★✍✌✏✑☛☞ ✍✎ ✗✔☞☛ ✏✘ ✎☛✪✖✜✔✑ ✓✏✑☛✗✪✑☛☞✤

❚✡☛ ✘✍♣☛ ❞ ✏✜✫✍✖✔✑☞ ✍✎ ✔✎ ✍☞✏✑✔✖☛★ ✕✔☞☛✏✪☞ ✓☛✖✔✑ ✔✖✏✓P✍✏✎ ✡✔♣☛ ☞✔✓☛

☛✎☛✜✕✒✮ ◗❘❯❘❱ ✖✡☛✒ ✔✜☛ ★☛✕☛✎☛✜✔✖☛✤ ❚✡✍☞ ★☛✕☛✎☛✜✔✗✒ ✍☞ ✓✔✍✎✖✔✍✎☛★ ✍✘ ✔

☞✌✡☛✜✍✗✔✑✑✒ ☞✒✓✓☛✖✜✍✗✔✑ ✘✍☛✑★ ✏✘ ✎☛✕✔✖✍♣☛ ✗✡✔✜✕☛☞ ☞✪✜✜✏✪✎★☞ ✖✡☛ ✓☛✖✔✑

✔✖✏✓P✍✏✎✤ ❳✏✇☛♣☛✜✮ ✇✡☛✎ ✖✡✍☞ ✎☛✕✔✖✍♣☛ ✘✍☛✑★ ✍☞ ★✪☛ ✖✏ ✑✍✕✔✎★☞ ✯☛✍✖✡☛✜

✔✎✍✏✎☞ ✏✜ ✖✡☛ ✎☛✕✔✖✍♣☛ ☛✎★☞ ✏✘ ★✍✌✏✑✔✜ ✓✏✑☛✗✪✑☛☞ ✑✍❑☛ ❨❳✸ ✔✎★ ❳✢❩✱ ✍✎

✔ ✗✏✓✌✑☛❣✮ ✍✖ ✫☛✗✏✓☛☞ ✔☞✒✓✓☛✖✜✍✗✔✑ ✔✎★ ✖✡☛ ★☛✕☛✎☛✜✔✗✒ ✏✘ ✖✡☛ ❞ ✏✜✫✍✖✔✑☞
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✍✎ ★✍✘✘☛✜☛✎✖ ✗✜✒☞✖✔✑ ✘✍☛✑★☞✤
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✖✡☛ ✓☛✖✔✑ ✔✖✏✓P✍✏✎✮ ✖✡☛✜☛ ✇✍✑✑ ✫☛ ✜☛✌✪✑☞✍✏✎ ✫☛✖✇☛☛✎ ✖✡☛ ☛✑☛✗✖✜✏✎☞ ✍✎

✓☛✖✔✑ ❞ ✏✜✫✍✖✔✑☞ ✔✎★ ✖✡☛ ☛✑☛✗✖✜✏✎☞ ✯✏✜ ✎☛✕✔✖✍♣☛ ✗✡✔✜✕☛☞✱ ✏✘ ✖✡☛ ✑✍✕✔✎★☞✤

❙✪✗✡ ✔ ✜☛✌✪✑☞✍✏✎ ✍☞ ✓✏✜☛ ✇✡☛✎ ✖✡☛ ✓☛✖✔✑ ❞ ✏✜✫✍✖✔✑ ✍☞ ★✍✜☛✗✖☛★ ✖✏✇✔✜★☞

✖✡☛ ✑✍✕✔✎★ ✖✡✔✎ ✇✡☛✎ ✍✖ ✍☞ ✔✇✔✒ ✘✜✏✓ ✖✡☛ ✑✍✕✔✎★✤ ❚✡✪☞✮ ✖✡☛ ① ①② ③④❞

✔✎★ ⑤⑥⑦ ✏✜✫✍✖✔✑☞ ✇✡✍✗✡ ✌✏✍✎✖ ✖✏✇✔✜★☞ ✖✡☛ ✔❣☛☞ ✔✑✏✎✕ ✖✡☛ ★✍✜☛✗✖✍✏✎ ✏✘

✖✡☛ ✑✍✕✔✎★ ✇✍✑✑ ☛❣✌☛✜✍☛✎✗☛ ✓✏✜☛ ✜☛✌✪✑☞✍✏✎ ✔✎★ ✇✍✑✑ ✫☛ ✜✔✍☞☛★ ✍✎

☛✎☛✜✕✒⑧ ✔✎★ ✖✡☛ ❞⑨⑩✮ ❞⑩❶ ✔✎★ ❞⑨❶ ✏✜✫✍✖✔✑☞ ✇✡✍✗✡ ✔✜☛ ★✍✜☛✗✖☛★ ✫☛✖✇☛☛✎
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③④⑤④⑥⑦ ④⑧ ⑨④⑩❶ ❷❶⑩ ⑨❸④❹❶❺

✦✗✖ ✘✒✚✒♥✓✎ ✑✓✒✜♥✘✖✜ ✐❝ ✖✚✖✘✌✓✒✕✍✘ ✌✓✔✕✎✍✌✍✒✕✎ ✥✍✌✗✍✕ ✌✗✖ ❻ ✒✓✐✍✌✔✚✎ ✒✙ ✔

✌✓✔✕✎✍✌✍✒✕ ✏✖✌✔✚ ✍✒✕ ✒✘✘♥✓ ✙✓✖✲♥✖✕✌✚❝ ✍✕ ✖✤✖✓❝✜✔❝ ✚✍✙✖s ❼♥✐❝ ♦✣✍✛s❚s✮✯✧✔✪❪ ✍✎

✔✚♥✏✍✕✍♥✏ ✒❡✍✜✖ ✧❽✚✩❖✸✪ ✘✒✕✌✔✍✕✍✕✛ ✔✐✒♥✌ ❾s✳❞✮❿ ✫✓
✸✭
✍✒✕✎ ✧❻

✸
✪✢ ✥✗✍✘✗ ✔✓✖

✓✔✕✜✒✏✚❝ ✜✍✎✌✓✍✐♥✌✖✜ ✍✕ ✑✒✎✍✌✍✒✕✎ ✕✒✓✏✔✚✚❝ ✒✘✘♥✑✍✖✜ ✐❝ ❽✚
✸✭
s ➀✖ ✏✔❝ ✤✍✖✥
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✍✕✌✒ ✌✗✖ ✔✚♥✏✍✕✔ ✚✔✌✌✍✘✖➁ ❻➂❻ ✌✓✔✕✎✍✌✍✒✕✎ ✔✌ ✌✗✖✎✖ ✘✖✕✌✓✖✎ ✛✍✤✖ ✓✍✎✖ ✌✒ ✌✗✖ ✘✒✚✒♥✓s
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✷�✁❈✂✄☎✆✝✞✟✠

❚✡☛ ☞✌✍✎✏✑✒ ✓✔☛✒✕ ✖✗✕☛✒ ✔✎ ✎✘☞☞☛✎✎✓✘✒ ✔✙ ☛✚✛✒✑✔✙✔✙✜ ✏✡☛ ✓✗✌✖✑✏✔✗✙✢

✎✏✌✘☞✏✘✌☛✎✢ ☞✗✒✗✘✌ ✑✙✕ ✖✑✜✙☛✏✔☞ ✛✌✗✛☛✌✏✔☛✎ ✗✓ ☞✗✗✌✕✔✙✑✏✔✗✙ ☞✗✖✛✗✘✙✕✎

✏✗ ✑ ✒✑✌✜☛ ☛✚✏☛✙✏❣ ✣✗✤☛✥☛✌✢ ✓✌✗✖ ✏✡☛ ✑✎✎✘✖✛✏✔✗✙✎ ✏✡✑✏ ✏✡☛ ✒✔✜✑✙✕✎ ✑✌☛

✛✗✔✙✏ ☞✡✑✌✜☛✎✢ ✔✏ ✓✗✒✒✗✤✎ ✏✡✑✏ ✑✙✔✗✙✔☞ ✒✔✜✑✙✕✎ ✎✡✗✘✒✕ ☛✚☛✌✏ ✏✡☛ ✜✌☛✑✏☛✎✏

✎✛✒✔✏✏✔✙✜ ☛✓✓☛☞✏❣ ❚✡☛ ✑✙✔✗✙✔☞ ✒✔✜✑✙✕✎ ✑☞✏✘✑✒✒✍ ✑✌☛ ✓✗✘✙✕ ✑✏ ✏✡☛ ✒✗✤ ☛✙✕

✗✓ ✏✡☛ ✎✛☛☞✏✌✗☞✡☛✖✔☞✑✒ ✎☛✌✔☛✎❣ ♦✘✌✏✡☛✌✢ ✔✏ ✕✗☛✎ ✙✗✏ ✏✑✱☛ ✔✙✏✗ ✑☞☞✗✘✙✏

✏✡☛ ☞✗✥✑✒☛✙✏ ☞✡✑✌✑☞✏☛✌ ✗✓ t✗✙✕✔✙✜ t☛✏✤☛☛✙ ✏✡☛ ✒✔✜✑✙✕ ✑✙✕ ✏✡☛ ☞☛✙✏✌✑✒

✑✏✗✖❣ ❚✡☛✎☛ ✑✌☛ ✎✗✖☛ ✗✓ ✏✡☛ ✤☛✑✱✙☛✎✎☛✎ ✗✓ ❛♦❚✢ ✤✡✔☞✡ ✑✌☛ ☛✚✛✒✑✔✙☛✕

t✍ ✒✔✜✑✙✕ ✓✔☛✒✕ ✏✡☛✗✌✍ ❜✦♦❚✧ ✑✙✕ ✖✗✒☛☞✘✒✑✌ ✗✌t✔✏✑✒ ✏✡☛✗✌✍ ✤✡✔☞✡ ✑✌☛

t☛✍✗✙✕ ✏✡☛ ✎☞✗✛☛ ✗✓ ✏✡☛ ✛✌☛✎☛✙✏ ✎✏✘✕✍❣

✾★✩★✪ ▲✫✬✫✭✮✭✫✯✰✲
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✾★✩ ❊✚✛✒✑✔✙ ✗✙ ✏✡☛ t✑✎✔✎ ✗✓ ✥✑✒☛✙☞☛ t✗✙✕ ✏✡☛✗✌✍ ✏✡✑✏ ✽✿✔❜❛✿✧❀❪

❁❂
✔✗✙ ✤✔✏✡ ✎❃✘✑✌☛

✛✒✑✙✑✌ ✎✏✌✘☞✏✘✌☛ ✔✎ ✕✔✑✖✑✜✙☛✏✔☞ ✑✙✕ ✏✡☛ ✽✿✔❛✒❀❪
❁❂

✔✗✙ ✤✔✏✡ ✏☛✏✌✑✡☛✕✌✑✒

✜☛✗✖☛✏✌✍ ✔✎ ✛✑✌✑✖✑✜✙☛✏✔☞❣

✾★✪ ✽✿✔❛✒❀❪
❁❂

✔✎ ✛✑✌✑✖✑✜✙☛✏✔☞ ✤✡✔✒☛ ✽✿✔❜❛❄✧❀❪ ✔✎ ✕✔✑✖✑✜✙☛✏✔☞ ✏✡✗✘✜✡ t✗✏✡ ✑✌☛

✏☛✏✌✑✡☛✕✌✑✒❣ ❅✡✍❆

✾★❇ ✽♦☛❜✣❁❄✧❉❪
●❍

✔✎ ✎✏✌✗✙✜✒✍ ✛✑✌✑✖✑✜✙☛✏✔☞ ✤✡☛✌☛✑✎ ✽♦☛❜❛✿✧❉❪
●❂

✔✎ ✤☛✑✱✒✍

✛✑✌✑✖✑✜✙☛✏✔☞❣ ❊✚✛✒✑✔✙❣

✾★■ ❊✚✛✒✑✔✙ ✽❛✗❜✿✣●✧❉❪
●❍

✔✎ ✑✙ ✔✙✙☛✌ ✗✌t✔✏✑✒ ☞✗✖✛✒☛✚ ✤✡☛✌☛✑✎ ✽✿✔❜✿✣●✧❉❪
❁❍

✔✎ ✑✙

✗✘✏☛✌ ✗✌t✔✏✑✒ ☞✗✖✛✒☛✚❣

✾★✾ P✌☛✕✔☞✏ ✏✡☛ ✙✘✖t☛✌ ✗✓ ✘✙✛✑✔✌☛✕ ☛✒☛☞✏✌✗✙✎ ✔✙ ✏✡☛ ✎❃✘✑✌☛ ✛✒✑✙✑✌ ✽P✏❜❛✿✧❀❪
❁❂
✔✗✙❣

✾★❏❑ ❚✡☛ ✡☛✚✑❃✘✗ ✖✑✙✜✑✙☛✎☛❜▼▼✧ ✔✗✙ ☞✗✙✏✑✔✙✎ ✓✔✥☛ ✘✙✛✑✔✌☛✕ ☛✒☛☞✏✌✗✙✎✢ ✤✡✔✒☛ ✏✡☛

✡☛✚✑☞✍✑✙✗✔✗✙ ☞✗✙✏✑✔✙✎ ✗✙✒✍ ✗✙☛ ✘✙✛✑✔✌☛✕ ☛✒☛☞✏✌✗✙❣ ❊✚✛✒✑✔✙ ✘✎✔✙✜ ❛✌✍✎✏✑✒

♦✔☛✒✕ ❚✡☛✗✌✍❣

❚✡☛ ✡✗✖✗✒☛✛✏✔☞ ☞✑✌t✗✙✍✒✎ ❜☞✗✖✛✗✘✙✕✎ ☞✗✙✏✑✔✙✔✙✜ ☞✑✌t✗✙✍✒ ✒✔✜✑✙✕✎

✗✙✒✍✧ ✑✌☛ ✓✗✌✖☛✕ t✍ ✖✗✎✏ ✗✓ ✏✡☛ ✏✌✑✙✎✔✏✔✗✙ ✖☛✏✑✒✎❣ ❚✡☛✎☛ ☞✑✌t✗✙✍✒✎

✡✑✥☛ ✎✔✖✛✒☛✢ ✤☛✒✒ ✕☛✓✔✙☛✕ ✎✏✌✘☞✏✘✌☛✎❣ ❚☛✏✌✑☞✑✌t✗✙✍✒✙✔☞✱☛✒❜❤✧ ✔✎

✏☛✏✌✑✡☛✕✌✑✒✢ ✛☛✙✏✑☞✑✌t✗✙✍✒✔✌✗✙❜❤✧ ✔✎ ✏✌✔✜✗✙✑✒t✔✛✍✌✑✖✔✕✑✒ ✤✡✔✒☛

✡☛✚✑☞✑✌t✗✙✍✒ ☞✡✌✗✖✔✘✖❜❤✧ ✔✎ ✗☞✏✑✡☛✕✌✑✒❣

◆☛☞✑☞✑✌t✗✙✍✒✕✔✖✑✙✜✑✙☛✎☛❜❤✧ ✔✎ ✖✑✕☛ ✘✛ ✗✓ ✏✤✗ ✎❃✘✑✌☛ ✛✍✌✑✖✔✕✑✒

❖✙❜❛❄✧◗ ✘✙✔✏✎ ❘✗✔✙☛✕ t✍ ✑ ❖✙ ❙ ❖✙ t✗✙✕❣ ❄☞✏✑☞✑✌t✗✙✍✒✕✔☞✗t✑✒✏❜❤✧

✡✑✎ ✑ ❛✗ ❙ ❛✗ t✗✙✕ t✌✔✕✜☛✕ t✍ ✏✤✗ ❛❄ ✜✌✗✘✛✎ ❜♦✔✜❣❯❣❱❲✧❣

9  o ng n9.6 Bonding in o n  9  g n9.6 Bonding in
Me aMetal
C r yCarbonyls

▼✙ ☛✖☛✌✑✒✕ ✽♦✔✜❣❯❣❱❳❜t✧❪✢ ❛✌
●❍

✔✗✙✎ ✗☞☞✘✛✍ ✗☞✏✑✡☛✕✌✑✒ ✎✔✏☛✎

✔✙ ✏✡☛ ✖✔✙☛✌✑✒ t☛✌✍✒

❜❨☛●❩✒❁❬✔❉❄❭❫✧❣ ❚✡☛ ✑t✎✗✌✛✏✔✗✙

t✑✙✕✎ ✎☛☛✙ ✔✙ ✏✡☛ ✌✘t✍ ✎✡✔✓✏

✏✗ ✒✗✙✜☛✌ ✤✑✥☛✒☛✙✜✏✡✢ ✙✑✖☛✒✍

✍☛✒✒✗✤②✌☛✕ ✑✙✕ t✒✘☛✢ ☞✑✘✎✔✙✜

☛✖☛✌✑✒✕ ✏✗ ✏✌✑✙✎✖✔✏ ✒✔✜✡✏ ✔✙

✏✡☛ ✜✌☛☛✙ ✌☛✜✔✗✙❣

❴❵❝❞❡❞❢✐❥ ❦❧♠ ♥♣qrs ✉✈✇① ③④⑤①✉⑥⑦④ ⑧❧① ⑨⑥♣⑦⑩ ✇⑦

⑤❧❶q❷④ ⑨❶⑥⑤❸⑥③⑥❹❺ ❸r❧⑦⑤❧❶❻ ❦q♠ ❼⑤④❶❧❷⑩s

✉✈✇① ③④⑤①✉⑥⑦④ ⑧❧① ⑨⑥♣⑦⑩ ✇⑦ ❸♣❽⑥❺

❾⑥❷♣⑤q✇❧❿
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✟✽✾☞✾ P✆✝♠✞◗✾☞ ✞✄✾ ✄✾◆✂◗✝✆☞✾☎ ✞☞ ✟✽✾ ✆✂✝✆☞✞❭P✾ ❣✆✂✝✆◆❤ ✞✝☎ ✝✂✝t✆✂✝✆☞✞❭P✾ ❣◆✂❩✞P✾✝✟❤

❭✂✝☎☞❨ ✄✾☞✡✾◆✟✆❩✾P❯❱ ♥☞✆✝◗ ✟✽✾ ✡✄✂✡✾✄✟❯ ✂❙ ✆☞✂✠✾✄✆☞✠❨ q✾✄✝✾✄ ✡✄✾☎✆◆✟✾☎ ✟✽✾

◗✾✂✠✾✟✄✆◆✞P ☞✽✞✡✾☞ ✂❙ ✞ P✞✄◗✾ ✝☛✠❭✾✄ ✂❙ ◆✂✂✄☎✆✝✞✟✆✂✝ ✾✝✟✆✟✆✾☞❱

r❀❁ ✉❑❪❁❏✿❁ ✈❋❏❍ r❀❁❋❇❊ ✇✉✈r① ✾❴✡P✞✆✝☞ ❬✆✟✽ ✄✾✞☞✂✝✞❭P✾ ☞☛◆◆✾☞☞❨ ✟✽✾

❙✂✄✠✞✟✆✂✝❨ ✠✞◗✝✾✟✆◆ ❭✾✽✞❩✆✂☛✄ ✞✝☎ ◗✾✂✠✾✟✄✆◆✞P ☞✽✞✡✾☞ ✂❙ ◆✂✂✄☎✆✝✞✟✆✂✝ ◆✂✠✡✂☛✝☎☞❱

❦✟❨ ✽✂❬✾❩✾✄❨ ❙✞✆P☞ ✟✂ ✡✄✂❩✆☎✾ ✞ ②☛✞✝✟✆✟✞✟✆❩✾ ✆✝✟✾✄✡✄✾✟✞✟✆✂✝ ✂❙ ✠✞◗✝✾✟✆◆ ❭✾✽✞❩✆✂☛✄

✞✝☎ ✽✞☞ ✝✂✟✽✆✝◗ ✟✂ ☞✞❯ ✞❭✂☛✟ ✟✽✾ ✂✡✟✆◆✞P ✡✄✂✡✾✄✟✆✾☞ ✂❙ ✟✽✾☞✾ ◆✂✠✡✂☛✝☎☞❱

r❀❁ ③❇❊❄❅❑❪ ④❃❁❪❍ r❀❁❋❇❊ ✇③④r① ✟✂ ◆✂✂✄☎✆✝✞✟✆✂✝ ◆✂✠✡✂☛✝☎☞ ✆☞ ❭✞☞✾☎ ✂✝ ✟✽✾

✾❙❙✾◆✟ ✂❙ ☎✆❙❙✾✄✾✝✟ ◆✄❯☞✟✞P ❙✆✾P☎☞ ❣✡✄✂❩✆☎✾☎ ❭❯ ✟✽✾ P✆◗✞✝☎☞ ✟✞♠✾✝ ✞☞ ✡✂✆✝✟ ◆✽✞✄◗✾☞❤❨

✂✝ ✟✽✾ ☎✾◗✾✝✾✄✞◆❯ ✂❙ ⑤ ✂✄❭✆✟✞P ✾✝✾✄◗✆✾☞ ✂❙ ✟✽✾ ◆✾✝✟✄✞P ✠✾✟✞P ✞✟✂✠❥✆✂✝❱ ❚✽✾

☞✡P✆✟✟✆✝◗ ✂❙ ✟✽✾ ⑤ ✂✄❭✆✟✞P☞ ✡✄✂❩✆☎✾☞ ☎✆❙❙✾✄✾✝✟ ✾P✾◆✟✄✂✝✆◆ ✞✄✄✞✝◗✾✠✾✝✟☞ ✆✝ ☞✟✄✂✝◗

✞✝☎ ❬✾✞♠ ◆✄❯☞✟✞P ❙✆✾P☎☞❱ ❚✽✾ ✟✄✾✞✟✠✾✝✟ ✡✄✂❩✆☎✾☞ ❙✂✄ ②☛✞✝✟✆✟✞✟✆❩✾ ✾☞✟✆✠✞✟✆✂✝☞ ✂❙

✂✄❭✆✟✞P ☞✾✡✞✄✞✟✆✂✝ ✾✝✾✄◗✆✾☞❨ ✠✞◗✝✾✟✆◆ ✠✂✠✾✝✟☞ ✞✝☎ ☞✡✾◆✟✄✞P ✞✝☎ ☞✟✞❭✆P✆✟❯



✷�✁❈✂✄☎✆✝✞✟✠

♣✡✟✡☎✄✞✄✟✝☛ ☞✌✍✄✎✄✟✱ ✞✂✄ ✡✝✝✏☎♣✞✆✌✑ ✞✂✡✞ ✒✆✓✡✑✔✝ ✕✌✑✝✆✞✆✞✏✞✄ ♣✌✆✑✞ ✕✂✡✟✓✄✝

✕✟✄✡✞✄✝ ☎✡✑✠ ✞✂✄✌✟✄✞✆✕✡✒ ✔✆❝❝✆✕✏✒✞✆✄✝☛

❚✂✄ ☎✄✞✡✒✖✕✡✟✗✌✑ ✗✌✑✔ ✆✑ ♠✘✙✚✛ ✜✚✢✣✤✥✦✛✧ ♣✌✝✝✄✝✝✄✝ ✗✌✞✂ ★ ✡✑✔ ✩ ✕✂✡✟✡✕✞✄✟☛

❚✂✄ ✒✆✓✡✑✔ ✞✌ ☎✄✞✡✒ ✆✝ ★ ✗✌✑✔ ✡✑✔ ☎✄✞✡✒ ✞✌ ✒✆✓✡✑✔ ✆✝ ✩ ✗✌✑✔☛ ❚✂✆✝ ✏✑✆✪✏✄ ✝✠✑✄✟✓✆✕

✗✌✑✔✆✑✓ ♣✟✌✎✆✔✄✝ ✝✞✡✗✆✒✆✞✠ ✞✌ ☎✄✞✡✒ ✕✡✟✗✌✑✠✒✝☛

❚✂✄ ✝✞✡✗✆✒✆✞✠ ✌❝ ✕✌✌✟✔✆✑✡✞✆✌✑ ✕✌☎♣✌✏✑✔✝ ✆✝ ☎✄✡✝✏✟✄✔ ✆✑ ✞✄✟☎✝ ✌❝ ✧✙✘s✫✬✧✘

✧✙✚✣✬✛✬✙✦ ✭✤✢ ✮✤✢♠✚✙✬✤✥✯ ✜✤✥✧✙✚✥✙ ✭✰✯ ✤✢ ✤✲✘✢✚✛✛ ✧✙✚✣✬✛✬✙✦ ✜✤✥✧✙✚✥✙ ✭✳✯☛ ❚✂✄

✝✞✡✗✆✒✆✝✡✞✆✌✑ ✌❝ ✕✌✌✟✔✆✑✡✞✆✌✑ ✕✌☎♣✌✏✑✔ ✔✏✄ ✞✌ ✕✂✄✒✡✞✆✌✑ ✆✝ ✕✡✒✒✄✔ ✞✂✄ ✜✴✘✛✚✙✘

✘✮✮✘✜✙☛ ❚✂✄ ✝✞✡✗✆✒✆✞✠ ✌❝ ✕✌✌✟✔✆✑✡✞✆✌✑ ✕✌☎♣✌✏✑✔✝ ✆✝ ✟✄✒✡✞✄✔ ✞✌ ✵✆✗✗✝ ✄✑✄✟✓✠✱ ✄✑✞✂✡✒♣✠

✡✑✔ ✄✑✞✟✌♣✠ ✞✄✟☎✝☛

❈✌✌✟✔✆✑✡✞✆✌✑ ✕✌☎♣✌✏✑✔✝ ✡✟✄ ✌❝ ✓✟✄✡✞ ✆☎♣✌✟✞✡✑✕✄☛ ❚✂✄✝✄ ✕✌☎♣✌✏✑✔✝ ♣✟✌✎✆✔✄

✕✟✆✞✆✕✡✒ ✆✑✝✆✓✂✞✝ ✆✑✞✌ ✞✂✄ ❝✏✑✕✞✆✌✑✆✑✓ ✡✑✔ ✝✞✟✏✕✞✏✟✄✝ ✌❝ ✎✆✞✡✒ ✕✌☎♣✌✑✄✑✞✝ ✌❝

✗✆✌✒✌✓✆✕✡✒ ✝✠✝✞✄☎✝☛ ❈✌✌✟✔✆✑✡✞✆✌✑ ✕✌☎♣✌✏✑✔✝ ✡✒✝✌ ❝✆✑✔ ✄❜✞✄✑✝✆✎✄ ✡♣♣✒✆✕✡✞✆✌✑✝ ✆✑

♠✘✙✚✛✛✶✢✸✬✜✚✛ s✢✤✜✘✧✧✘✧✱ ✚✥✚✛✦✙✬✜✚✛ ✚✥❛ ♠✘❛✬✜✬✥✚✛ ✜✴✘♠✬✧✙✢✦☛

Exercises
✾✹✺ ❊❜♣✒✡✆✑ ✞✂✄ ✗✌✑✔✆✑✓ ✆✑ ✕✌✌✟✔✆✑✡✞✆✌✑ ✕✌☎♣✌✏✑✔✝ ✆✑ ✞✄✟☎✝ ✌❝ ✻✄✟✑✄✟♥✝ ♣✌✝✞✏✒✡✞✄✝☛

✾✹✼ ❋✄✽✿❀ ✝✌✒✏✞✆✌✑ ☎✆❜✄✔ ✍✆✞✂ ❁❂☞❀❃❄✽✿❀ ✝✌✒✏✞✆✌✑ ✆✑ ❅❆❅ ☎✌✒✡✟ ✟✡✞✆✌ ✓✆✎✄✝ ✞✂✄

✞✄✝✞ ✌❝ ❋✄
❄❇
✆✌✑ ✗✏✞ ❈✏✽✿❀ ✝✌✒✏✞✆✌✑ ☎✆❜✄✔ ✍✆✞✂ ✡✪✏✄✌✏✝ ✡☎☎✌✑✆✡ ✆✑ ❅❆❉

☎✌✒✡✟ ✟✡✞✆✌ ✔✌✄✝ ✑✌✞ ✓✆✎✄ ✞✂✄ ✞✄✝✞ ✌❝ ❈✏
❄❇
✆✌✑☛ ❊❜♣✒✡✆✑ ✍✂✠●

✾✹❍ ❊❜♣✒✡✆✑ ✍✆✞✂ ✞✍✌ ✄❜✡☎♣✒✄✝ ✄✡✕✂ ✌❝ ✞✂✄ ❝✌✒✒✌✍✆✑✓❆ ✕✌✌✟✔✆✑✡✞✆✌✑ ✄✑✞✆✞✠✱ ✒✆✓✡✑✔✱

✕✌✌✟✔✆✑✡✞✆✌✑ ✑✏☎✗✄✟✱ ✕✌✌✟✔✆✑✡✞✆✌✑ ♣✌✒✠✂✄✔✟✌✑✱ ✂✌☎✌✒✄♣✞✆✕ ✡✑✔ ✂✄✞✄✟✌✒✄♣✞✆✕☛

✾✹■ ✻✂✡✞ ✆✝ ☎✄✡✑✞ ✗✠ ✏✑✆✔✄✑✞✡✞✄✱ ✔✆✔✄✑✞✡✞✄ ✡✑✔ ✡☎✗✆✔✄✑✞✡✞✄ ✒✆✓✡✑✔✝● ✵✆✎✄ ✞✍✌

✄❜✡☎♣✒✄✝ ❝✌✟ ✄✡✕✂☛

✾✹❏ ✽♣✄✕✆❝✠ ✞✂✄ ✌❜✆✔✡✞✆✌✑ ✑✏☎✗✄✟✝ ✌❝ ✞✂✄ ☎✄✞✡✒✝ ✆✑ ✞✂✄ ❝✌✒✒✌✍✆✑✓ ✕✌✌✟✔✆✑✡✞✆✌✑ ✄✑✞✆✞✆✄✝❆

❁✆❃ ❬❈✌❁☞❄✿❃❁❈❂❃❁✄✑❃❄❪
❄❇

❁✆✆✆❃ ❬❑✞❈✒❀❪
❄▲

❁✎❃ ❬❈✟❁❂☞▼❃▼❈✒▼❪

❁✆✆❃ ❬❈✌◆✟❄❁✄✑❃❄❪
❇

❁✆✎❃ ❖▼❬❋✄❁❈❂❃P❪

✾✹◗ ❯✝✆✑✓ ❘❯❑❙❈ ✑✌✟☎✝ ✍✟✆✞✄ ✞✂✄ ❝✌✟☎✏✒✡✝ ❝✌✟ ✞✂✄ ❝✌✒✒✌✍✆✑✓❆

❁✆❃ ❚✄✞✟✡✂✠✔✟✌❜✌❱✆✑✕✡✞✄❁❘❘❃ ❁✎✆❃ ☞✄❜✡✡☎☎✆✑✄✕✌✗✡✒✞❁❘❘❘❃ ✝✏✒♣✂✡✞✄

❁✆✆❃ ❑✌✞✡✝✝✆✏☎ ✞✄✞✟✡✕✂✒✌✟✆✔✌♣✡✒✒✡✔✡✞✄❁❘❘❃ ❁✎✆✆❃ ❑✌✞✡✝✝✆✏☎ ✞✟✆❁✌❜✡✒✡✞✌❃✕✂✟✌☎✡✞✄❁❘❘❘❃

❁✆✆✆❃ ❲✆✡☎☎✆✑✄✔✆✕✂✒✌✟✆✔✌♣✒✡✞✆✑✏☎❁❘❘❃ ❁✎✆✆✆❃ ☞✄❜✡✡☎☎✆✑✄♣✒✡✞✆✑✏☎❁❘❳❃

❁✆✎❃ ❑✌✞✡✝✝✆✏☎ ✞✄✞✟✡✕✠✡✑✌✑✆✕❨✄✒✡✞✄❁❘❘❃ ❁✆❜❃ ❚✄✞✟✡✗✟✌☎✆✔✌✕✏♣✟✡✞✄❁❘❘❃

❁✎❃ ❩❭❫❴❵❵❞❞❡❫❭❫❡❴❢❡❴❣❤✐❤❥❣❦❵❧❴♦qqqr ❁❜❃ ❑✄✑✞✡✡☎☎✆✑✄✑✆✞✟✆✞✌t❂t✕✌✗✡✒✞❁❘❘❘❃

✉✈✇ ①②❡❫③ q①❩④⑤ ❫❣❢❞② ⑥❢❡❴❭ ❴⑦❭ ②⑧②❴❭❞❵❴❡❥ ❫❵❞❭② ❣⑨ ❴⑦❭ ⑨❣❧❧❣⑥❡❫③⑩
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✬✍✬❄ ✎✒✖✗✖✩ ✬✍✬❅ ✰✒✗ ✽ ✼❲ ❬✪✴✵❱
✬✍✕● ✖✒✱✑✱ ✽ ✬✍✕✬ ✏✒★✱❭

✬✍✕✕ ✤ ✧ ✎✒✏✑✱✰❁ ❏❛ ✧ ✰✒✏✑❆✎✏❇❖ ✬✍✕✭ ✎✑✒✖✖ ✚✚ ▼✽
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✬✍✭● ✏✒✏✰ ✚✼✸ ✬✍✭✶ ✱✒✗✑❆✎✏❇❖ ✪✴✚✒

❯✡☛☞ ❴

✕✍✭ ✮✤✯ ❵❜ ✧ ✏✒✰✖❝❁ ❞r❡
❜ ✧ ❢ ✎✘★✒✓★ ❋❣ ✚✼✸❤❊❁ ❑ ✧ ✰✒✎★ ✳ ✎✏❖❉

✮✤✤✯ ❵❜ ✧ ✏✒✏✰❝❁ ❞r❡
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✹☞✌ ✭✍✎ ✏✑✒ ✓ ✔✒
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✙
✘
✚
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❀ ✜✑✏✢ ✓ ✔✒
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➊✯
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✚
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✚
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➊✘
✥✍❃

➊✛

✹☞✺❇ ✭✍✎ ✜✑★✮ ❈ ✔✒
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✤✪✣❁✩✍◗✪ ✩✾✣❃ ❁✖✿✿✪✤✑

✧☞✱ ❙✍✗✍❁✣ ✤✪✥✖◗✪✚ ❳✪✘❖✯ ✤✪✥✣✍❃✍❃❣ ✍❃ ✩✾✪ ✥✣✩✩✪ ❜② ❘✖✤✥✍❃❣ ✚✍✗✍❁✣✩✪❋ ❳✪❙✍❖✯✑
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❁✣✤❜✖❃ ❁✖❃✩✪❃✩ ✭❝ ✜❨✎ ✩✾✣❃ ✿✍❣ ✍✤✖❃ ✭❝ ★❨ ❑✎

✧☞✺❊ ❱✖ ✤✪✥✖◗✪ ❜✣✚✍❁ ✍✥✿❉✤✍✩✍✪✚❋ ✗✍✳✪ ❳✪✘❖✯
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✧☞✌✻ ❱✾✪ ✤✪✼❉❁✩✍✖❃ ✥✣② ✤✪❬❉✍✤✪ ◗✪✤② ✾✍❣✾ ✩✪✥✿✪✤✣✩❉✤✪ ✍❘ ❑❖ ✍✚ ❉✚✪✼ ✣✚ ✣ ✤✪✼❉❁✍❃❣ ✣❣✪❃✩ ✍❃ ✩✾✍✚ ❁✣✚✪✑

✧☞✌✺ ❭✪✚❋
❪
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❵
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③
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✧☞✌✌ ❑✣✤❜✖❃ ✍✚ ❜✪✩✩✪✤ ✤✪✼❉❁✍❃❣ ✣❣✪❃✩✑

✧☞✌❍ ❲✤✣✿✾✍✩✪ ✤✖✼✚ ✣❁✩ ✣✚ ✣❃✖✼✪ ✣❃✼ ❣✪✩ ❜❉✤❃✩ ✣✽✣② ✣✚ ❑❖ ✣❃✼ ❑❖✘ ✼❉✤✍❃❣ ✩✾✪ ✿✤✖❁✪✚✚ ✖❘ ✪✗✪❁✩✤✖✗②✚✍✚✑
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✼✍✎✏ ❇✑✒✓✔✕✑ ✖✗ ✘✙✓✚✘✛✘✜✢ ✖✗ ✙✘✜✣✖✤✑✙ ✜✖ ✑✥✦✓✙✧ ✘✜✕ ✒✖★✓✛✑✙✒✢ ✚✑✢✖✙✧ ✩✪

✼✍✫✏ ❋✣✑✖✙✕

✼✍✫✫ ■✜ ✧✘✕✕✖✛★✑✕ ✘✙ ✣✓✘✙ ✬✓✜✑✣ ✓✙✧ ✦✣✖✧✔✒✑✕ ✓✒✘✧ ✣✓✘✙✪

✼✍✫✭ ❉✔✑ ✜✖ ✕✜✣✖✙✤ ✜✑✙✧✑✙✒✢ ✜✖ ✓✒✒✑✦✜ ✑✛✑✒✜✣✖✙✕✮ ✯✓✛✖✤✑✙✕ ✓✒✜ ✓✕ ✕✜✣✖✙✤ ✖✥✘✧✘✕✘✙✤ ✓✤✑✙✜✪

✼✍✫✰ ❉✔✑ ✜✖ ✯✘✤✯ ✑✛✑✒✜✣✖✙✑✤✓✜✘★✘✜✢ ✓✙✧ ✕✱✓✛✛ ✕✘✲✑✮ ✘✜ ✒✓✙✙✖✜ ✓✒✜ ✓✕ ✒✑✙✜✣✓✛ ✓✜✖✱ ✘✙ ✯✘✤✯✑✣ ✖✥✖✓✒✘✧✕✪
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✼✍✭✰ ❀✛❋✮ ❁✑✕✪
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✷�✁ ❆✂✂✄☎✆✝✞

❊✟✠✡✠☛☞ ❙✌✡✍✎✟ ✏☞✎✡✑✒ ▼✎✟✓✔
◆✕✡✍✠✔ ✡✓♠♠✖

✥✗ ✡✎✟➊✘✮

✙✚✛✜✢✜✣✤ ✙✚ ✽✾ ✦✦✧★✩✪
✙✫✣✤✜✢✜✣✤ ✙✫ ✶✪ ✦✬★✾✽
✙✤✭✯✜✚✜✣✤ ✙✤ ✾✺ ✰✦✱✪✲
✙✢✛✜✤✳✢✴ ✵❜ ✺✶ ✶✦✶★✧✺
✙✯✸✳✢ ✙✯ ✶✽ ✪✾★✾✺
✙✯✹✭✢✜✚ ✙✹ ✪✪ ✧✱★✾✦
✙✹✛✻✛✜✢✭ ✙✛ ✽✺ ✦✶✩
❇✻✯✜✣✤ ❇✻ ✺✬ ✶✪✧★✪✱
❇✭✯✼✭✫✜✣✤ ❇✼ ✾✧ ✰✦✱✧✲
❇✭✯✴✫✫✜✣✤ ❇✭ ✱ ✾★✩✶
❇✜✹✤✣✛✿ ❇✜ ✽✪ ✦✩✽★✾✽
❇✳✿✯✜✣✤ ❇✿ ✶✩✧ ✰✦✬✱✲
❇✳✯✳✢ ❇ ✺ ✶✩★✽✶
❇✯✳✤✜✢✭ ❇✯ ✪✺ ✧✾★✾✶
❈✻❀✤✜✣✤ ❈❀ ✱✽ ✶✶✦★✱✩
❈✻✭✹✜✣✤ ❈✹ ✺✺ ✶✪✦★✾✶
❈✻✫✚✜✣✤ ❈✻ ✦✩ ✱✩★✩✽
❈✻✫✜❁✳✯✢✜✣✤ ❈❁ ✾✽ ✦✺✶★✩✽
❈✻✯❜✳✢ ❈ ✬ ✶✦★✩✶
❈✭✯✜✣✤ ❈✭ ✺✽ ✶✱✩★✶✦
❈✿✫✳✯✜✢✭ ❈✫ ✶✧ ✪✺★✱✺
❈✿✯✳✤✜✣✤ ❈✯ ✦✱ ✺✦★✩✩
❈✳❜✻✫✛ ❈✳ ✦✧ ✺✽★✾✪
❈✳❂❂✭✯ ❈✣ ✦✾ ✬✪★✺✱
❈✣✯✜✣✤ ❈✤ ✾✬ ✦✱✧★✩✧
❉✣❜✢✜✣✤ ❉❜ ✶✩✺ ✰✦✬✪✲
❉✴✹❂✯✳✹✜✣✤ ❉✴ ✬✬ ✶✬✦★✺✩
❃✜✢✹✛✭✜✢✜✣✤ ❃✹ ✾✾ ✰✦✺✦✲
❃✯❜✜✣✤ ❃✯ ✬✽ ✶✬✧★✦✬
❃✣✯✳❂✜✣✤ ❃✣ ✬✪ ✶✺✶★✾✬
❋✭✯✤✜✣✤ ❋✤ ✶✩✩ ✰✦✺✧★✶✩✲
❋✫✣✳✯✜✢✭ ❋ ✾ ✶✾★✩✩
❋✯✻✢✚✜✣✤ ❋✯ ✽✧ ✰✦✦✪✲
●✻❀✳✫✜✢✜✣✤ ●❀ ✬✱ ✶✺✧★✦✺
●✻✫✫✜✣✤ ●✻ ✪✶ ✬✾★✧✦
●✭✯✤✻✢✜✣✤ ●✭ ✪✦ ✧✦★✬✶
●✳✫❀ ✙✣ ✧✾ ✶✾✬★✾✧
❍✻❁✢✜✣✤ ❍❁ ✧✦ ✶✧✽★✱✾
❍✻✹✹✜✣✤ ❍✹ ✶✩✽ ✰✦✬✾✲
❍✭✫✜✣✤ ❍✭ ✦ ✱★✩✩
❍✳✫✤✜✣✤ ❍✳ ✬✧ ✶✬✱★✾✪
❍✴❀✯✳✸✭✢ ❍ ✶ ✶★✩✩✧✾
■✢❀✜✣✤ ■✢ ✱✾ ✶✶✱★✽✦
■✳❀✜✢✭ ■ ✺✪ ✶✦✬★✾✩
■✯✜❀✜✣✤ ■✯ ✧✧ ✶✾✦★✦
■✯✳✢ ❋✭ ✦✬ ✺✺★✽✺
❑✯✴❂✛✳✢ ❑✯ ✪✬ ✽✪★✽✩
▲✻✢✛✿✻✢✣✤ ▲✻ ✺✧ ✶✪✽★✾✶
▲✻❄✯✭✢✚✜✣✤ ▲✯ ✶✩✪ ✰✦✬✦★✶✲
▲✭✻❀ P❜ ✽✦ ✦✩✧★✶✾
▲✜✛✿✜✣✤ ▲✜ ✪ ✬★✾✱
▲✣✛✭✛✜✣✤ ▲✣ ✧✶ ✶✧✱★✾✬
❅✻✸✢✭✹✜✣✤ ❅✸ ✶✦ ✦✱★✪✶
❅✻✢✸✻✢✭✹✭ ❅✢ ✦✺ ✺✱★✾✱
❅✭✜✛✢✭✜✣✤ ❅✛ ✶✩✾ ✰✦✬✽✲
❅✭✢❀✭✫✭❏✜✣✤ ❅❀ ✶✩✶ ✦✺✽★✶✩

❅✭✯✚✣✯✴ ❍✸ ✽✩ ✦✩✩★✺✾
❅✳✫✴❜❀✭✢✣✤ ❅✳ ✱✦ ✾✺★✾✱
❖✭✳❀✴✤✜✣✤ ❖❀ ✬✩ ✶✱✱★✦✱
❖✭✳✢ ❖✭ ✶✩ ✦✩★✶✽
❖✭❂✛✣✢✜✣✤ ❖❂ ✾✪ ✰✦✪✧★✩✺✲
❖✜✚✼✭✫ ❖✜ ✦✽ ✺✽★✧✶
❖✜✳❜✜✣✤ ❖❜ ✱✶ ✾✦★✾✶
❖✜✛✯✳✸✭✢ ❖ ✧ ✶✱★✩✩✬✧
❖✳❜✭✫✜✣✤ ❖✳ ✶✩✦ ✰✦✺✾✲
◗✹✤✜✣✤ ◗✹ ✧✬ ✶✾✩★✦
◗❘✴✸✭✢ ◗ ✽ ✶✬★✩✩
P✻✫✫✻❀✜✣✤ P❀ ✱✬ ✶✩✬★✱
P✿✳✹❂✿✳✯✣✹ P ✶✺ ✪✩★✾✧
P✫✻✛✜✢✣✤ P✛ ✧✽ ✶✾✺★✩✾
P✫✣✛✳✢✜✣✤ P✣ ✾✱ ✰✦✱✱✲
P✳✫✳✢✜✣✤ P✳ ✽✱ ✦✶✩
P✳✛✻✹✹✜✣✤ ❑ ✶✾ ✪✾★✶✩
P✯✻✹✭✳❀✴✤✜✣✤ P✯ ✺✾ ✶✱✩★✾✶
P✯✳✤✭✛✿✜✣✤ P✤ ✬✶ ✰✶✱✺✲
P✯✳✛✻✚✛✜✢✜✣✤ P✻ ✾✶ ✦✪✶★✩✱
❚✻❀✜✣✤ ❚✻ ✽✽ ✰✦✦✬✲
❚✻❀✳✢ ❚✢ ✽✬ ✰✦✦✦✲
❚✿✭✢✜✣✤ ❚✭ ✧✺ ✶✽✬★✦
❚✿✳❀✜✣✤ ❚✿ ✱✺ ✶✩✦★✾✶
❚✣❜✜❀✜✣✤ ❚❜ ✪✧ ✽✺★✱✧
❚✣✛✿✭✢✜✣✤ ❚✣ ✱✱ ✶✩✶★✩✧
❚✣✛✿✭✯❁✳✯❀✜✣✤ ❚❁ ✶✩✱ ✰✦✬✶✲
✵✻✤✻✯✜✣✤ ✵✤ ✬✦ ✶✺✩★✪✺
✵✚✻✢❀✜✣✤ ✵✚ ✦✶ ✱✱★✾✬
✵✭✻❜✳✯✸✜✣✤ ✵✸ ✶✩✬ ✰✦✬✬✲
✵✭✫✭✢✜✣✤ ✵✭ ✪✱ ✧✽★✾✬
✵✜✫✜✚✳✢ ✵✜ ✶✱ ✦✽★✩✽
✵✜✫❏✭✯ ✙✸ ✱✧ ✶✩✧★✽✧
✵✳❀✜✣✤ ❖✻ ✶✶ ✦✦★✾✾
✵✛✯✳✢✛✜✣✤ ✵✯ ✪✽ ✽✧★✬✦
✵✣✫❂✿✣✯ ✵ ✶✬ ✪✦★✩✬
❯✻✢✛✻✫✣✤ ❯✻ ✧✪ ✶✽✩★✾✺
❯✭✚✿✢✭✛✜✣✤ ❯✚ ✱✪ ✰✾✽★✾✶✲
❯✭✫✫✣✯✜✣✤ ❯✭ ✺✦ ✶✦✧★✬✩
❯✭✯❜✜✣✤ ❯❜ ✬✺ ✶✺✽★✾✦
❯✿✻✫✫✜✣✤ ❯✫ ✽✶ ✦✩✱★✪✧
❯✿✳✯✜✣✤ ❯✿ ✾✩ ✦✪✦★✩✱
❯✿✣✫✜✣✤ ❯✤ ✬✾ ✶✬✽★✾✪
❯✜✢ ✵✢ ✺✩ ✶✶✽★✬✾
❯✜✛✻✢✜✣✤ ❯✜ ✦✦ ✱✧★✽✽
❯✣✢✸✹✛✭✢ ❲ ✧✱ ✶✽✪★✽✺
❱✢✣✢❜✜✣✤ ❱✣❜ ✶✶✦ ✰✦✧✧✲
❱✢✣✢✢✜✫✜✣✤ ❱✣✢ ✶✶✩ ✰✦✬✾✲
❱✢✣✢✣✢✜✣✤ ❱✣✣ ✶✶✶ ✰✦✧✦✲
❱✯✻✢✜✣✤ ❱ ✾✦ ✦✪✽★✩✪
❳✻✢✻❀✜✣✤ ❳ ✦✪ ✺✩★✾✱
❨✭✢✳✢ ❨✭ ✺✱ ✶✪✶★✪✩
❩✛✛✭✯❜✜✣✤ ❩❜ ✧✩ ✶✧✪★✩✱
❩✛✛✯✜✣✤ ❩ ✪✾ ✽✽★✾✶
❬✜✢✚ ❬✢ ✪✩ ✬✺★✪✧
❬✜✯✚✳✢✜✣✤ ❬✯ ✱✩ ✾✶★✦✦

❭❪❫❴❫❵❛ ❝❞❴❡❢❪ ❣❛❢❴❤✐ ❥❢❪❦❧
♥♦❴❡❫❧ ❴❦♣♣q

rs ❴❢❪t✉✈

❯✿✭ ❏✻✫✣✭ ✸✜❏✭✢ ✜✢ ❂✻✯✭✢✛✿✭✹✜✹ ✜✹ ✛✿✭ ✤✳✫✻✯ ✤✻✹✹ ✳❁ ✛✿✭ ✜✹✳✛✳❂✭ ✳❁ ✫✻✯✸✭✹✛ ✼✢✳❄✢ ✿✻✫❁✇✫✜❁✭★

①②③④③⑤⑥⑦⑧ ⑥⑨③⑩❶ ❷⑥❸④⑩❹ ❺❻④❼③❶ ❽⑤❾ ❿❸②❽❶ ❿❽⑦⑦

➀➁➁➂➃➄➅➆ ➇



✷�✷❈✁✂✄☎✆✝✞✟

✠✡☛☛✡☞ ✌☞✍✎ ✡✏ ✑✒✓✓ ✒☞✔ ✕❡✍✖✗✎
✶ ✘✡✙☞✔ ✚ ✛✜✢✣✜✤ ✖✥✒☛✓

✦ ✧★✩✪✫ ✬ ✭✮✯✰✮✱ ✲✳✴✵✸ ✬ ✹✰✭✮✯✮✱ ✺✻✼★✲✳✴✵
✦ ✺✻✼★✲✳✴✵ ✬ ✦✹✹✹ ✲✳✴✵✸ ✬ ✽✰✽✹✮ ✧★✩✪✫✸
✦ ✲✳✴✵ ✬ ✦✹ ✫✾✿✻✲✳✴✵✸ ✬ ✦✹✹ ✿✾✪❀✻✲✳✴✵✸

✬ ✦✹✹✹ ✵✻✼✼✻✲✳✴✵✸
✦ ✲✳✴✵ ✬ ❁✰✹✽✽ × ✦✹❂❃ ✴❀★✵✻✿ ✵✴✸✸ ✩✪✻❀✸ ★✳ ✩
✦ ✴❀★✵✻✿ ✵✴✸✸ ✩✪✻❀ ✬ ✦✰❁❁✹❁ × ✦✹➊❂❄ ✲✳✴✵
✦ ✵✾❀✳✻✿ ❀★✪✪✾ ✬ ✦✹✹✹ ✺✻✼★✲✳✴✵✸

✬ ✽✽✹✮ ✧★✩✪✫✸

✠✡☛☛✡☞ ✌☞✍✎ ✡✏ ❅✡♦✙☛❡
✶ ❆✙✒✥✎ ✚ ❇✣✤✛❉✢ ♦✍✎✥❡
✶ ♦✍✎✥❡ ✚ ✶✣❇✜❉ ❆✙✒✥✎✓

✦ ✼✻❀✳✾ ✬ ✦ ✿✩❊✻✿ ✫✾✿✻✵✾❀✳✾ ✬ ✦✹✹✹ ✿✩❊✻✿
✿✾✪❀✻✵✾❀✳✾✸ ✬ ✹✰✹✹✦ ✿✩❊✻✿ ✵✾❀✳✾
✦ ✵✻✼✼✻✼✻❀✳✾ ✬ ✦ ✿✩❊✻✿ ✿✾✪❀✻✵✾❀✳✾ ✬ ✹✰✹✹✦ ✼✻❀✳✾

✬ ✦✰✹✮❁ × ✦✹❋❃ ●✩✴✳❀
✦ ✿✩❊✻✿ ❍★★❀ ✬ ✽■✰✯✦❁ ✼✻❀✳✾✸ ✬ ✽✱✰✱✹✽ ●✩✴✳❀✸

✬ ❏✰✭❏✮ ✲✴✼✼★✪✸

✠✡☛☛✡☞ ✌☞✍✎✓ ✡✏ ❑☞❡✥✖▲
✶ ▼✡✙♦❡ ✚ ✶ × ✶❇◆ ❡✥✖✓

✦ ❀❖✾✳✵★✿❖✾✵✻✿✴✼ ✿✴✼★✳✻✾PP
✬ ✭✰✦■✭ ◗★✩✼✾✸
✬ ✭✰✦■✭ × ✦✹❘ ✾✳✲✸

✬ ✭✰✦✽✱ × ✦✹➊❂ ✼✻❀✳✾❙✴❀✵★✸✧❖✾✳✾✸
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❈✳✢ ✥ ✙✗➊ ✚✛ ✙❈✳➊ ✥✬✣✜✱
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❙ ✥ ✙✗➊ ✚✛ ❙✢➊ ✦✤✣✼✧
■✺✸✰ ✥ ✗➊ ✚✛ ■✺✢✰ ✦✤✣✼✭
❯✹✰ ✥ ✗➊ ✚✛ ❯✸✰ ✦✤✣✱✬
❈✶✸✰ ✥ ✜✗➊ ✚✛ ❈✶ ✦✤✣★✼
❩✺✢✰ ✥ ✙✗➊ ✚✛ ❩✺ ✦✤✣★✱

❄❅❇❉●❏❉❑▲❖◗
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✙✚✛✜✢✣✤ ✥ ✦✧➊ ★✩ ✙✚ ✥ ✦✜✢➊ ✪✫✬✭✮

✦✢✯✜ ✥ ✦✧✰ ★✩ ✢✯ ✥ ✦✜✢✰ ✪✫✬✭✱

✙✲✯✳ ✥ ✦✧✰ ★✩ ✙✲ ✪✫✬✵✮

▼✶✯✳ ✥ ✦✧✰ ★✩ ▼✶ ✪✮✬✮✭

❱✯✳ ✥ ✦✧✰ ★✩ ❱ ✪✮✬✮✵

❚✸✯✳ ✥ ✦✧✰ ★✩ ❚✸ ✪✮✬✹✱

❆✺✻✳ ✥ ✱✧✰ ★✩ ❆✺ ✪✮✬✹✹

❯✻✳ ✥ ✱✧✰ ★✩ ❯ ✪✮✬✼✵

❙✽✻✳ ✥ ✱✧✰ ★✩ ❙✽ ✪✦✬✫✵

▼✾✯✳ ✥ ✦✧✰ ★✩ ▼✾ ✪✦✬✱✹

✙✧✻✳ ✥ ✱✧✰ ★✩ ✙✧ ✪✦✬✿✭
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▲❀✻✳ ✥ ✱✧✰ ★✩ ▲❀ ✪✦✬❁✦

◆❀✳ ✥ ✧✰ ★✩ ◆❀ ✪✦✬✼✮

✙❀✯✳ ✥ ✦✧✰ ★✩ ✙❀ ✪✦✬✭✼

❙✲✯✳ ✥ ✦✧✰ ★✩ ❙✲ ✪✦✬✭✵

❇❀✯✳ ✥ ✦✧✰ ★✩ ❇❀ ✪✦✬✵✮

❂❀✯✳ ✥ ✦✧✰ ★✩ ❂❀ ✪✦✬✵✦

✙❃✳ ✥ ✧✰ ★✩ ✙❃ ✪✦✬✵✦

❂❄✳ ✥ ✧✰ ★✩ ❂❄ ✪✦✬✵✱

❑✳ ✥✧✰ ★✩ ❑ ✪✦✬✵✱

▲✸✳ ✥ ✧✰ ★✩ ▲✸ ✪✱✬✫❁
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✷�✁ ❆✂✂✄☎✆✝✞

❙✟✠✡☛☞✠✡✌✍ ✎ ✏✑✠✡✒☞✓✎✔ ✡✕✖✒✡✌✌☞✟✏ ✠✎✗ ☞✏✘✟✔✘✡ ✠✑✔☛☞✖✔☞✓✎☛☞✟✏✍ ✙☞✘☞✌☞✟✏ ✟✒ ✒✎☛☞✟✏✎✔ ✖✟✚✡✒✌ ✟✛ ✔✎✒✜✡
✏✑✠♥✡✒✌✢ ✣✟✒ ✌✑✓✤ ✓✎✔✓✑✔✎☛☞✟✏✌✍ ✔✟✜✎✒☞☛✤✠✌ ✎✒✡ ✘✡✒✗ ✑✌✡✛✑✔✢ ✥✤✡✗ ✤✡✔✖ ✑✌ ☞✏ ✠✎✦☞✏✜ ✙☞✛✛☞✓✑✔☛ ✓✎✔✓✑✔✎☛☞✟✏✌
✡✎✌✗✢ ❡✏ ✧✤✡✠☞✌☛✒✗✍ ✔✟✜✎✒☞☛✤✠ ✘✎✔✑✡✌ ✎✒✡ ✒✡★✑☞✒✡✙ ☞✏ ✌✟✔✘☞✏✜ ✖✒✟♥✔✡✠✌ ✟✛ ✓✤✡✠☞✓✎✔ ✦☞✏✡☛☞✓✌✍ ☛✤✡✒✠✟✙✗✏✎✠☞✓✌✍
✡✔✡✓☛✒✟✓✤✡✠☞✌☛✒✗✍ ✡☛✓✢ ♦✡ ✌✤✎✔✔ ✛☞✒✌☛ ☞✏☛✒✟✙✑✓✡ ☛✤☞✌ ✓✟✏✓✡✖☛✍ ✎✏✙ ✙☞✌✓✑✌✌ ☛✤✡ ✔✎✚✌✍ ✚✤☞✓✤ ✚☞✔✔ ✤✎✘✡ ☛✟ ♥✡
✛✟✔✔✟✚✡✙ ☞✏ ✚✟✒✦☞✏✜ ✚☞☛✤ ✔✟✜✎✒☞☛✤✠✌✍ ✎✏✙ ☛✤✡✏ ✎✖✖✔✗ ☛✤☞✌ ☛✡✓✤✏☞★✑✡ ☛✟ ✎ ✏✑✠♥✡✒ ✟✛ ✖✒✟♥✔✡✠✌ ☛✟ ✌✤✟✚
✤✟✚ ☞☛ ✠✎✦✡✌ ✙☞✛✛☞✓✑✔☛ ✓✎✔✓✑✔✎☛☞✟✏✌ ✌☞✠✖✔✡✢

♦✡ ✦✏✟✚ ☛✤✎☛

✩✸ ✪ ✫✍ ✬✭ ✪ ✮✍ ✯✸ ✪ ✰✩✯✍ ✱✵ ✪ ✰
❡✏ ✜✡✏✡✒✎✔✍ ✛✟✒ ✎ ✖✟✌☞☛☞✘✡ ✒✡✎✔ ✏✑✠♥✡✒ ✎✍ ✎✏✙ ✎ ✒✎☛☞✟✏✎✔ ✏✑✠♥✡✒ ✠✍ ✔✡☛ ✎♠ ✪ ♥✍
✚✤✡✒✡ ♥ ☞✌ ✎ ✒✡✎✔ ✏✑✠♥✡✒✢ ❡✏ ✟☛✤✡✒ ✚✟✒✙✌
☛✤✡ ✠t✲ ✖✟✚✡✒ ✟✛ ♥✎✌✡ ✎ ☞✌ ♥✢
✳✏✟☛✤✡✒ ✚✎✗ ✟✛ ✌☛✎☛☞✏✜ ☛✤✡ ✌✎✠✡ ✛✎✓☛ ☞✌
✔✟✜✎✒☞☛✤✠ ✟✛ ♥ ☛✟ ♥✎✌✡ ✎ ☞✌ ✠✢
❡✛ ✛✟✒ ✎ ✖✟✌☞☛☞✘✡ ✒✡✎✔ ✏✑✠♥✡✒ ✎✍ ✎ ✴ ✰
✎♠ ✪ ♥✍
✚✡ ✌✎✗ ☛✤✎☛ ✠ ☞✌ ☛✤✡ ✔✟✜✎✒☞☛✤✠ ✟✛ ♥ ☛✟ ☛✤✡ ♥✎✌✡ ✎✢

♦✡ ✚✒☞☛✡ ☛✤☞✌ ✎✌ ❜
❛❧✶❣ ✹ ✺✻

➇✔✟✜✼ ♥✡☞✏✜ ☛✤✡ ✎♥♥✒✡✘☞✎☛☞✟✏ ✟✛ ☛✤✡ ✚✟✒✙ ➇✔✟✜✎✒☞☛✤✠✼✢
✥✤✑✌✍ ✚✡ ✤✎✘✡

✽
✾

✾
✽

✽

✿
❀

✔✟✜ ✫ ✬✍ ❙☞✏✓✡✩ ✫

✔✟✜ ✮ ✩✍ ❙☞✏✓✡✬ ✮

✰✩✯
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✯
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❂ ❂
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❂ ❂
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◆❋❊❅● ▲❃❄❖ ✔✟✜P ❏✠✏▼ ✪ ✔✟✜P✠ ◗ ✔✟✜P✏
❘❊❇❇❈❖ ❙✑✖✖✟✌✡ ☛✤✎☛ ✔✟✜P✠ ✪ ✕ ✎✏✙ ✔✟✜P✏ ✪ ✗
✥✤✡✏ ✎①✪ ✠✍ ✎② ✪ ✏
❚✡✏✓✡ ✠✏ ✪ ✎①✢✎② ✪ ✎①❯②

❡☛ ✏✟✚ ✛✟✔✔✟✚✌ ✛✒✟✠ ☛✤✡ ✙✡✛☞✏☞☛☞✟✏ ✟✛ ✔✟✜✎✒☞☛✤✠✌ ☛✤✎☛
✔✟✜P ❏✠✏▼ ✪ ✕ ◗ ✗ ✪ ✔✟✜P ✠ ❱ ✔✟✜P ✏

❲❳❨❇❩❬ ▲❃❄❖ ✔✟✜P
❭
❪

❫ ❴
❵ ❝
❞ ❢

✪ ✔✟✜P ✠ ❱ ✔✟✜P✏

❘❊❇❇❈❖ ❤✡☛ ✔✟✜P✠ ✪ ✕✍ ✔✟✜P✏ ✪ ✗
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❚✠✡☛ ☞① ❂ ✌✍ ☞② ❂ ☛

❍✡☛✎✡
✏

✏ ✑
✑

☞✌
☞

☛ ☞
✒✓ ✓

❚✠✡✔✡✕✖✔✡

❛ ❛ ❛
♠

❧✗❣ ✘ ✙ ❧✗❣ ♠ ❧✗❣ ♥
♥

✚ ✛ ✚ ✛✜ ✢
✣ ✤
✥ ✦

✧★✩✪✫ ✬✭✮ ✯ ✰✖✱✲✳✌✴✵ ❂ ☛ ✰✖✱✲✌
P✪✶✶✸ ✯ ❆✹ ✺✡✕✖✔✡✍ ✻✕ ✰✖✱✲✌ ❂ ✼✍ ✽✠✡☛ ☞① ❂ ✌

❚✠✡☛ ✾ ✿
❀❀ ✏ ❀✏✌ ☞ ☞✓ ✓

✱✻❁✻☛✱ ✰✖✱✲✳✌✴✵ ❂ ☛✼ ❂ ☛ ✰✖✱✲ ✌
❚✠❃✹ ☞✎✎✖✔❄✻☛✱ ✽✖ ❅✻✔✹✽ ❇☞❉❊ ❋✽✠✡ ✰✖✱ ✖✕ ✽✠✡ ●✔✖❄❃✎✽ ✖✕ ✽❉✖ ☛❃✌✺✡✔✹ ✻✹ ✡■❃☞✰ ✽✖ ✽✠✡ ✹❃✌ ✖✕ ✽✠✡✻✔ ✰✖✱✹❏
❙✻✌✻✰☞✔✰❑✍ ✽✠✡ ❙✡✎✖☛❄ ❇☞❉ ✹☞❑✹❊ ✽✠✡ ✰✖✱ ✖✕ ✽✠✡ ✔☞✽✻✖ ✖✕ ✽❉✖ ☛❃✌✺✡✔✹ ✻✹ ✽✠✡ ❄✻✕✕✡✔✡☛✎✡ ✖✕ ✽✠✡✻✔ ✰✖✱✹❏ ❚✠❃✹✍
✽✠✡ ❃✹✡ ✖✕ ✽✠✡✹✡ ✰☞❉✹ ✎✖☛❁✡✔✽✹ ☞ ●✔✖✺✰✡✌ ✖✕ ✌❃✰✽✻●✰✻✎☞✽✻✖☛ t ❄✻❁✻✹✻✖☛ ✻☛✽✖ ☞ ●✔✖✺✰✡✌ ✖✕ ☞❄❄✻✽✻✖☛t
✹❃✺✽✔☞✎✽✻✖☛✍ ❉✠✻✎✠ ☞✔✡ ✕☞✔ ✡☞✹✻✡✔ ✽✖ ●✡✔✕✖✔✌ ✽✠☞☛ ✌❃✰✽✻●✰✻✎☞✽✻✖☛t❄✻❁✻✹✻✖☛❏ ❚✠☞✽ ✻✹ ❉✠❑ ✰✖✱☞✔✻✽✠✌✹ ☞✔✡ ✹✖
❃✹✡✕❃✰ ✻☛ ☞✰✰ ☛❃✌✡✔✻✎☞✰ ✎✖✌●❃✽☞✽✻✖☛✹❏
✬✶▲✭✪✩▼★◆❖ ▼✶ ◗✭❖❘ ❯❱
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❳❨❏ ❙✖✌✡ ✡✼☞✌●✰✡✹ ☞✔✡❊
✰✖✱❩❬ ❳❨ ❂ ❳✍ ✹✻☛✎✡ ❳❨❩ ❂ ❳❨
✰✖✱❩❬ ❳❨❨ ❂ ❭✍ ✹✻☛✎✡ ❳❨❪ ❂ ❳❨❨
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✰✖✱❩❬ ❨❏❨❳ ❂ ❵❭✍ ✹✻☛✎✡ ❳❨➊❪ ❂ ❨❏❨❳
✰✖✱❩❬ ❨❏❨❨❳ ❂ ❵❜✍ ✹✻☛✎✡ ❳❨➊❝ ❂ ❨❏❨❨❳
☞☛❄ ✰✖✱❩❬❳ ❂ ❨ ✹✻☛✎✡ ❳❨❬ ❂ ❳
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❳ ●✔✡✎✡❄✡❄ ✺❑ ✹✡❁✡✔☞✰ ❞✡✔✖✹ ✻✌✌✡❄✻☞✽✡✰❑ ✽✖ ✽✠✡ ✔✻✱✠✽ ✖✕ ✽✠✡ ❄✡✎✻✌☞✰ ●✖✻☛✽✍ ✽✠✡☛ ✰✖✱ ☛ ✎☞☛ ✺✡ ✡☞✹✻✰❑ ✕✖❃☛❄❏

❡✕ ☛ ✻✹ ☛✖✽ ☞☛ ✻☛✽✡✱✔☞✰ ●✖❉✡✔ ✖✕ ❳❨✍ ✽✠✡☛ ✻✽ ✻✹ ☛✖✽ ✡☞✹❑ ✽✖ ✎☞✰✎❃✰☞✽✡ ✰✖✱ ☛❏ ❲❃✽ ✌☞✽✠✡✌☞✽✻✎✻☞☛✹ ✠☞❁✡
✌☞❄✡ ✽☞✺✰✡✹ ✕✔✖✌ ❉✠✻✎✠ ❉✡ ✎☞☛ ✔✡☞❄ ✖✕✕ ☞●●✔✖✼✻✌☞✽✡ ❁☞✰❃✡ ✖✕ ✽✠✡ ✰✖✱☞✔✻✽✠✌ ✖✕ ☞☛❑ ●✖✹✻✽✻❁✡ ☛❃✌✺✡✔
✺✡✽❉✡✡☛ ❳ ☞☛❄ ❳❨❏ ❆☛❄ ✽✠✡✹✡ ☞✔✡ ✹❃✕✕✻✎✻✡☛✽ ✕✖✔ ❃✹ ✽✖ ✎☞✰✎❃✰☞✽✡ ✽✠✡ ✰✖✱☞✔✻✽✠✌ ✖✕ ☞☛❑ ☛❃✌✺✡✔ ✡✼●✔✡✹✹✡❄
✻☛ ❄✡✎✻✌☞✰ ✕✖✔✌❏ ❅✖✔ ✽✠✻✹ ●❃✔●✖✹✡✍ ❉✡ ☞✰❉☞❑✹ ✡✼●✔✡✹✹ ✽✠✡ ✱✻❁✡☛ ❄✡✎✻✌☞✰ ☞✹ ✽✠✡ ●✔✖❄❃✎✽ ✖✕ ☞☛ ✻☛✽✡✱✔☞✰
●✖❉✡✔ ✖✕ ❳❨ ☞☛❄ ☞ ☛❃✌✺✡✔ ✺✡✽❉✡✡☛ ❳ ☞☛❄ ❳❨❏

❢▼✭❤✫✭✪✫ ✐✶✪◆ ✶✸ ❥❘❦✩◆✭♦
♣✡ ✎☞☛ ✡✼●✔✡✹✹ ☞☛❑ ☛❃✌✺✡✔ ✻☛ ❄✡✎✻✌☞✰ ✕✖✔✌✍ ☞✹ ✽✠✡ ●✔✖❄❃✎✽ ✖✕ ✳✻✵ ☞☛ ✻☛✽✡✱✔☞✰ ●✖❉✡✔ ✖✕ ❳❨✍ ☞☛❄ ✳✻✻✵

☞ ☛❃✌✺✡✔ ✺✡✽❉✡✡☛ ❳ ☞☛❄ ❳❨❏ ❍✡✔✡ ☞✔✡ ✹✖✌✡ ✡✼☞✌●✰✡✹❊
✳✻✵ ❭q❏❭ ✰✻✡✹ ✺✡✽❉✡✡☛ ❳❨ ☞☛❄ ❳❨❨

❭q❏❭ ❂
rs✉✈s

✇③ s✈✉s ✇③
✇③

④ ⑤ ④

⑥☎☎⑦ ⑧⑨⑩❶❷❸ ❹☎✂✆ ❺✂✝❻✂✂❼ ⑧⑨⑨⑨ ❽❼❾ ⑧⑨⑨⑨⑨❷

❿ ❿✇③➀➁ ✈➂
✇③➀➁ ✈➂ ✇③ ✇ ✈③ ➀➁ ➂ ✇③

✇③③③
➃ ⑤ ④ ⑤ ④

✳✻✻✻✵ ❨❏❨❨q ✰✻✡✹ ✺✡✽❉✡✡☛ ❨❏❨❨❳ ☞☛❄ ❨❏❨❳
➄ ❨❏❨❨q ❂ ✳❨❏❨❨q ➅ ❳❨❨❨✵ ➅ ❳❨➆➇ ❂ q❏❨ ➅ ❳❨➆➇

✳✻❁✵ ❨❏❨❨❨❭q ✰✻✡✹ ✺✡✽❉✡✡☛ ❨❏❨❨❨❳ ☞☛❄ ❨❏❨❨❳
➈ ❨❏❨❨❨❭q ❂ ✳❨❏❨❨❨❭q ➅ ❳❨❨❨❨✵ ➅ ❳❨➆➉ ❂ ❭❏q ➅ ❳❨➆➉



✷�✁ ❆✂✂✄☎✆✝✞

■✟ ✠✡☛☞ ☛✡✌✠✍ ✎✠ ✏✑✒✑✏✠ ✓✔ ✕✖✗✘✑✙✗✚ ✘☞✠ ✏✠☛✑✕✡✗ ✛✚ ✡ ✙✓✎✠✔ ✓✜ ✢✣✍ ✘✓ ✛✔✑✟✤ ✓✟✠ ✟✓✟✥✦✠✔✓ ✏✑✤✑✘ ✘✓ ✘☞✠ ✗✠✜✘

✓✜ ✘☞✠ ✏✠☛✑✕✡✗ ✙✓✑✟✘✍ ✡✟✏ ✏✓ ✘☞✠ ✔✠✒✠✔✌✠ ✓✙✠✔✡✘✑✓✟ ✛✚ ✘☞✠ ✌✡✕✠ ✙✓✎✠✔ ✓✜ ✢✣✍ ✑✟✏✑☛✡✘✠✏ ✌✠✙✡✔✡✘✠✗✚♦

❚☞✖✌✍ ✡✟✚ ✙✓✌✑✘✑✒✠ ✏✠☛✑✕✡✗ ☛✡✟ ✛✠ ✎✔✑✘✘✠✟ ✑✟ ✘☞✠ ✜✓✔✕

✟ ♥ ✕ ✧ ✢✣
♣

✎☞✠✔✠ ✙ ✑✌ ✡✟ ✑✟✘✠✤✠✔ ✇✙✓✌✑✘✑✒✠✍ ✦✠✔✓ ✓✔ ✟✠✤✡✘✑✒✠★ ✡✟✏ ✢❁ ✕ ❁ ✢✣♦ ❚☞✑✌ ✑✌ ☛✡✗✗✠✏ ✘☞✠ ✩✌✘✡✟✏✡✔✏ ✜✓✔✕ ✓✜ ✟♦✪

❲✫✬✭✮✯✰ ✱✲✳✴

✢♦ ▼✓✒✠ ✘☞✠ ✏✠☛✑✕✡✗ ✙✓✑✟✘ ✘✓ ✘☞✠ ✗✠✜✘✍ ✓✔ ✘✓ ✘☞✠ ✔✑✤☞✘✍ ✡✌ ✕✡✚ ✛✠ ✟✠☛✠✌✌✡✔✚✍ ✘✓ ✛✔✑✟✤ ✓✟✠ ✟✓✟✥✦✠✔✓ ✏✑✤✑✘

✘✓ ✘☞✠ ✗✠✜✘ ✓✜ ✏✠☛✑✕✡✗ ✙✓✑✟✘♦

✵♦ ✇✑★ ■✜ ✚✓✖ ✕✓✒✠ ✙ ✙✗✡☛✠✌ ✘✓ ✘☞✠ ✗✠✜✘✍ ✕✖✗✘✑✙✗✚ ✛✚ ✢✣
♣
♦

✇✑✑★ ■✜ ✚✓✖ ✕✓✒✠ ✙ ✙✗✡☛✠✌ ✘✓ ✘☞✠ ✔✑✤☞✘✍ ✕✖✗✘✑✙✗✚ ✛✚ ✢✣
➊♣
♦

✇✑✑✑★ ■✜ ✚✓✖ ✏✓ ✟✓✘ ✕✓✒✠ ✘☞✠ ✏✠☛✑✕✡✗ ✙✓✑✟✘ ✡✘ ✡✗✗✍ ✕✖✗✘✑✙✗✚ ✛✚ ✢✣
✶
♦

✇✑✒★ ✸✔✑✘✠ ✘☞✠ ✟✠✎ ✏✠☛✑✕✡✗ ✓✛✘✡✑✟✠✏ ✛✚ ✘☞✠ ✙✓✎✠✔ ✓✜ ✢✣ ✇✓✜ ✌✘✠✙ ✵★ ✘✓ ✓✛✘✡✑✟ ✘☞✠ ✌✘✡✟✏✡✔✏ ✜✓✔✕ ✓✜

✘☞✠ ✤✑✒✠✟ ✏✠☛✑✕✡✗♦

❈✹✺✬✺✻✼✴✬✮✽✼✮✻ ✺✯✾ ✿✺✯✼✮✽✽✺

❀✓✟✌✑✏✠✔ ✘☞✠ ✌✘✡✟✏✡✔✏ ✜✓✔✕ ✓✜ ✟

✟ ♥ ✕ ✧✢✣
♣
✍ ✎☞✠✔✠ ✢ ❁ ✕ ❁ ✢✣

❚✡❂✑✟✤ ✗✓✤✡✔✑✘☞✕✌ ✘✓ ✘☞✠ ✛✡✌✠ ✢✣ ✡✟✏ ✖✌✑✟✤ ✘☞✠ ✗✡✎✌ ✓✜ ✗✓✤✡✔✑✘☞✕✌

✗✓✤ ✟ ♥ ✗✓✤ ✕ ❧ ✗✓✤ ✢✣
♣

♥ ✗✓✤ ✕ ❧ ✙ ✗✓✤ ✢✣

♥ ✙ ❧ ✗✓✤ ✕

❍✠✔✠ ✙ ✑✌ ✡✟ ✑✟✘✠✤✠✔ ✡✟✏ ✡✌ ✢ ❁ ✕ ❁ ✢✣✍ ✌✓ ✣ ❁ ✗✓✤ ✕ ❁ ✢✍ ✑♦✠♦✍ ✕ ✗✑✠✌ ✛✠✘✎✠✠✟ ✣ ✡✟✏ ✢♦ ✸☞✠✟ ✗✓✤

✟ ☞✡✌ ✛✠✠✟ ✠❃✙✔✠✌✌✠✏ ✡✌ ✙ ❧ ✗✓✤ ✕✍ ✎☞✠✔✠ ✙ ✑✌ ✡✟ ✑✟✘✠✤✠✔ ✡✟✏ ✣ ✗✓✤ ✕ ❁ ✢✍ ✎✠ ✌✡✚ ✘☞✡✘ ✙ ✑✌ ✘☞✠

✩☛☞✡✔✡☛✘✠✔✑✌✘✑☛✪ ✓✜ ✗✓✤ ✟ ✡✟✏ ✘☞✡✘ ✗✓✤ ✕ ✑✌ ✘☞✠ ✩✕✡✟✘✑✌✌✡ ✓✜ ✗✓✤ ✟♦ ➇✓✘✠ ✘☞✡✘ ☛☞✡✔✡☛✘✠✔✑✌✘✑☛ ✑✌ ✡✗✎✡✚✌ ✡✟

✑✟✘✠✤✠✔ ✐ ✙✓✌✑✘✑✒✠✍ ✟✠✤✡✘✑✒✠ ✓✔ ✦✠✔✓✍ ✡✟✏ ✕✡✟✘✑✌✌✡ ✑✌ ✟✠✒✠✔ ✟✠✤✡✘✑✒✠ ✡✟✏ ✑✌ ✡✗✎✡✚✌ ✗✠✌✌ ✘☞✡✟ ✢♦ ■✜ ✎✠ ☛✡✟

✜✑✟✏ ✘☞✠ ☛☞✡✔✡☛✘✠✔✑✌✘✑☛✌ ✡✟✏ ✘☞✠ ✕✡✟✘✑✌✌✡ ✓✜ ✗✓✤ ✟✍ ✎✠ ☞✡✒✠ ✘✓ ❢✖✌✘ ✡✏✏ ✘☞✠✕ ✘✓ ✤✠✘ ✗✓✤ ✟♦

❚☞✖✌ ✘✓ ✜✑✟✏ ✗✓✤ ✟✍ ✡✗✗ ✎✠ ☞✡✒✠ ✘✓ ✏✓ ✑✌ ✡✌ ✜✓✗✗✓✎✌❄

✢♦ ❅✖✘ ✟ ✑✟ ✘☞✠ ✌✘✡✟✏✡✔✏ ✜✓✔✕✍ ✌✡✚

✟ ♥ ✕ ✧ ✢✣
♣
✍ ✢ ❁ ✕ ❁✢✣

✵♦ ❇✠✡✏ ✓✜✜ ✘☞✠ ☛☞✡✔✡☛✘✠✔✑✌✘✑☛ ✙ ✓✜ ✗✓✤ ✟ ✜✔✓✕ ✘☞✑✌ ✠❃✙✔✠✌✌✑✓✟ ✇✠❃✙✓✟✠✟✘ ✓✜ ✢✣★♦

❉♦ ❊✓✓❂ ✖✙ ✗✓✤ ✕ ✜✔✓✕ ✘✡✛✗✠✌✍ ✎☞✑☛☞ ✑✌ ✛✠✑✟✤ ✠❃✙✗✡✑✟✠✏ ✛✠✗✓✎♦

❋♦ ✸✔✑✘✠ ✗✓✤ ✟ ♥ ✙ ❧ ✗✓✤ ✕

■✜ ✘☞✠ ☛☞✡✔✡☛✘✠✔✑✌✘✑☛ ✙ ✓✜ ✡ ✟✖✕✛✠✔ ✟ ✑✌ ✌✡✚✍ ✵ ✡✟✏ ✘☞✠ ✕✡✟✘✑✌✌✡ ✑✌ ♦❋✢❉❉✍ ✘☞✠✟ ✎✠ ☞✡✒✠ ✗✓✤ ✟ ♥ ✵

❧ ♦❋✢❉❉ ✎☞✑☛☞ ✎✠ ☛✡✟ ✎✔✑✘✠ ✡✌ ✵♦❋✢❉❉♦ ■✜✍ ☞✓✎✠✒✠✔✍ ✘☞✠ ☛☞✡✔✡☛✘✠✔✑✌✘✑☛ ✙ ✓✜ ✡ ✟✖✕✛✠✔ ✕ ✑✌ ✌✡✚ ✐✵ ✡✟✏ ✘☞✠

✕✡✟✘✑✌✌✡ ✑✌ ♦❋✢✵❉✍ ✘☞✠✟ ✎✠ ☞✡✒✠ ✗✓✤ ✕ ♥ ✐✵ ❧ ♦❋✢✵❉♦ ✸✠ ☛✡✟✟✓✘ ✎✔✑✘✠ ✘☞✑✌ ✡✌ ✐✵♦❋✢✵❉♦ ✇✸☞✚❡★ ■✟ ✓✔✏✠✔

✘✓ ✡✒✓✑✏ ✘☞✑✌ ☛✓✟✜✖✌✑✓✟ ✎✠ ✎✔✑✘✠ ● ✜✓✔ ✐✵ ✡✟✏ ✘☞✖✌ ✎✠ ✎✔✑✘✠ ✗✓✤ ✕ ♥ ✵♦❋✢✵❉ ♦

➇✓✎ ✗✠✘ ✖✌ ✠❃✙✗✡✑✟ ☞✓✎ ✘✓ ✖✌✠ ✘☞✠ ✘✡✛✗✠ ✓✜ ✗✓✤✡✔✑✘☞✕✌ ✘✓ ✜✑✟✏ ✕✡✟✘✑✌✌✡✌♦ ◆ ✘✡✛✗✠ ✑✌ ✡✙✙✠✟✏✠✏ ✡✘ ✘☞✠

✠✟✏ ✓✜ ✘☞✑✌ ◆✙✙✠✟✏✑❃♦

❖✛✌✠✔✒✠ ✘☞✡✘ ✑✟ ✘☞✠ ✘✡✛✗✠✍ ✠✒✠✔✚ ✔✓✎ ✌✘✡✔✘✌ ✎✑✘☞ ✡ ✘✎✓ ✏✑✤✑✘ ✟✖✕✛✠✔✍ ✢✣✍ ✢✢✍ ✢✵✍♦♦♦ ❏❑✍ ❏▲✍ ❏❏♦ P✒✠✔✚
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✳✒✎ ✍✕☞✕ ✍✕✍✎ ✍✕✔☞ ✍✕✔✕ ✍✕✒✒ ✍✕✎☞ ✍✕✎✕ ✍✕✓✒ ✍✕✏☞ ✍✕✏✏ ☞ ☞ ✍ ✔ ✔ ✒ ✎ ✎ ✓
✳✒✓ ✍✕✕✒ ✍✕✑☞ ✍✕✑✏ ✍✑✌✒ ✍✑☞☞ ✍✑☞✏ ✍✑✍✒ ✍✑✔☞ ✍✑✔✕ ✍✑✒✒ ☞ ☞ ✍ ✔ ✔ ✒ ✎ ✎ ✓
✳✒✏ ✍✑✎☞ ✍✑✎✕ ✍✑✓✎ ✍✑✏✍ ✍✑✏✑ ✍✑✕✎ ✍✑✑✍ ✍✑✑✑ ✔✌✌✓ ✔✌☞✔ ☞ ☞ ✍ ✔ ✔ ✒ ✎ ✎ ✓
✳✒✕ ✔✌✍✌ ✔✌✍✏ ✔✌✔✒ ✔✌✒☞ ✔✌✒✕ ✔✌✎✎ ✔✌✓✍ ✔✌✓✑ ✔✌✏✓ ✔✌✕✔ ☞ ☞ ✍ ✔ ✔ ✒ ✎ ✓ ✓
✳✒✑ ✔✌✑✌ ✔✌✑✏ ✔☞✌✎ ✔☞☞✍ ✔☞☞✑ ✔☞✍✓ ✔☞✔✔ ✔☞✒☞ ✔☞✒✕ ✔☞✎✎ ☞ ☞ ✍ ✔ ✔ ✒ ✎ ✓ ✓
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❆✜✜☞✎✌☞✍✏✓ ✦☞✌✛☛ ✶✧✺✘ ✶★✧
❆✛✡✏✔✚✑✎✕✎✚ ✜✏✣✕✑✔ ✒✹✖
❆✛☞✌✍✥☞✩☛ ☛☞✜✏✔☛ ✒
❆✑✏☛☞✎✌☞✍✏✓ ✸
❆✑☞✛✕✜☞✩☛ ✡✚✥✕✙✏☞✩✌ ☞✦ ☞✢✤✣✚✑ ✶★✒
❆✑✎✏✦✚✌✌☞✛✕✣✑✚✎✏☛✛ ✒★
❆✪✩✕ ✌✚✣✏✕ ✶✗✗
❆✌✌✥✚✑✏✩☛ ✚✪✩✕✎✏☞✑ ✶✶✶✘ ✶✶✸
❆✎☞✛✏✓ ✌✕✔✏✏ ✶✫✫✘ ✶★✶✘ ✶✗✸✘ ✒✖✸
❆✙✚✌✕✣✚ ✌✕✎✚ ✗✺
❆✙☞✣✕✔✌☞ ✓☞✑☛✎✕✑✎ ✒✖
❆✬✚☞✎✌☞✍✚ ✹✫✘ ✹✧
❇✕✎✎✚✌✏✚☛ ★✫
❇✏✑✕✌✤ ☛☞✜✩✎✏☞✑☛ ✸✸✘ ✹✶✘ ✹✹
❇✏☞✓✥✚✛✏✓✕✜ ✓✕✎✕✜✤☛✏☛ ✶✸✶
❇✜✕✓✭ ✍✥☞☛✍✥☞✌✩☛ ✶✧✫
❇✜✕☛✎ ✦✩✌✑✕✓✚ ✶✺✹✘ ✶✺✫✘ ✶✺✧
❇✜✏☛✎✚✌ ✓☞✍✍✚✌ ✶✺✧
❇☞✔✤✮✓✚✑✎✌✚✔ ✩✑✏✎ ✧✘ ✶✶
❇☞✥✌ ✛✕✣✑✚✎☞✑ ✒✧✘ ✒✒✶
❇☞✑✔✏✑✣ ✏✑ ✛✚✎✕✜ ✓✕✌✡☞✑✤✜☛ ✒✺✹
❇✌✕✙✕✏☛ ✜✕✎✎✏✓✚☛ ✧
❇✌✚✔✏✣✯☛ ✕✌✓ ✶✸✧
❇✌☞✰✑ ✌✏✑✣ ✎✚☛✎ ✶✧✺
❇✌☞✰✑✏✕✑ ✛☞✙✚✛✚✑✎ ✶✹✖
✱✕✜✓✏✑✕✎✏☞✑ ✶✺✖✘ ✶✺✹
✱✕☛✎ ✏✌☞✑ ✶✺✫✘ ✶✫✒
✱✕✎✕✜✤☛✎ ✶✶✹✘ ✶✒★
✱✚✜✜ ✍☞✎✚✑✎✏✕✜ ✫✫
✱✥✚✜✕✎✚ ✒✹✖
✱✥✚✛✏✓✕✜ ✭✏✑✚✎✏✓☛ ✗✸
✱✥✚✛✏☛☞✌✍✎✏☞✑ ✶✒✸
✱✥✏✌✕✜ ✒✹✺
✱✥✌☞✛✕✎☞✣✌✕✍✥✏✓ ✛✚✎✥☞✔☛ ✶✫✖
✱✏☛ ✮ ✏☛☞✛✚✌ ✒✹✹✘ ✒✹✺
✱✜✕☛☛✏✦✏✓✕✎✏☞✑ ☞✦ ✓☞✜✜☞✏✔☛ ✶✸✹
✱✜☞☛✚✮✍✕✓✭✚✔ ☛✎✌✩✓✎✩✌✚☛ ✶✒
✱☞✕✣✩✜✕✎✏☞✑ ✶✹✒
✱☞✜✜✏✣✕✎✏✙✚ ✍✌☞✍✚✌✎✏✚☛ ✹✧✘ ✺✫

❚✲✳✴✵ P✻✼✲ ✽✾✿

■❀❁❂❃

❚✲✳✴✵ P✻✼✲ ✽✾✿

✱☞✜✜✏☛✏☞✑ ✦✌✚✪✩✚✑✓✤ ✶✶✺
✱☞✜✜✏☛✏☞✑ ✎✥✚☞✌✤ ☞✦ ✓✥✚✛✏✓✕✜ ✌✚✕✓✎✏☞✑☛ ✶✶✺
✱☞✜✩✛✑ ✓✥✌☞✛✕✎☞✣✌✕✍✥✤ ✶✫✶
✱☞✑✓✚✑✎✌✕✎✏☞✑ ☞✦ ☞✌✚☛ ✶✹✗✘ ✶✺✖
✱☞✑✓✚✑✎✌✕✎✏☞✑ ☞✦ ☛☞✜✩✎✏☞✑☛ ✸✹
✱☞✑✔✩✓✎✏✙✏✎✤ ✧✸✘ ✧✗
✱☞✑✔✩✓✎☞✌☛ ✒✹
✱☞☞✌✔✏✑✕✎✏☞✑ ✓☞✛✍☞✩✑✔☛ ✒✸✧
✱☞☞✌✔✏✑✕✎✏☞✑ ✚✑✎✏✎✤ ✒✹✖✘ ✒✹✒
✱☞☞✌✔✏✑✕✎✏☞✑ ✏☛☞✛✚✌✏☛✛ ✒✹✫
✱☞☞✌✔✏✑✕✎✏☞✑ ✑✩✛✡✚✌ ✶✒
✱☞☞✌✔✏✑✕✎✏☞✑ ✍☞✜✤✥✚✔✌☞✑ ✒✹✶
✱☞☞✌✔✏✑✕✎✏☞✑ ✎✥✚☞✌✤ ✒✸✗
✱☞✍✍✚✌ ✛✕✎✎✚ ✶✺✶✘ ✶✺✫
✱☞✌✌☞☛✏☞✑ ★✗
✱✌✤☞☛✓☞✍✏✓ ✓☞✑☛✎✕✑✎ ✺✶
✱✌✤☛✎✕✜ ✔✚✦✚✓✎☛ ✒✒
✱✌✤☛✎✕✜ ✦✏✚✜✔ ☛✍✜✏✎✎✏✑✣ ✒✺✶✘ ✒✺✒
✱✌✤☛✎✕✜ ✦✏✚✜✔ ✎✥✚☞✌✤ ✒✹✧✘ ✒✺✖
✱✌✤☛✎✕✜ ✜✕✎✎✏✓✚ ✧
✱✌✤☛✎✕✜✜✏✑✚ ☛☞✜✏✔☛ ✒✘ ✸✘ ✹
❉✕✜✎☞✑✯☛ ✜✕✰ ✹✶
❉✕✑✏✚✜✜ ✓✚✜✜ ✫✹
❉✚✑✎✏✓✏✎✤ ✒✹✖
❉✚✍✚✑✔✚✑✓✚ ☞✑ ✌✕✎✚ ☞✦ ✓☞✑✓✚✑✎✌✕✎✏☞✑ ✗★
❉✚✍✌✚☛☛✕✑✎☛ ✶✹✗
❉✏✕✜✤☛✚✌ ✶✸★
❉✏✕✜✤☛✏☛ ✶✸★
❉✏✕✛✕✣✑✚✎✏☛✛ ✒★✘ ✒✒✖
❉✏✔✚✑✎✕✎✚ ✒✹✖
❉✏☞✔✚ ✒✧
❉✏☛✜☞✓✕✎✏☞✑ ✔✚✦✚✓✎ ✒✸
❉✏☛✍✚✌☛✚✔ ✍✥✕☛✚ ✶✸✹✘ ✶✸✺
❉✏☛✍✚✌☛✏☞✑ ✛✚✔✏✩✛ ✶✸✹✘ ✶✸✺
❉✏☛☛☞✓✏✕✎✏☞✑ ✓☞✑☛✎✕✑✎ ✒✺✫
❉✏☛✎✏✜✜✕✎✏☞✑ ✶✺✗
❊✡✩✜✜✏☞☛✓☞✍✏✓ ✓☞✑☛✎✕✑✎ ✹✗
❊✜✚✓✎✌✏✓✕✜ ✓☞✑✔✩✓✎✕✑✓✚ ✧✹
❊✜✚✓✎✌☞ ✔✏✕✜✤☛✏☛ ✶✸★
❊✜✚✓✎✌☞✓✥✚✛✏✓✕✜ ✓✚✜✜☛ ✫✹
❊✜✚✓✎✌☞✓✥✚✛✏☛✎✌✤ ✫✸
❊✜✚✓✎✌☞✔✚ ✍☞✎✚✑✎✏✕✜ ✫✫✘ ✒✶★✘ ✒✒✖
❊✜✚✓✎✌☞✜✤✎✚☛ ✧✗
❊✜✚✓✎✌☞✜✤✎✏✓ ✓✚✜✜ ★✸
❊✜✚✓✎✌☞✜✤✎✏✓ ✌✚✦✏✑✏✑✣ ✶✺✗
❊✜✚✓✎✌☞✛☞✎✏✙✚ ✦☞✌✓✚ ✫✫
❊✜✚✓✎✌☞✑ ✥☞✜✚ ✒✫



✷�✁ ■✂✄☎✆

❊✝✞✟✠✡☛☞ ✌✍✟✍☞✟✎ ✏✻

❊✝✞✟✠✡☛☞✞✑✍✠✒✌✒✠✎ ✶✻✓✔ ✶✕✶✔ ✶✖✗

❊✝✞✟✠✡☛☞✒✟ ✟☛☞✘✒✑✙✡✍✠✒☛☞ ✏✶✵

❊✝✞✟✠✡☛☞✒✟ ✚✞✘✞✟✠ ✏✻

❊✝✞✟✠✡☛☛✛✜☛✛✒✛ ✶✹✏

❊✝✞✜✞☞✠✛ ✶✹✓

❊✝✝✒☞✑✢✍✜ ✚✒✍✑✡✍✜ ✶✺✏

❊✝✙✍☞✠ ✶✻✶

❊✜✣✒✡✒✟✍✝ ✘☛✡✜✙✝✍ ✏✗✕

❊✜✙✝✛✒☛☞✛ ✶✗✺✔ ✶✹✗

❊☞✍☞✠✒☛✜✞✡✛ ✏✹✺

❊☞✚✤✟✞☞✠✡✞✚ ✙☞✒✠ ✕

❊☞✠✢✍✝✣✎ ✶✏✹

❊☞✥✎✜✞ ✟✍✠✍✝✎✛✒✛ ✶✗✶✔ ✶✗✏

❊✦✙✒✝✒✧✡✒✙✜ ✟☛☞✛✠✍☞✠ ✓✶

✘❢✤ ✧✝☛✟★ ✞✝✞✜✞☞✠✛ ✏✏✓

❋✍✟✞ ✟✞☞✠✡✞✚ ✙☞✒✠ ✓✔ ✶✶

❋✍✟✒✍✝ ✒✛☛✜✞✡ ✏✹✺

❋✍✡✍✚✍✎✩✛ ✝✍✪ ✕✗

❋✞✡✡✒✜✍✑☞✞✠✒✛✜ ✏✕

❋✞✡✡☛✜✍✑☞✞✠✒✛✜ ✏✕✔ ✏✏✶

❋✒✡✛✠ ☛✡✚✞✡ ✡✞✍✟✠✒☛☞ ✶✵✹✔ ✶✵✖

❋✡☛✠✢ ✘✝☛✍✠✍✠✒☛☞ ✶✹✖

❋✡✍✟✠✒☛☞✍✝ ✚✒✛✠✒✝✝✍✠✒☛☞ ✶✻✖

❋✡✞☞★✞✝ ✚✞✘✞✟✠ ✏✏✔ ✏✗

❋✡✞✦✙✞☞✟✎ ✘✍✟✠☛✡ ✶✶✶

❋✡✞✙☞✚✝✒✟✢ ✒✛☛✠✢✞✡✜ ✶✏✺

❋✙✞✝ ✟✞✝✝✛ ✕✕

●✍✝✌✍☞✒✟ ✟✞✝✝ ✻✹✔ ✻✺✔ ✕✖

●✍☞✑✙✞ ✶✹✓✔ ✶✹✕

●✞✝✛ ✶✗✺

●✞☛✜✞✠✡✒✟ ✒✛☛✜✞✡✒✛✜ ✏✹✹

●✒✍☞✠ ✜☛✝✞✟✙✝✞✛ ✺

●✒✧✧✛ ✞☞✞✡✑✎ ✻✺✔ ✓✏✔ ✶✶✓

❍✍✧✞✡✩✛ ✣✡☛✟✞✛✛ ✶✏✕

❍✍✝✘✤✝✒✘✞ ✶✵✕

❍✍✝✝ ✢✞✡☛✙✝✠ ✣✡☛✟✞✛✛ ✶✺✕

❍✍✝☛✑✞☞✛ ✶✖✏

❍✞☞✡✎✩✛ ✝✍✪ ✹✵

❍✞✠✞✡☛✑✞☞✞☛✙✛ ✟✍✠✍✝✎✛✒✛ ✶✏✕✔ ✶✏✖

❍✞✠✞✡☛✝✞✣✠✒✟ ✟☛✜✣✝✞✫ ✏✹✶

❍☛✝✜✞✩✛ ✛✒✑☞✍✝✛ ✶✓✻

❍☛✜☛✑✞☞✞☛✙✛ ✟✍✠✍✝✎✛✒✛ ✶✏✕

❍☛✜☛✝✞✣✠✒✟ ✟☛✜✣✝✞✫ ✏✹✶✔ ✏✺✹

❍✎✧✡✒✚✒✛✍✠✒☛☞ ✏✹✕

❍✎✚✡✍✠✞ ✒✛☛✜✞✡✒✛✜ ✏✹✖

❍✎✚✡✍✠✒☛☞ ✞☞✠✢✍✝✣✎ ✏✶✓

❍✎✚✡✍✙✝✒✟ ✪✍✛✢✒☞✑ ✶✹✕

❍✎✚✡☛ ✜✞✠✍✝✝✙✡✑✎ ✶✺✕

❍✎✚✡☛✑✞☞ ✧☛☞✚✞✚ ✜☛✝✞✟✙✝✍✡ ✛☛✝✒✚✛ ✹

✬✚✞✍✝ ✛☛✝✙✠✒☛☞ ✹✺

✬✜✣✙✡✒✠✎ ✚✞✘✞✟✠ ✏✗

✬☞✢✒✧✒✠☛✡✛ ✶✗✏

✬☞☞✞✡ ✠✡✍☞✛✒✠✒☛☞ ✜✞✠✍✝✛ ✏✵✖✔ ✏✏✓

✬☞✛✠✍✧✒✝✒✠✎ ✟☛☞✛✠✍☞✠ ✏✺✻

✬☞✛✠✍☞✠✍☞✞☛✙✛ ✡✍✠✞ ☛✘ ✍ ✡✞✍✟✠✒☛☞ ✖✻✔ ✖✓

✬☞✛✙✝✍✠☛✡✛ ✏✺

✬☞✠✞✡ ✜☛✝✞✟✙✝✍✡ ✘☛✡✟✞✛ ✏

✬☞✠✞✡✛✠✒✠✒✍✝ ✟☛✜✣☛✙☞✚✛ ✏✏✗

✬☞✠✞✡✛✠✒✠✒✍✝ ✚✞✘✞✟✠ ✏✏

✬☞✠✡✒☞✛✒✟ ✛✞✜✒✟☛☞✚✙✟✠☛✡✛ ✏✺

✬☛☞✒✟ ✟☛☞✚✙✟✠✍☞✟✞ ✓✺

✬☛☞✒✟ ✡✍✚✒✒ ✶✻✻✔ ✶✕✶✔ ✶✖✗

✬☛☞✒✟ ✛☛✝✒✚✛ ✺

✬☛☞✒✛✍✠✒☛☞ ✞☞✠✢✍✝✣✎ ✶✻✻✔ ✶✕✶✔ ✶✖✗✔ ✏✵✗

✬☛☞✒✛✍✠✒☛☞ ✒✛☛✜✞✡✒✛✜ ✏✹✻

✬✛☛✜✞✡✒✛✜ ✏✹✹

✬✛☛✠☛☞✒✟ ✛☛✝✙✠✒☛☞ ✺✹

❑✒☞✞✠✒✟ ✞☞✞✡✑✎ ✶✶✗

❑☛✢✝✡✍✙✛✟✢ ✝✍✪ ✕✶✔ ✕✏

❑✡✍✘✠ ✠✞✜✣✞✡✍✠✙✡✞ ✶✗✻

▲✍☞✠✢✍☞✒✚✞ ✟☛☞✠✡✍✟✠✒☛☞ ✏✶✗✔ ✏✏✕

▲✍☞✠✢✍☞☛✒✚✛ ✏✵✖✔ ✏✏✓

▲✞ ✭✢✍✠✞✝✒✞✡✛ ✣✡✒☞✟✒✣✝✞ ✗✕

▲✞✍✟✢✒☞✑ ✶✺✵

▲✞✪✒✛ ✍✟✒✚✛ ✏✹✵

▲✒✑✍☞✚ ✘✒✞✝✚ ✠✢✞☛✡✎ ✏✹✓

▲✒✑✍☞✚✛ ✏✏✏✔ ✏✹✵

▲✒☞✞ ✚✞✘✞✟✠✛ ✏✏

▲✒☞★✍✑✞ ✒✛☛✜✞✡✒✛✜ ✏✹✕

▲✒✦✙✍✠✒☛☞ ✶✻✶

▲☛☞✑ ✡✍☞✑✞ ☛✡✚✞✡ ✏

▲✎☛✣✢✒✝✒✟ ✟☛✝✝☛✒✚✛ ✶✗✓

▲✎☛✣✢☛✧✒✟ ✟☛✝✝☛✒✚✛ ✶✗✓

▼✍✑☞✞✠✒✟ ✛✞✣✍✡✍✠✒☛☞ ✶✺✶

▼✞✡✒✚✒☛☞✍✝ ✒✛☛✜✞✡ ✏✹✓

▼✞✠✍✝ ✟✍✡✧☛☞✎✝✛ ✏✺✻

▼✞✠✍✝ ✞✫✟✞✛✛ ✚✞✘✞✟✠ ✏✗

▼✞✠✍✝✝✒✟ ✛☛✝✒✚✛ ✺

▼✞✠✍✝✝✙✡✑✎ ✶✹✖✔ ✶✺✗

▼✒✟✞✝✝✞✛ ✶✗✕

▼✒☞✞✡✍✝✛ ✶✹✖

▼✒✛✟✢✜✞✠✍✝✝ ✏✗✏

▼☛✝✍✝ ✞✝✞✌✍✠✒☛☞ ✟☛☞✛✠✍☞✠ ✹✖

▼☛✝✍✝✒✠✎ ✗✓

▼☛✝✍✡ ✟☛☞✚✙✟✠✒✌✒✠✎ ✓✖

▼☛✝✍✡✒✠✎ ✗✻✔ ✺✗

▼☛✝✞ ✘✡✍✟✠✒☛☞ ✗✺✔ ✹✕

❚✮✯✰✱ P✲✳✮ ✴✸✼ ❚✮✯✰✱ P✲✳✮ ✴✸✼



✷�✁❈✂✄☎✆✝✞✟✠

▼✡☛☞✌✍☛✎✏ ✡✏✑✒✓✎☛ ✓✔☞✡✏✕ ✖✹✾

▼✡☛☞✌✍☛✎✏✒✓✕ ✡✗ ✎ ✏☞✎✌✓✒✡✘ ✶✵✹

▼✡✘✙ ✚✏✡✌☞✛✛ ✶✻✖

▼✡✘✡✌☛✒✘✒✌ ✛✍☛✚✔✍✏ ✶✽✾

▼✡✘✡✘✍✌☛☞✎✏ ✌✡✡✏✙✒✘✎✓✒✡✘ ✌✡✜✚✡✍✘✙✛ ✖✹✹

◆☞✏✘✛✓ ☞✢✍✎✓✒✡✘ ✼✵

◆✡✑☛☞ ✣✎✛☞✛ ✖✵✹

◆✡✘✤✒✙☞✎☛ ✛✡☛✍✓✒✡✘ ✹✺

◆✡✘✤✚✡☛✎✏ ✜✡☛☞✌✍☛✎✏ ✛✡☛✒✙✛ ✹

❖✌✓✎✔☞✙✏✎☛ ✥✡✒✙✛ ✶✺✦ ✶✼

❖✚✓✒✌✎☛ ✒✛✡✜☞✏✒✛✜ ✖✹✺

❖✏✙☞✏ ✡✗ ✎ ✏☞✎✌✓✒✡✘ ✶✵✵

❖✏☞✛ ✶✹✽

❖✛✜✡✓✒✌ ✚✏☞✛✛✍✏☞ ✺✸

❖✛✓✧✎☛✙★✛ ✚✏✡✌☞✛✛ ✶✖✾

❖✩✒✙✎✓✒✡✘ ✘✍✜✑☞✏ ✖✹✶

❖✩✒✙✎✓✒✡✘ ✛✓✎✓☞ ✶✾✹

❖✩✒✙☞✛ ✡✗ ✘✒✓✏✡✣☞✘ ✶✼✖

❖✩✡✎✌✒✙✛ ✡✗ ✔✎☛✡✣☞✘✛ ✶✾✾

❖✩✡✎✌✒✙✛ ✡✗ ✚✔✡✛✚✔✡✏✍✛ ✶✼✽✦ ✶✼✾

❖✩✡✎✌✒✙✛ ✡✗ ✛✍☛✚✔✍✏ ✶✽✾

❖✪✡✘☞ ✶✽✺

P✎✌✫✒✘✣ ☞✗✗✒✌✒☞✘✌✕ ✶✽

P✎✚☞✏ ✌✔✏✡✜✎✓✡✣✏✎✚✔✕ ✶✻✶

P✎✏✎✜✎✣✘☞✓✒✛✜ ✖✼✦ ✖✖✵

✚✤✑☛✡✌✫ ☞☛☞✜☞✘✓✛ ✶✻✺

P☞✚✓✒✪✎✓✒✡✘ ✶✸✽

P✔✕✛✒✛✡✏✚✓✒✡✘ ✶✖✸

P✒✣ ✒✏✡✘ ✶✺✻

P✡✒✘✓ ✙☞✗☞✌✓✛ ✖✖

P✡☛✎✏ ✜✡☛☞✌✍☛✎✏ ✛✡☛✒✙✛ ✹

P✡☛✕✙☞✘✓✎✓☞ ✖✹✵

P✏✒✜✎✏✕ ✑✎✓✓☞✏✕ ✽✻

P✏✒✜✎✏✕ ✥✎☛☞✘✌☞ ✖✸✼

P✛☞✍✙✡ ✗✒✏✛✓ ✡✏✙☞✏ ✏☞✎✌✓✒✡✘ ✶✶✵

P✛☞✍✙✡ ✛✡☛✒✙✛ ✸

P✍✏✒✗✒✌✎✓✒✡✘ ✡✗ ✜☞✓✎☛ ✶✹✼

P✕✏✡✜☞✓✎☛☛✍✏✣✕ ✶✺✶✦ ✶✺✼

❘✎✡✍☛✓★✛ ☛✎✧ ✹✶✦ ✹✹

❘✎✓☞ ☛✎✧ ✾✽✦ ✾✾

❘☞✎✌✓✒✡✘ ✏✎✓☞ ✌✡✘✛✓✎✘✓ ✾✾

❘☞✙✡✩ ✌✡✍✚☛☞✛ ✻✺

❘☞✙ ✚✔✡✛✚✔✡✏✍✛ ✶✼✺

❘☞✥☞✏✑☞✏✎✓✡✏✕ ✗✍✏✘✎✌☞ ✶✺✶✦ ✶✺✻

❘☞✥☞✏✛☞ ✡✛✜✡✛✒✛ ✺✺

❘✔✡✜✑✒✌ ✛✍☛✚✔✍✏ ✶✽✼

❘✡✎✛✓✒✘✣ ✶✺✶✦ ✶✺✹

❙✌✔✡✓✓✫✕ ✙☞✗☞✌✓ ✖✖✦ ✖✸

❙☞✌✡✘✙✎✏✕ ✑✎✓✓☞✏✕ ✽✼

❙☞✌✡✘✙✎✏✕ ✥✎☛☞✘✌☞ ✖✸✼✦ ✖✸✽

❙☞✜✒ ✌✡✘✙✍✌✓✡✏✛ ✖✺

❙☞✜✒✚☞✏✜☞✎✑☛☞ ✜☞✜✑✏✎✘☞ ✺✸

❙✔✎✚☞✤✛☞☛☞✌✓✒✥☞ ✌✎✓✎☛✕✛✒✛ ✶✸✵

❙✔✡✏✓ ✏✎✘✣☞ ✡✏✙☞✏ ✖

❙✜✡✫☞ ✛✌✏☞☞✘✛ ✶✼✻

❙✡☛✒✙ ✛✓✎✓☞ ✖

❙✡☛✛ ✶✸✺

❙✡☛✍✑✒☛✒✓✕ ✸✼

❙✡☛✥✎✓☞ ✒✛✡✜☞✏✒✛✜ ✖✹✼

❙✓☞✏☞✡ ✒✛✡✜☞✏✒✛✜ ✖✹✹

❙✓✡✒✌✔✒✡✜☞✓✏✒✌ ✙☞✗☞✌✓ ✖✖

❙✓✏✡✘✣ ✗✒☞☛✙ ☛✒✣✎✘✙✛ ✖✺✶

❙✓✏✍✌✓✍✏✎☛ ✒✛✡✜☞✏✒✛✜ ✖✹✹

❙✍✚☞✏ ✌✡✡☛☞✙ ☛✒✢✍✒✙✛ ✸

❙✍✏✗✎✌☞ ✌✔☞✜✒✛✓✏✕ ✶✖✶

❚☞✜✚☞✏✎✓✍✏☞ ✙☞✚☞✘✙☞✘✌☞ ✡✗ ✏✎✓☞ ✶✶✶

❚☞✓✏✎✔☞✙✏✎☛ ✚☞✏✜✎✘✣✎✘✎✓☞ ✖✖✻

❚☞✓✏✎✔☞✙✏✎☛ ✥✡✒✙✛ ✶✹✦ ✶✻

❚✔☞✏✜✡✙✕✘✎✜✒✌✛ ✶✺✹

❚✏✎✘✛ ✒✛✡✜☞✏ ✖✹✹

❚✏✎✘✛✒✓✒✡✘ ✜☞✓✎☛✛ ✖✵✾✦ ✖✶✖

❚✕✘✙✎☛☛ ✌✡✘☞ ✶✸✾

❚✕✘✙✎☛☛ ☞✗✗☞✌✓ ✶✸✾

❯☛✓✏✎✗✒☛✓✏✎✓✒✡✘ ✶✸✾

❯✘✒✙☞✘✓✎✓☞ ✖✹✵

❯✘✒✓ ✌☞☛☛✛ ✼✦ ✶✵

❯✘✒✓✛ ✡✗ ✏✎✓☞ ✌✡✘✛✓✎✘✓ ✶✵✶

❯✘✒✓✛ ✡✗ ✏✎✓☞ ✡✗ ✎ ✏☞✎✌✓✒✡✘ ✾✺

❱✎✌✎✘✌✕ ✙☞✗☞✌✓ ✖✖

❱✎☛☞✘✌☞ ✑✡✘✙ ✓✔☞✡✏✕ ✖✹✼✦ ✖✺✵

❱✎✘ ✎✏✫☞☛ ✜☞✓✔✡✙ ✶✻✵

❱✎✚✡✍✏ ✚✔✎✛☞ ✏☞✗✒✘✒✘✣ ✶✻✵

❱✎✚✡✍✏ ✚✏☞✛✛✍✏☞ ✹✖✦ ✹✹

❱✡☛✓✎✒✌ ✌☞☛☛ ✻✹

❲☞✎✫ ✗✒☞☛✙ ☛✒✣✎✘✙✛ ✖✺✶

❲☞✏✘☞✏★✛ ✓✔☞✡✏✕ ✖✸✼✦ ✖✸✾

❲✔☞✎✓✛✓✡✘☞ ✑✏✒✙✣☞ ✼✸✦ ✼✺

❲✔✒✓☞ ✚✔✡✛✚✔✡✏✍✛ ✶✼✺

❲✏✡✍✣✔✓ ✒✏✡✘ ✶✺✻✦ ✶✻✖

❩☞✡☛✒✓☞✛ ✶✸✵✦ ✶✸✶

❩☞✏✡ ✡✏✙☞✏ ❘☞✎✌✓✒✡✘ ✶✵✸✦ ✶✵✾

❩☞✓✎ ✚✡✓☞✘✓✒✎☛ ✶✹✶

❩✡✘☞ ✏☞✗✒✘✒✘✣ ✶✺✾✦ ✶✻✵

✬✭✮✯✰ ✱✲✳✭ ✴✿❀ ✬✭✮✯✰ ✱✲✳✭ ✴✿❀


